Chuyén dé A4: Quy hoach dong dém

Ban Chuyén mén Tin hoc — T8 chiéc The Gifted Battlefield nhiém ky 2025-2026

Xuat ban vao Ngay 5 thang 3 nam 2026

Tém tit ndi dung

Quy hoach dong 1a mot ki thuat lap trinh manh, quan trong trong lap trinh thi dau va dugc dung dé giai

nhidu dang bai. Trong bai nay, ta sé tim hidu quy hoach dong dém cau hinh.
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TS hop
Dinh nghia

T6 hop hoc (tén tiéng Anh: combinatorics) 14 mot linh vige ctia toan hoc chit yéu lien quan dén cac bai toan dém,
sap xép. T hop khong chi xuét hién trong toan hoc, ma con duge tng dung sau rong trong tin hoc, dic biéet 1a
lap trinh thi dau.

T4 hop hoc 1a mot linh vuc rat rong, va duge chia thanh nhiéu nhém nhé khéc nhau. Duéi day 1a mot s6 nhanh

quan trong thudng gap:

T6 hop liet ké (Enumerative Combinatorics)

T6 hgp trén do thi (Graph Combinatorics)

T6 hgp cyc tri (Extremal Combinatorics)

Céac khai niém co ban trong Té hop hoc

M 2.1. Hoan vi (Permutation)
Dinh nghia. Hodn vi ctia n phan t 1& mot cach sip xép toan bo n phan ti dé theo mot thit tu nhat dinh.

Cong thiic.
Pn)=nl=nxn—-1)x(n—-2)x---x1

Vidu. C6 3 hocsinh A, B, C. Hdi ¢6 bao nhiéu céch siap xép 3 ban nay thanh mot hang?

PB3)=31=3x2x1=6
Cac hoan vi gom:

ABC, ACB, BAC, BCA, CAB, CBA.

M 2.2. Chinh hop (Arrangement)

Dinh nghia. Chinh hgp ctia n phan tit 1ay k phan ti 1 s6 ciach chon va sip xép k phan tit trong n phan ti, c6
phan biét tha ty.

Cong thiic.
n!

A(n, k) = C]

Vidu. T 5 hoc sinh, chon ra 3 em dé xép vao 3 chd ngdi. Héi c6 bao nhicu cach xép?

5!
=5x4x3=60

AGS) = F=g =

M 2.3. Quy tic cong (Addition Rule)

Dinh nghia. Néu mot cong viéc c6 thé duge thire hién theo mot trong hai cach doc lap, va hai cach dé khong

thé x4y ra dong thoi, thi téng s6 cach thyc hién cong viec 1 téng sé cach ciia timg cach riéng.



Vi du. Mot truong c6 8 hoc sinh nam va 12 hoc sinh nit. Héi ¢6 bao nhiéu cach chon moét ngusi dai dién cho
16p?

84+12=20

Vay c6 20 cach chon.

M 2.4. Quy tic nhan (Multiplication Rule)
Dinh nghia. Néu mot cong viéc gom nhiéu giai doan lién tiép, trong doé:
e Giai doan 1 c6 a1 cach thuc hién,
e Giai doan 2 ¢6 as cach thuc hién,
o ...
e Giai doan k c6 a; cach thuc hién,

va moi lya chon & giai doan nay khong anh huéng dén la chon & giai doan khéc, thi tdng s6 cach thuc hién toan
bd cong viéc la:

ay X ag X -+ X ag
Vidu. Mot mat khau gom 1 chit cai (A-Z), 1 chit s6 (0-9) va 1 chit céi dac bigt(gom 9 loai). Hdi ¢6 bao nhieu
mat khau khac nhau?

26 x 10 x 9 = 2,340

M 2.5. Nguyén ly bao ham — loai trir (Inclusion—Exclusion Principle)
Dinh nghia. Khi dém tdng s6 phan ti clia nhiéu tap hop c6 giao nhau, ta phai trit di phan bi dém trung. Véi
hai tap A va B:
|AUB| =|A|+ |B| = |AnN B]

Vi du. Trong mot 16p co:

e 20 hoc sinh hoc Toan,

e 15 hoc sinh hoc Ly,

e 8 hoc sinh hoc c& hai mon.

