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1 Gidi thiéu

Dinh 1y thang du trung hoa hay con biét dén 1 dinh Iy CRT (Chinese Remainder
Theorem) duge tim thay béi nha toan hoc ngusi Trung Qudc Sunzi dé gidi quyét
c4c phuong trinh vé dong du.

2 Phat biéu dinh 1y

Goi p = p1pap3...pn, V6i p; déi mot nguyén té cing nhau. Véi s6 a < p, ta c6
céc phuong trinh ddng du nhu sau:

a = ay(modpy)

a = as(modps)

a = ap(modpy,)

V6i a; 1a cac hiang s6. Dinh 1y CRT phat biéu riing chi ton tai duy nhit mot
gi4 tri a mod p théa min cac diéu kién trén.



3 Heé qua
Mot hé qua cta dinh 1y thang du trung hoa la:
x = a(modp)
Thi:
x = ai(modp)

x = az(modps)

x = an(modpy,)

véi p; d6i mot nguyén t6 cling nhau

4 Thuat toan Garner

Cho mot mang a; gdm céc s6 du ciia a khi 1y modulo cho p1, pa, ..., pn. Vay
ta c6 thé tim duge s6 a tit mang da cho hay khong?

Cau tra 10i 1a ¢6 bang cach sit dung thuat toan Garner dé tim dugce a. Thuat
toan phét biéu nhu sau:

Chiing ta sé& biéu dién a duéi dagn:

a =1+ Tap1 + ... + TEP1P2---Pk—1
V6i cong thiic trén, ta c6 thé dé dang suy ra:
a = x1(modp)

a = x1 + x2p1(modps)

a = x1 + xop1 + ... + TEP1P2---Dr—2(modpy)
Nhu vay ta lai c¢6 thé suy ra nhu sau:

a =21 (mOdpl)

as = x1 + x2p1(modps)
as — x1 = x2p1(modps)
Chia ca 2 vé cho p1, ta dudgc:

1
— (a2 — x1) = za(mMmodp2)
P1
Goi 7; 5 la modulo nghich dao cla p; déi véi pj.Thé r1,2 vao phuong trinh
trén, ta dugc:
r1,2(az — 1) = x2(modps)
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Tuong ty, ta co:

x3 = ((ag — x1)r1,3 — x2)r2 3(Mmodps)

Bing quy nap, ta chiing minh dudc:

Zn = ((((an, — a1)T1,n — T2)T2,0 — T3)...)Tn—1,n(Modpy,)
Vi a c6 thé rat 16n nén khi tinh a can phai c6 s6 16n.Nhung ¥ tudng 1a chay
thuat toan O(n?) dé tinh gia tri cia a.Code mau trén C++ nhu sau:

//Code tim cac gia tri cua x
int al[N], x[N], p[N]
for (int i = 0; i < k; ++i) {
x[i] = alil;
for (int j = 0; j < i; ++j) {
x[i] = r[jI1[i]l * (x[i]l - x[j1);

x[i] = x[i]l % plil;
if (x[i]l < 0)
x[i] += pl[il;

Listing 1: Code mau thuat toan Garner trén C++

D@ c6 thé code s6 16n dé dang thi ta c6 thé chuyén qua Python vi ngon ngit
nay c6 ho trg s6 16n. Code téng thé sé nhin nhu sau:

def find_x(a, p, r):
x = []
k = len(a)
for i in range(k):
temp = al[il]
for j in range(i):
temp = ((temp - x[j1)*r[il[j1) % plil
if (temp < 0):
temp += plil
x.append (temp)
return x

def find_a(a, p, r):
x = find_x(a, p, r)
sum = O
for i in range(len(x) ,0,-1):
sum = sum*p[il]l + x[i]
return sum

def bipow(a, n, mod):
if (n==0):
return 1
temp = bipow(a,n>>1,mod) % mod
templ = (temp*temp) % mod
if (n&l):
return (templ#*a) % mod
return templ
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def find_r(p):

r = []
for i in range(len(p)):
temp = []

for j in range(i):
temp . append (bipow(p[jl,plil-2,p[il));
r.append (temp)
return r

Listing 2: Code méu thuat toAn Garner trén Python

5 C(Cong thic khac

Ta con c6 thé suy ra a bang cong thitc sau:
Goi X; = % = 1%, Goi ;! 1a modulo nghich d4o ctia z v6i m. Ta
K2 K2

a=aX1 X)) +aXoXo) + .+ an X X,

Dé thiy néu xét p; thi anjXJ;é sé chia hét cho p; v6i j # i. Cho nén
a= aiXZ-Xi;,il(modpi).

