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Ban chuyén moén Vat 1y — The Gifted Battlefield

Xuat ban vao Ngay 4 thang 12 nam 2022

L&i mé dau

D6i v6i nguoi hoe Vat 1y, tit mite do lam quen cd ban cho dén nghién cttu chuyen
sau hay tham du cac ky thi quoc té, viéc trang bi cho ban than nhing ki ning
Toan hoc 1a thiét yéu. Tuy nhién, Toan hoc danh cho Vat ly thuong chi mang tinh
ting dung, ciing nhu 14 cong cu hd trg dé phan tich, bicu dién cac mé hinh, dic
biét con bao ham, an chita cac ¥ nghia Vat 1y ctia sut vat, hien tugng. Dé phuc vu
cho nhu cau b tic ki nang gidi Toan cho Vat 1y, chuyén dé dau tien gitp ngusi
doc tiép can v6i cac cong cu tinh toan co ban trong bo mon Gidi tich, dong thoi
dit nén moéng dé phat trién vé sau nay.

I. Ham nguogc

1. Ham ngudgc(Inverse function)

Ham ngugce, hay ham nghich dao, la ham hoan téc lai tinh toan ciia mot ham f. Vi
du: ham ngugc ciay = —xz 13 —y =z, clay =z +Hlay=2—5,clay = /z la y = 22
Ham ngugce ctia mot ham s6 f(x) thuong duge ky hiéu 1a f~1(z). Luu ¥, ta thuong nham
1an ham ngugc v6i nghich déo ctia mot ham (reciprocal): f~1(z) # f(z)™' = 1/ f(z). Véi
tinh chat song anh ctia ham c6 ham ngugc, ta c6 duge tinh chat: f~!(f(x)) = z,hay:

P () = .

2. Cac ham lugng giac ngudc (Inverse trigonometric function)

Cac ham sin™!(x), cos™!(z) la cdc ham ngudc ciia cAc ham sin, cos (inverse function)
can duge phan biet véi sin(z) ', cos(z)”" 1a nhitng ham nghich ddo ctia sin cos (recip-
rocal) < 1/sin, 1/cos. Dé tranh nham 1dn, ham nguge clia cac ham sin~(x), cos™!(x)
duge dat lan lugt 1a: arcsin, arccos. Vi du: sin(r/6) = 1/2 < arcsin(1/2) = 7/6



II. Gidi han

Trong Toan hoc, khai niem "gi6i han" dugc st dung dé chi gia tri ma mot ham sb
hodc mot day s tién gan dén khi bién s6 tuong tng tién gan dén mot gia tri nao do.
Trong mot khong gian day di, khai niém gi6i han cho phép ta xac dinh mot diém méi
tit mot day Cauchy cac diem da dude xac dinh truée. Gidi han 1a khai niém quan trong
ctia Giai tich v duge sit dung dé dinh nghia vé tinh lién tuc, dao ham va phép tinh tich
phan. Su ton tai cia mot gidi han tai mot diém ciing 1a mot diéu kien can dé mot ham
s6 ¢6 thé lien tuc.

1. Gi6i han httu han

Dinh nghia:

D61 v6i mot chudi uy, ug, - . . Uy; ta néi day s6 (u,) c6 gidi han 1a 0 khi n — +oo, néu
|t,| 6 thé nhé hon mot s6 duong bé tiy ¥, ké tit mot s6 hang nao do trd di.

s lniEanamueliitiamet el

n—-+o00

Ta n6i day sb (u,) ¢ gidi han 1a s6 a khi n — +00 néu hrf (ug=a)=0
n—-+0o0

Ky hiéu: ngrfm(un —a)=0

D6i v6i ham sb:

Cho khodng K chita diém zy va ham s6 y = f(x) xac dinh trén khoang K hodc trén
K\{z}; ta n6i ham s6 y = f(z) c6 giéi han 1a s6 L khi x dan t6i 2y néu day so6 (x,,) bat
ki, x, € K\{xo} va x, = xo, ta c6 f(z,) — L.

Ki hieu: lim f(z) =

T—T0

a. Dinh 1li vé gi6i han hitu han

Dinh Ii 1.