S6 hoc sinh hoc it nhat mot trong hai mon la:

JAUB| =20+ 15 —8 =27

IS Bionomial Coefficient

Dinh nghia 1.1
Hé s6 nhi thic (Z) (doc 1 “n choose k”) biéu thi sé cach chon k phan tit tit n phan tit khac nhau,
khong quan tam dén thit tu.



(&)

Vidu. Xét (g) = 10. Diéu nay c6 nghia la ta c¢6 ding 10 cach chon 3 phan ti trong 5 phan tit khi khong quan
tam dén thi tu.

Gia sit ta c6 tap hop: {1, 2, 3, 4, 5}.

Céc cau hinh chon 3 phan tit trong 5 phan tit (khong phan biet thi ty) 1a:

1. (1,2, 3) 6. (1,4,5)
2. (1,2, 4) 7. (2,3, 4)
3. (1,2, 5) 8. (2,3,5)
4. (1,3, 4) 9. (2,4,5)
5. (1,3,5) 10. (3, 4, 5)

Nhitng cau hinh nhu (3,2,1) bi loai b vi trung véi (1,2,3) néu khong xét thi tu.
)
= = 10.

Tam gidc Pascal 13 mot bang s6 duge xay dung theo quy luat:

M Gidi thiéu tam giac Pascal

e Hai canh clia tam giac luon bang 1.

e Mbi phan tit bén trong bing tong hai phan ti phia trén noé.

P(n,k)=P(n—1,k—1)4+ P(n—1,k)

P(n,0) = P(n,n) =

Mot phan ciia tam gidc Pascal:

2 1
1 3 3 1

4 6 4 1
Lién hé véi hé s6 nhi thiic
M&bi phan t1 trong tam giac Pascal chinh 13 mot hé sé nhi thitc:

P = ()
-G+

Heé s6 nhi thitc théa man cong thic:



Vi du:

4

(

)=

Tuong duong vdi viéc c6 6 cach chon 2 phan tit tit 4 phan tit ma khong xét thit tu.

Ngoai ra:

e (}) 1a he sb clia z* trong khai trién (1 + z)".

e Ung dung: dém s6 cach chon, tinh xac suat, chia nhém, dém cau hinh, ...

B M6t sb tinh chit co ban

Tinh chét Cong thic Y nghia
Co s n n ) Chi ¢6 ding 1 cach chon 0 phan tit hosic chon
S = = p . .
0 n tat cd n phan t1f tt mot tap n phan ti.
bé quy n n—1 n—1 Cong thitc duge xay dung dya trén viéc chon
Pascal k) \k-1 + k hodc khong chon phan ti thi n.
) Chon k phan tit tit n phan t tuong duong véi
Doi xiing :( nk),kgn P 1% g g
n —

bé di n — k phan ti.

Hockey Stick

Mot dang thitc dep trong tam giac Pascal,
thuong dude vé giong hinh cay gay hockey. Xem
thém: Link.

Quy nap trong té hap
Dinh nghia

Quy nap phuong phap cho phép ta chitng minh mot ménh dé ding véi moi s6 tif nhién n bang cach ching minh
né ding véi moi trudng hgp co ban va suy ra né ding cho cac truong hop tiép theo. Ta c6 thé tudng tuong ching
giébng day domino, khi ta ching minh dugc cho truong hop co ban, hay & day la day nga vien domino dau tien.
Thi theo d6 nhitng vién khac sé nga theo, giong nhu viéc ta gidi quyét duge cho cac truong hgp véi s6 16n hon.

Nguyén ly chia quy nap

Gia st ta ¢6 ménh dé P(n) phu thudc vao s6 ty nhien n. Mot menh dé P(n) dugce goi la ding v6i moi n > ng néu

thoa 2 dieéu kién:

e Chitng minh rang P(ng) dung. Day con dudc goi 1a budc co s6.

e Gia st P(k) ding véi mot gid tri tuy ¥ & > ng, sau d6 chiing minh rang P(k+ 1) cling ding. Budc nay duge

goi la buéc quy nap.

Khi d6, theo nguyén 1y quy nap trong toan hoc, ménh dé P(n) ding véi moi n > ng.



https://en.wikipedia.org/wiki/Hockey-stick_identity

Vai tro cua quy nap trong td hgp

Trong t6 hop, ta thuong gip cac cong thic biéu dién mdi quan hé giita cac s6 t6 hgp, cac day dém, hodc cac cau
hinh c6 quy luat lap lai.
Duéi day la vai tro chinh:

e XAc nhan tinh dang din cta cic ding thic td hdp phiic tap.