Ma X, = - (modp;)
Cho nén XiXi;il = 1(modp;) hay aiXiXi;il = a;(modp;)
Chting minh tuong ty thi ta sé riat vé dudc phuong trinh dong du ban dau.

6 Bai tap vi du

Codeforces Problem 687 B : The Remainder Game
Tém tat de:

Hom nay Pari va Arya dang chaoi mot tro choi tén 1a Remainders. Pari chon
hai s6 nguyén duong x va k, va néi véi Arya k chi khong phai x. Arya phai tim
ra gia tri xmodk. C6 n s6 ¢b c1,ca, ..., ¢, v Pari phai néi véi Arya gia tri ciia
wrmode; néu Arya mudn. V6i k va cac gia tri ¢d, hiy cho biét lieu Arya c6 chién
lugc chién thing khong diyta vao gia tri clia x hay khong. N6i cach khac, ¢6 diing
1a Arya c6 thé biét gia tri cia xmodk bat ki sbé nguyén duong x nao khong?

Giéi han: n, k, ¢; <= 10°

Loi giai
Ta phan tich n thanh nhan t:

k= p{'py?..por
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Véi p,, 1a cac sb nguyén t6. Dicu nay dam bao cac p; d6i mot nguyén t6 cling

nhau.
Néu t

a biét dugc lan lugt zmodp!® thi theo dinh 1y thang du trung hoa, chi

c6 duy nhat mot gia tri zmodk. Néu diéu kien d6 khong théa thi co thé c6 nhidu
gia tri xmodk

Vay néu trong cac ¢; khong ¢6 p?* thi sao?

Goi ¢; 1a boi ctia p!* néu co.

Ta co:

Ma ¢;

x = t(modc;)
=>z —t = 0(modc,)
=> ged(xz —t,cj) =¢;

= 0(modp*), nén :
ged(z —t,pf") = p{’
=> 1 —t = 0(modp]")

=> x = t(modp]*)

Vay la ta két luan dugc riang néu ta biét dugc zmodc; thi ta ciing biét

xmodp;

Vay ta sé code sao cho tién?
Ta ching minh dugc s6 lugng p; < 8

Bing

cach phan tich thanh nhan tit trong do phitc tap O(v/k). Ta c6 thé tim

dudc gia tri cta p;’ va xét tung gia tri ¢; dé xem gia tri ¢ ndo 14 boi ctia p¥'.
Vay téng do phric tap bai toan 1a O(n 4+ Vk)

Code

#include

using na
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
typedef
typedef
const in
const in
const in
const in
const in

mau:
<bits/stdc++.h>

mespace std;

rep(i, x, y) for(int i = x; i <= y; ++i)
repi(i,x,y) for(int i = x; i >= y; --i)
ci(x) int x; cin>> x

TC(t) ci(t); while(t--)

fi first

se second

pb push_back

all(x) x.begin(), x.end()

cii(x, y) ci(x); ci(y)

ciii(x, y, z) ci(x); ci(y); ci(=z)

mp make_pair

long long 11;

vector<int> vi;

t N = 1e6 + 5;

t mod = 1e9 + 7;

t modl = 998244353;

t pi = 31, pii = 29, piii = 41;

t inf = 1e9 + 5;
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const int block
const int dx[4]
const int dy[4]

330;
{0, o, 1, -1};
{1, -1, 0, 0};

void readfile (){
#ifdef ONLINE_JUDGE
#else
freopen("text.inp", "r",
#endif // ONLINE_JUDGE
}

int n, k;

int al[N];
vector<int> store;
bool ok = 1;

void inp () {
cin >> n >> k;
rep(i,1,n)
cin >> al[il;

void process (){
int m = sqrt(k);
rep(i,2,m){
if (k%i==0){
11 temp = 1;
while (k%i==0){
temp *= 1i;
k /= 1i;
}
store.pb(temp);
}
}
if(k > 1)
store.pb(k);
for(int u : store){
bool t = 0;
rep(i,1,n)
if (alil%u==0){
t = 1;
break;
}
if (1) {
ok = 0;
break;
}
}
if (ok) cout << "Yes";
else cout << "No";

}

int main() {
readfile () ;
ios_base::sync_with_stdio (0);
inp () ;

cin

stdin) ;

.tie (0);
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process () ;
return O;

Listing 3: Code mau thuat trén C++
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