Néu lim z = L va lim g(z) = M thi:
i [7(2) + (o) xfzi M

T [£(x) — g(x)] =

T [£(x).(x)] = L)

Jim g(—ii = % (néu M #0).

(
Néu f(z) > 0 va lim f(z) = L, thi L > 0 va lim \/f(z) = VL
T—T T—T

Chu y: Dinh 1i 1 van dang khi z,, — +o0 hoac x,, — —o0.



Dinh Ii 2.
lim f(x) = L khi va chi khi lim f(z)= lim f(z)= L.

T—T0 T—To+ T—T(—

2. Gidi han trai, phai. Gidi han mot bén
Khi néi vé gidi han, ta hiéu do la su tiem can clia bién dén mot gia tri, nhu vay chiéu
tiem can ¢ phia nao clia gia tri? Cau tra 16i 1a ca hai. Dé mot gidi han ton tai, bién du
tién t6i tit trai hay phai cling phai tién dén mot gia tri. Dé phan biét hai gisi han nay,
ngudi ta ky hiéu:
lim f(z) va lim f(x)
m—):va' =T
Dau cong va trit biéu trung cho chiéu tiém can clia bién s6, hay con goi lan luct la gisi
han phai va trai.
Vi du:
Cho ham s6 f(x) = |z|/z. Dé thay ham s6 bi gian doan tai z = 0 do diéu kién ciia mau
sO.
Xét giGi han phai, v6i x > 0:

lim — = lim — =1
=0t T a0+ X
Xét gidi han trai, v6i x < 0:
. x . —=0
lim u: lim — = -1

z—0—- T z—0—- T

Tt két qua tren, ta nhan thay tit phia duong hay am déi véi diém = = 0, giéi han ham
s6 déu tién vé x = —1, vay khong ton tai gidi han tai z = 0, hay c6 thé néi f(x) gidn
doan tai z = 0 nhu da quan sat dinh tinh nhu ban dau.

3. Giéi han v6 cuc
Cho ham s6 y = f(x) xac dinh trén khoang (a; +00), lirf f(x) = L néu véi day sb
T—r+00
(z,) bat ki, z,, > a, ¥, — 400 thi ta ¢ f(x,) — L.
a. Cac gidi han dac biét

lim c=c
r—to0



c . B
li — =0 (claha 0
m_l)Iiloo " (c 1& hang s0)

liril 2* = +00 (k nguyen duong)
T—1+00
lim 2% = —oc0 (k 18)
T——00
lim 2* = 4-o00(k chin)
T—r—00

4. Gidi han va su lién tuc cua ham so

Tt muc vé giéi han mot bén, ta da biét dieu kieén dé ton tai mot ham s6 lien tuc, tuy
nhién diéu kién trén chua xét dén su dich gia tri tic thoi ctia ham f(2) (chi mot diém
lech khoéi ham thay vi ca mot phan tit) nén xét bang tich phan mot bén van thoéa méan.
Ta tong quat héa diéu kién cho si lién tuc ctia ham s6 bang phép gi6i han: diem co lap

Mot ham s6 dude goi la lien tuc tai mot diém ¢ trén mién cfia n6 khi giéi han ctia
f(z) khi 2 — ¢ ton tai va c6 gia tri f(c). Biéu dién toan hoc:

lim f(z) = f(c)

p o

Ta c6 thé rit ra: f(c) ton tai trong mién clia ham 86, lim f(c) ton tai va n6 bang f(c)
Tr—cC

(ddm béo dugc sy lien mach).