Vi dy, ta sé ching minh rang

Chatng minh bang quy nap:

1. BuSc cd s8: Vi n =0, ta ¢ (J) = 1 va 2° = 1. Ménh dé ding.
2. Gia thiét quy nap: Gia st cong thic ding véi n, tac la Y7, (}) = 2™

3. Buéc quy nap: Ta can chitng minh cong thitc ciing ding v6i n + 1. St dung tinh chat ciia tam giac
Pascal (”:1) = () + ("), ta co:

Kt n+1 n+1 n+1
2 )= )0 ) +1
k=0 "
Khai trién dua trén cong thitc Pascal va gom nhoém lai, ta sé thay tong nay gap doi tong ciia hang trude

do: g
n
=2 x =92 x 2" = ontl,
> ()

Két luan: Qua céac budc tréen, ta khing dinh cong thitc ) N (Z) = 2" dang v6i moi n > 0.

Quy hoach déng trong té hap

Dinh nghia

Quy hoach dong (DP) gitip bién cac bai toan dém t6 hgp c6 s6 cau hinh 16n thanh bai toan c6 sé cau hinh c6 thé
xtt Iy bang cach luu két qua cac bai toan con va tai st dung. O day ta s6 liet ke mot vai vi du vé tng dung ctia
DP trong céc bai to hop.

S6 Stirling loai 2
B D& bai
Cho N phan tit phan biét. Dém s6 cach chia chiing thanh ding K tap con khac rong. Ky hi¢u: S(N, K).
B Y tudng
Xét phan ti thit 4, ta c6 hai Iya chon:
e Tao mot tap mdi chita riéng phan tit i.

e Dua phan tt ¢ vio mot trong j tap da co.



dpli][j] = s6 cach chia i phan tt thanh j tap

dpli)[j] = dpli = 1][j — 1] +j - dpli — 1][j]

Base case:

dp[0][0] =1
Do phic tap: O(NK)
H Code
1 dp[0][0] = 1;
2 for (int i = 1; i <= n; i++)
for (int j = 1; j <= k; j++)
4 dp[il[j]l = (dpl[i - 11[j - 11 + j = dpli - 11[jl) % MOD;
Bai toan Ways to Sum
Cho N loai dong xu vdi gia tri:
ai,az,...,anN

MB5i loai coin cé thé st dung khong gidi han lan. Hay dém s6 cach chon céc coin sao cho téng bing T'

Hai céch duge xem la gidng nhau néu ching dung ciing s6 lugng mbi loai coin.

dp|x] = s céch tao tong =

dp[z] += dp[x — coin]

Do phic tap

O(N xT)
1 dp[0] = 1;
2 for (int coin : coins)
for (int x = coin; x <= T; x++)

! dp[x] = (dp[x] + dplx - coinl]) % MOD;

Cho N loai dong xu vdi gia tri:

ai, az,...,aN

MBbi loai coin c6 thé sit dung khéng giéi han lan. Hay dém s6 day coin c6 téng bang T’

Hai day coin khéac thit tu duge xem la khac nhau.

dp[z] = s6 day coin tao tong z



dp[z] += dp[xz — coin]

Do phic tap

O(N xT)
dp[0] = 1;
for (int x = 1; x <= T; x++)
for (int coin : coins)

if (x >= coin)
dp[x] = (dpl[x] + dplx - coinl]) % MOD;

Nhu vay, thong qua phan nay ta cé thé thay, DP c6 ting dung rat 16n va quan trong, diic biét 1a trong cac bai vé
dém t6 hop.

n l:l'ng dung ctia Binomial Coefficient trong quy hoach déng dém

Nhu da tim hiéu & phan T6 hgp, Binomial Coefficient (Hé s6 nhi thic, ki hiéu I3 (Z)) biéu thi s6 cach chon k
phan ti tit n phan ti&. Trong cac bai toan quy hoach dong, khai niem nay khong chi ding dé dém ciu hinh ma
con la cong cu dic lyc dé t6i uu thoi gian chay.

