DU AN THE GIFTED BATTLEFIELD Ki THI THU TUYEN SINH LOP 10 THPT CHUYEN

BAN CHUYEN MON TOAN HOC POT 1- NAM HOC 2022 - 2023
HUONG DAN CHAM Mon thi: TOAN (chuyén)
(gom 03 trang) Ngay thi: 05/03/2023 - 15/03/2023

Thoi gian lam bai: 150 phut (Khong ké'thoi gian phit dé)

I. HUONG DAN CHUNG

1. Gidm khao chdm dting theo Huéng dan cham ctia Dy 4n The Gifted Battlefield.
Néu thi sinh ¢ cach tra 16i khac dap an nhung dung thi giam khao van chdm diém theo biéu diém
ctia Huéng dan chdm.

3. Giam khao khong quy tron diém thanh phan cua ting cau, diém cta bai thi.

II. PAP AN VA BIEU PIEM

Cau Y Huéng dan chim biém
Chting minh rang: (a — ¢)(a — d)(b — ¢)(b — d) 1a s6 chinh phuong. 1,5

Do a,b la hai nghiém thuc ctia phwong trinh 22 + pr + 1 = 0 va ¢, d 1a hai
nghiém thyc cia phuong trinh 4 + gy + 1 = 0 nén theo dinh 1i Vieta, ta c6: 0.5

{a be:: 1_p va {C tj _ 1_q‘

Khi d9, ta c6

Bai1l (a—c)la—d)(b—c)(b—d)
(1,5 di€ém) = [a* —a(c+d) + cd][b* — b(c + d) + cd]
= (a*+aq+1)(b> +bg+1)
= a?b? + a?bq + a® + ab’q + abqg® + aq + b* + bg + 1 1,0
=1+¢*+abg(a+b)+qla+b)+1+ (a+b)?—2ab
= ¢* — 2pq + p?
=(p—q)
Vay (a—c)(a—d)(b—c)(b—d) = (p — q)* 1a sd chinh phuwong.
Chting minh rang 7(z + y)(1 + 3z — 2? — y) = 2(3% + 1). 1,0
Tacod (1) < 2122 + 7(1 — z)z(1 + z) + Mday + Ty — Tay — Ty? = 2(37 + 1)
a | & Tr+212? — 723 — Tey + Ty + 2lay — T2y — Ty? = 2(3% + 1)
S Tr(14+3z—22—y)+Ty(1+ 3z —2? —y) =2(3 + 1)
S T7(x+y)(14+3z—2%—y) =2(3°+1).
Tim tat ca cac bo sO (z;y) nguyén thoa phuong trinh (1). 1,0
Ta c6 dang thiec 7(z + y) (1 + 3z — 2® — y) = 2(3% + 1).

Bai 2 Do2(3* +1) =0 (mod 7) nén 3* = —1 (mod 7).
(2,0 diém) bét z = 6k + ¢ v6i k,qlasdnguyén va0 < ¢ < 6.
Tacd—1=3%=37-728" =37 (mod 7) = ¢ = 3. Vay = = 3 (mod 6).

b | Do c6 vé& tri ctia (1) 1a s6 nguyén nén 2(3% + 1) 1a sd nguyén. Véi z = 0 thi

1,0

0,25

phuong trinh vd nghiém nén = nguyén duwong. Véiz = 1, ta ¢
2(3* +1) =23 +2=2 (mod 6).
Ttr dong du thirc trén ta suy ra duoc
Te+y)(1+3z—2—y)=B+y)(l-y) =3—2y—y* =2 (mod 6).
Ta thu duoc y(y +2) =1 (mod 6) (2).

0,25
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Ta xét bang dong dw v6i 6 cua cac s sau:
y 0 1 2 3 4 5
y+2 2 3 —2 —1 0 1 0,5
y(y +2) 0 3 —4 -3 0 5
Ta suy ra (2) v0 li. Vay phuong trinh (1) vo nghiém nguyén (z;y).

Giai hé phuong trinh sau:
{ V/zy++/yz+Vzz =6 (1) s
2 2 2 ’
I RS A— N 0)
\y+2z z4+z x+y
2y > 0,yz > 0,zx >0 (i)
(y+2)(z+z)(@+y) #0 (i)

Nhan xét rang néu 2 < 0 thi tlr (i) ta suy ra y < 0 va z < 0. Tuy nhién, khi d6

DKXD: { 0,25

0,25
VT am, vo li. Vay 2 > 0, t (i) suyray > 0= 2 > 0.