Cu thé, Binomial Coefficient dugc duing dé ting tdc cho nhing phép tinh lién quan t6i dém. Trong truong hop
thong thuong, viec 4p dung cong thitc nay két hop véi luy thita ma tran hosic nghich ddo modulo c6 thé cai thien
do phiic tap tit O(N) xudéng O(log N). Dac bigt, néu s6 N vi K nhd, ta c6 thé tinh trudc tat cd cdc Binomial

Coefficient bang tam gidc Pascal, sau d6 truy xuat két qué chi trong O(1).

Code tham khdo

M Tinh () bang giai thira trong O(n)

Ta dung cong thic:

(Z) B k;(nn—ik); (mod M),

voi M = 109 + 7.
Y tudng:

e Tién xit Iy mang fac[i] = ! (giai thua).

e Tinh nghich dio ciia giai thita bang luy thita nhanh: = = 2™°4=2 (mod M).

M Cai dat
#include <bits/stdc++.h>

using namespace std;

const int mod = 1e9 + 7;
const int maxmn = 1000000 + 5; // chon sd da 1én

int binpow(int a, int b) {
int res = 1;
while (b) {



if (b & 1) res = 1LL * res * a % mod;

a = 1LL * a * a % mod;
b >>= 1;
}

return res;

int fac[maxn], inv[maxn];

int C(int n, int k) {

if (k < 0 || k¥ > n) return O0;

return 1LL * fac[n] * inv([n

5/ void build () {

- k] % mod * inv[k]

fac[0] = 1;
for (int i = 1; i < maxn; i++)

fac[i] = 1LL * fac[i - 1] * i % mod;
inv[maxn - 1] = binpow(fac[maxn - 1], mod - 2);
for (int i = maxn - 2; i >= 0; i--)

inv[i] = 1LL * dinv[i + 1] * (i + 1) % mod;

signed main ()

{
ios_base::sync_with_stdio (0);
cin.tie (0) ;
cout.tie (0) ;
build () ;
return O;
}

Ham binpow 14 mot ham dé tinh s6 a® nhanh trong O(logN). Véi viéc cac bai toan thudng cé gia tri MOD la

s6 nguyeén t6 16n nén ta c6 thé diing Fermat nhé dé tinh a~!. Ban c6 thé tim hiéu thém vé ham nay tai day: Link

%

mod ;

M Tinh moi (}) dén n bing tam giac Pascal trong O(n?)

Dua trén cong thic dé quy:

Ta c6 thé xay dyng bang f[i][j] = ()

J
B Cai dat
const int maxn = 2005;
const int mod = 1e9 + 7;

int f[maxn][maxn];

void build_pascal(int n) {
fLol[o] = 1;

for (int i = 1; i <= n; i++)
f[il[0] = 1;
for (int j = 1; j <= 1i;

()= (o) +(

j++) {

n—1

k


https://wiki.vnoi.info/algo/algebra/binary_exponentation.md

1
2

3

!

fLil1[j]1 =
if (£[i]1[j] >= mod) £[i][j]

fli - 1103 - 11 + £[i - 11[j1;
mod ;

Ung dung trong quy hoach déng dém

Xét bai: Distributing Apples (CSES 1716).

D& bai (dién giai):

C6 n hoc sinh va m quéa tdo. Hoéi ¢6 bao nhiéu cach chia m qua tédo cho n hoc sinh, sao cho:

e Sau khi chia khong c6 du bat ki qué tédo nao (phat hét m qua tdo cho n ban).

e Mot hoc sinh c¢6 thé nhan 0 qua.

e Két qua lay modulo 10 + 7.

M 4.1. Cach 1: Quy hoach dong

Goi dpli][j] 12 86 cach chia j qu téo cho i hoc sinh dau tien.

Gia stt hoc sinh thit 4 nhan k qué tdo (0 < k < j), thi phan con lai la chia j — k qua tdo cho ¢ — 1 hoc sinh truée

> dpli —1][j — k).

k=0

dp[0][j] = 0 néu j > 0.

tuy bai toan ma chon cho phu hop

do.
Ta co
dp[d][j]
Khéi tao:
dp[0][0]
M Cai dat
const int mod = 1e9 + 7;
const int maxn = 505; //
int dp[maxn] [maxn];
void solve_dp(int n, int m) {
dp [0] [0] = 1;
for (int i = 1; i <= n; i++) {
for (int j = 0; j <= m; j++) {
dpl[i]l[j1 = 0O;
for (int k = 0; k <= j; k++) {
dp[il[j]l += dapli - 11[j - kI];

if (dp[il[j] >= mod) dp[il[j] -=

}

cout << dpl[n]l[m] << "\n";

mod ;



M 4.2. Cach 2: Dung Binomial Coefficient

Ta c6 bai toan kinh dién “Bai toan chia keo euler”

e MGdi qua tdo 1a mot dau .

e Ta dit n — 1 vach | dé chia chudi * thanh n doan (mdi doan tuong ting vé6i s téo ctia mot hoc sinh).

Tong sb ky tu trong chudi la:
m (dau sao) + (n—1) (vach) =m +n — 1.

Ta can chon vi tri cho n — 1 vach trong m +mn — 1 vi tri:

fnm) = <m+n—1>'

n—1

Vi du nhé:  V6in = 3 hoc sinh, m = 2 qua téo, ta c6 6 cau hinh:

1. (0,0,2) 4. (1,0,1)
2. (0,1,1) 5. (1,1,0)
3. (0,2,0) 6. (2,0,0)

Biéu dién bang * va |: [0, 2, 0] tuong tng: | * * | . Mot vi du khac: n =4, m = 6.
Céu hinh [1, 0, 3, 2] tuong tng * | | 4% | ** .

M Cai dat

#include <bits/stdc++.h>
#define int long long
#define fi first

#define se second

#define pii pair<int,int>

#define arr3 array<int,b3>
using namespace std;

const int mod = 1e9 + 7;
const int maxn = 10000000 + 7; // chon s6 16n hon m*n

int binpow(int a, int b) {

int res = 1;

while (b) {
if (b & 1) res = res * a % mod;
a = a * a % mod;
b >>= 1;

}

return res;

int fac[maxn], inv[maxn];
int C(int n, int k) {

if (k < 0 || k > n) return O;

return fac[n] * inv[n - k] % mod * inv[k] % mod;



30 void build () {

31 fac[0] = 1;
32 for (int i = 1; i < maxn; i++)
fac[i] = fac[i - 1] * i % mod;
35 inv[maxn - 1] = binpow(fac[maxn - 1], mod - 2);
36 for (int i = maxn - 2; i >= 0; i--)
37 inv[i] = dinv[i + 1] * (i + 1) % mod;

10 int n, m;

12 void solve () {
13 cin >> n >> m;

14 cout << C(m + n - 1, n - 1) << ’\n’;

17 signed main () {
18 ios_base::sync_with_stdio(false);

19 cin.tie(nullptr);

51 build () ;
52 solve () ;

53 return O;

Cho mot mang C do dai 26 (3° C; < 5 x 10°). Ban phai tao mot xau S, sao cho véi mdi i = 1,2, ..., 26, ki tu
thit ¢ clia bang chit cai xuat hien ding C; lan trong S. Xau S (d4nh chi s6 0) 1a dep néu: v6i moi (4, j) ma
Si =S thi |i — j| mod 2 = 0. Dém s6 xau S phan biét va dep tao dugc, chia 1&y phan du cho 998244353.
Link dé bai

B Y tudng

Dat n = > C;. Ta thiy rang xau S chia lam 2 phan: cac vi trf chi s6 chén va chi s6 1é (goi nhanh 1a phan chdn va
phan 1¢). Mot chit cai phai xuat hién hoan toan trong 1 trong 2 phan, khong thé ca hai, va s6 ki tit ¢ hai phan
phai ding bang lan lugt 1a [] va [§].