Ap dung bat dang thitc AM-GM cho hai s6 khong am, ta co:

2 2
x y+222\/x (y +2)

_|_
y+z 4 d(y+2)

Bai 3

(1,5 diém) , . L 0,25
Chting minh teong ty, ta thu dwoc két qua
2 2 2

T n Y Z > r+y+z

y+z z+x x4y 2

Sb6>2x+y+2z(3)

Lai co:
(Va— V)2 + (Vo —V2)? + (V= V) > 0
Srt+y+z>ay+Jyz+Ver =6 (4)
Ttr (3) va (4) tasuy ra z 4+ y + z = 6 (5). Cht y rang ddu dang thitc ctia bat | 0,75
dang thiec (4) chi xay ra khi va chikhiz =y = 2z > 0 (6).
T (5) va (6) ta suy ra dwoc z = y = z = 2 (thda man DKXD).
Vay hé c6 nghiém (z;y; 2) = (2;2;2).

Chting minh rang n ¢ tinh chat “4 miia” khi va chi khi n 1a s8 chan. 2,0

Vi moi tap con ¢d 4 phan ti nhw dé bai da néu, ta co
_btc+d

T3
Ta c6 tong cua tat ca cac phan tk trong tap A, la:

an

4n(4n + 1
Zi:%:%(ﬁln—kl)
=1

Do tdng 4 phan t& ctia moi tap con déu chia hét cho 4 nén 2n(4n + 1) chia

S a+b+c+d=4a.

1,0

Bai 4
(2,0 diém)

hét cho 4, dong nghia vdi viéc n 1a sd chan.

Vi p nguyén duong, xét mot bo sd gom 8 s6 nguyén duong lién ti€p tie p + 1

dén p + 8. Ta chia bd 8 s6 d6 thanh 2 tap hop nhu sau:
{p+1Lp+5p+6p+8}
{p+2p+3p+4p+7}

Khi d6, mdi tap hop trong hai tap hop trén déu thdéa man yéu cau bai toan.

Ttr d6, ta thuee hién chia 8k phan ti ctia tap A,, thanh & bd s8, mdi bo chia

thanh hai tap nhu trén.

1,0

Vay n c6 tinh chat “4 mua” khi va chi khi n 1a s6 chan.
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Chting minh rang CX = AE. 0,5
Xét hai tam gidc BDE va CDX co:
( DCX = DBE (ti gidc ABCD noi tiép)
{ CXD = BED (tit gidc AEDX ndi tiép) 0,5
{BD = CD (AD 1a phan giéc ciia BAC)
= ABDE = ACDX (g—c—g) = CX = BE = AE.
Chting minh rang M, O, F thing hang. 1,0
Do E/]\i” Allr_lfn tuz:g’l_zf AE{\Z[EI& hinh thang can 05
= MDA = EAD = BAD = DAC = DM || AX (1).
Do t¢ gidc AEMD la hinh thang can nén ta cling ¢6 CX = AE = MD (2). 0.25
Tt (1) va (2) ta suy ra t& gidc CM DX la hinh binh hanh = CM = DX (3).
Tt (1) ta cling suy ra dwoc t¢ gidc AMDX 1a hinh thang can
Bai 5 = DX = AM (4).

(3,0 diém) T (3) va (4) suy ra CM = AM < M thudc duong trung triec ctia doan AC. | 0.25
Lai co OA = OC va AF = FC nén O va A cling thudc duong trung truc ctia
doan AC. Vay M, O, F thang hang.
Chting minh rang PA = PD. 15
Goi N’ la giao diém cua duwong tron ngoai ti€p tam giac AFD va duong
thang qua F song song voi AD. Ching minh tuwong tu cau b), ta thu duoc 05
N’,0O, E thang hang = N’ trung véi N, hay FN || AD = t& gidc AFND la
hinh thang can.
Chti y rang t& gidc AEMD ciing 1a hinh thang can nén ME, AD va NF déu 05
c6 chung duong trung truec.
Vay MEFN la hinh thang can = P = EF N MN nam trén duong trung truc
chung ctia hai doan thang ME va FN = P ciing nam trén duong trung treec | 0,5
ctia doan thang AD < PA = PD.

Tong di€m | 10,0

—HET -
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