Dén day, ta c6 thé nghi dén viéc sit dung quy hoach dong Knapsack. Dinh nghia trang thai nhu sau: dp|i][s] 1a s6
cach chia 7 chit cai dau vao 2 phan, sao cho phan chén c6 s ki tu (phan 18 s& c6 (Cy + Cy + -+ - + C;) — s ki ty).
Khi d6, két qua bai toan chinh la dp[26][[%]]. Ta chuyén trang thai dya vao viec chit cai thi i dat vao phan chén
hay phan 1é:

e Phan chin: Néu C; < s, ta c6 s vi tri trong, trong dé co ((i) cach dé dit céc chit cai thi i. s — Cj vi tri con
lai diing dé diit 4 — 1 chit cai trude. Két hgp lai, ta c6 (c“fz) x dp[i — 1][s — Cj].

e Phan 16: Tuong ty trén, néu s < Cy +Co + -+ + Cij_1, ta c6 (C1 + Co + - -+ + C;) — s vi tri trong, trong do
C; vi trf danh cho chit cai thit i. Ta chuyén vé dpli — 1][s], do s luu s6 ki tu thuoc phan chin, trong khi ki
tu ¢ dang dat vao phan 18. Tom lai, ta c6 ((CIJ“CQJEf'JrO")_S) x dp[i — 1][s].


https://codeforces.com/problemset/problem/2086/D
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2

3

Két hop hai truong hop bang to hop cong, ta rit ra duge cong thitc truy hoi:

il = (&) apli == o (T RT TN T wapi-p

Néu tinh truéc mang giai thita va nghich ddo modulo clia chiing, chuyén trang thai sé mat O(1). C6 O(n x 26)
trang thai, nén do phitc tap thdi gian v bo nhé tong cong 1a O(n x 26). Luu y khi cai dat, ta phai bé qua cac i
ma C; = 0 (khi do, ta chi can gan dpli|[s] = dp[i — 1][s] va tiép tuc).

M Cai dat

// tinh trudc cnk

for (int i = 1; i <= 26; ++1i)

cin >> c[i];

int n = 0;
dp[0][0] = 1;
for (int i = 1; i <= 26; ++i){
if (telil){
for (int s = 0; s <= n; ++s8)

dpl[il[s] = dpl[i - 11[s];

continue;

n += c[il;

for (int s = 0; s <= n; ++s){
if (c[i] <= s) add(dpl[il(ls], 111 * dpl[i - 1]1[s - c[il] * C(s, c[i]) % mod);
if (s + c[i] <= n) add(dpl[il[s], 111 * dpl[i - 1]1[s] * C(n - s, c[i]) % mod);

cout << dp[26][(n + 1) / 2] << ’\n’;

Cho n (1 < n < 5-10?%) dinh duge gan nhan bing cac s6 nguyén phan biét tit 1 dén n. Hay xac dinh s6

lugng cay nhi phan (cay ma mdi dinh c6 t6i da 2 con) n dinh c6 thé tao ra. In ra dap an mod 10° + 7.

2 cay dudc goi 1a khac nhau néu théa 1 trong 2 diéu kién:

e 2 cay c6 hinh dang khac nhau.

e 2 cay c6 hinh dang cau tric gidng nhau, nhung ton tai mot dinh ma nhéan ctia n6é 6 2 cay 1a khac nhau.

B Y tuéng
Tu tudng quy hoach dong:
1. Chon 1 dinh lam gbc cua cay.
2. Chia cac dinh con lai thanh 2 tap cho bén trai va phai.

3. Giai tiép bai toan con cho 2 cay con trai va phai.
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Goi dp; 1a dap an cho bai toan cay c6 ¢ dinh.
e Dé chon 1 dinh lam gbc cho cay, c6 i cach chon.
e i — 1 dinh con lai chia lam 2 cay con véi s6 luong dinh 1a k va i — 1 — k:

o Duyét qua k tit 0 dén i — 1 dé xac dinh s6 dinh trong 2 cay con.

o Khi da c6 k, can chon ra k dinh tit i — 1 dinh lam cay bén trai, so con lai qua bén phai. Vay s6 cach
chon 1a (121)

o Liic ndy da xac dinh duge tap dinh & 2 bén, vay s6 cach sap xép cho 2 cay d6 1a dpy, - dp;—1_.

Cubi ciing, rat ra duge cong thic: dp; = i - Z;;lo (Zzl) ~dpg - dpi_1_k.

Dap an cubi cling la dp,.
Do phiic tap: O(n?)

M Cai dat

// tinh trudc cnk

3/ long long dpl[N];

5/ int main () {

ios_base::sync_with_stdio (0);

cin.tie (0) ;

int n;

cin >> n;

dp[1] = 1;

for(int i = 2; i <= n; ++i) {
for(int k = 0; k < i; ++k)
{

dp[i]l += nCk(i - 1, k) * dp[k] % mod * dp[i - 1 - k] % mod;
dp[i] %= mod;
}
dp[i] *= 1i;
dp[i] %= mod;
}

cout << dpl[n];

return O;

Cho mot bang n * m (n,m < 1e5), c¢6 k diém 1a nhitng chuéng ngai vat (k < 2000). IHFF mudn di tit vi tri
(1,1) téi (n,m), do 1a ngudi kh& khoe, nén khi gip chuéng ngai vat, IHFF sé c6 gang vugt qua, nhung sau
i lan (i < 20), IHFF hét stic nén sé khong thé vugt qua them 1 chuéng ngai vat ndo nita. Hay gitp IHFF
tim s6 duong di tu (1,1) t6i (n, m) ma IHFF khong phai di qua qué i chuéng ngai vat.

B Y tudng

Bai toan yéu cau dém s6 duong di tit (1,1) dén (n,m) tréen mot bang n x m chi duge di sang phai hodc di xuéng,

sao cho IHFF khong di qua qué i chuéng ngai vat. Vin, m c6 thé len t6i 10°, viec duyét hosic quy hoach dong trén
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toan bo bang 14 khong kha thi. Tuy nhién, sé lugng chuéng ngai vat k < 2000 va s6 lan c6 thé vugt qua i < 20 1a
khéa nhd, nén ta chi can xét dén cac diém dac biet nay.

Ta s& xem mdi chuéng ngai vat nhu mot diém p, = (z;,y;), dong thai tinh ci diém bat dau (1,1) va diém két
thic (n,m). Khi do, ta chi can quan tam dén s6 dudng di gita cac diém nay. S6 dudng di tit @ = (74,y,) dén
b= (zp,yp) (chi dugc di xuéng hodc sang phai) la:

(bx—ax—i-by—ay
path(a, b) = by — ag
0, ngugc lai.

>, néu az < by, ay < by,

Sau khi sip xép céc chuéng ngai vat theo toa do tang dan, ta c6 thé xay dung cong thitc quy hoach dong nhu sau:

dp[z][y] = path(ps, (n,m)) — > _ path(ps,p.) - dpl][y] — > dplz][2].

z<x z<y

Cong thitc nay loai b6 cdc duong di bi dém trung khi di qua céc chuéng ngai vat truée dé (vé thit hai) va chi gitt
lai nhitng dudng ¢6 diung y chudéng ngai vat bi vugt qua (vé thit ba).
Cudi cling, két qua la tong s6 duong di tit (1,1) dén (n,m) ma vugt qua khong qua i chuéng ngai vat:

Két qua = Z dpl[0][y].
y=0

Do phitc tap clia thuat toan 14 O(k? - i), hoan toan phi hop vé6i gisi han ciia dé.

H Cai dat

// tinh trudc cnk

3 int n, m, k, 1i;

4

5

6

pair<int, int> points[N];
long long dp[M][LG], ans;

7 long long path(pair<int, int> a, pair<int, int> b) {

if (a.first > b.first || a.second > b.second)
return O;

return cnk[b.first - a.first + b.second - a.second][b.first - a.first];

3 void solve () {

cin >> n >> m >> k >> i;

points [0] = {1, 1};

for (int x = 1; x <= k; x++) cin >> points[x].first >> points[x].second;
sort (points, points + k + 1);

reverse (points, points + k + 1);

for (int x = 0; x <= k; x++) {
for (int y = 0; y <= i; y++) {
dp[x] [yl = path(points([x], {n, m});

for (int z = 0; z < x; z++) {
dp[x][y] -= path(points[x], points[z]) * dpl[z]l[y] % MOD;
dp[x]1 [yl = (dplx][y] + MOD) 7% MOD;

}

for (int z = 0; z < y; z++) {

dp[x]1[yl -= dplxl([z];



dp[x] [yl = (dplx]l([y]l + MOD)

%

MOD ;

for (int y = 0; y <= i; y++) ans = (ans + dpl[k]l[yl) % MOD;
cout << amns << "\n";

Bai luyén tap

e CF 1946E - Girl Permutation

CF 1929D - Sasha and a Walk in the City

CF 1764D - Doremy’s Pegging Game

CF 1954D - Colored Balls

CF 1749D - Counting Arrays

CF 1984C2 - Magnitude (Hard)
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