5. Dinh nghia (¢,6) cho gidi han
Phat biéu: Goi f 1a mot ham dinh nghia trén mién xéc dinh D. Goi ¢ la mot diém
nam trong mién xac dinh va L 1a mot s6 thue; ta n6i lim f(x) = L néu véi moi € > 0
r—C

ton tai mot & > 0 sao cho, véi moi x € D, néu 0 < |x — ¢| < § thi |f(z) — L| <e.
Céch dinh nghia nay c6 thé viét mot cach co ban bing cac ky hiéu toan hoc nhu sau:
Néu lim f(z) = L thi c¢6 nghia:

T—T0

Ve> 0,36 >0 saochoVre D,0< |z —xo| <d=|f(x)—L|<e

Biéu dién qua hinh vé:


https://vi.wikipedia.org/wiki/%C4%90i%E1%BB%83m_c%C3%B4_l%E1%BAR%ADp

2,0

Zo

6. Lién hé giita tinh lién tuc va dinh nghia (¢,) cia ham s6:
Ta xét vi du v6i ham f(x) c6 do thi nhu sau:

A

//

/

D@ dang thay ham nay khong lien tuc tai x = 1. Dung dinh nghia (e, §) ta nhan thay
tai diem = = 1 ton tai mot gia tri clia e sao cho khong c6 gia tri ndo cia 6 nao thoa man.

Y




Nhan thay néu € nho hon gia tri trén thi sé khong ¢6 d nao cho phép z dat cac gia tri

d6 (e — L, e + L) vé ca 2 phia:

A A A

(Ml Al | [l
/ / /

Chi thoa vé bén trai Chi thoéa vé ben phai Khong théa vé ca 2 phia

N
X

Cht §: ta khong nhan phan cit duong cong con lai va dé 6 16n, vi nhu vay sé ton tai
x € (g — 0,20+ 0) ma f(x) & (f(xo) — ¢, f(xo) +¢€)

Cong them diéu kién vé sy khong ton tai clia diem co lap, phat biéu vé tinh lién tuc
biang dinh nghia (e, §) duge phét biéu lai:

Mot ham s6 f trén mién D duge coi la lien tuc tai € D, khi va chi khi véi moi
€ > 0 luon ton tai mot § > 0, sao cho |f(x) — f(xg)| < € luon dang vé6i moi z € D véi
|z — 0| < 8. Vi cac ky higu, dinh nghia nay duge viét:

Ve, 3d>0saochoVre D, |z—uz9|<d=|f(x)— flag)| <e€



III. Dao ham

Dao ham 14 mot toan tit vi phan tic dung lén mot ham dic trung su bién thien tic
thoi ctia ham tai mot diém. Vi du: van tbc tic thoi duge dinh nghia la dao ham cta vi
tri theo thoi gian, gia toc titc thoi 1a dao ham ciia van toc theo thoi gian.

Céc ki hieu thong dung: %(xx), f'(x) va f(x). Ki hieu cubi thuong duge ding trong
vat Iy dé mo ta dao ham ctia mot dai lugng theo thai gian: df (x)/dt.Vé mat toan hoc,
dao ham dugce dinh nghia:

1) = (Lt )= 1))

h—0

Vi du: Van tbc trung binh sau khoang At ké tit thoi diém t dudc bicu dién:
_ Az, s+ AL —z(E)
At At
Néu xét khodng At rat bé, sy bién thién nay mang y nghia tic thoi, nguoi ta thay ki
hieu At bang dt ot by
A i)

Vé mit hinh hoc, trén do thi, dao ham ctia ham s6 tai mot diém la gia tri do doc (hé s6
goc) ctia dudng tiép tuyén tai diem dang xét:

(%

z [m]

()

To

T1

1. Ham Logarit

Ham log (logarithm) 1a ham ngugc ctia ham mi, nghia 1a a = log,(c) thi ¢ = b*, b
goi 1a co s6 clia ham logy. Vi du: logs(9) = 2 vi 32 = 9. Mot ham log ¢6 co s6 dac biét
1a ham In, n6 13 ham log c6 co s6 1a s6 Euler e. Ham nay thudng xuyén xuat hién trong
vat 1y véi nhiéu tinh chat dic biet do né phat sinh tit nhitng khai niém c6 lien quan dén
tu nhien nhu phan phdi chuan, lai suat kép,...

Trong cac bai toan vé logarit, ta c6 thé sit dung bién ddi sau: f(z) = e™f (@),



2. Mot s6 dao ham théng dung

Da s6 cac ham déu c6 theé lay dao ham, trit nhitng ham khong lién tuc hay gap khic.
Didc biét, trong Vat 1y, viéc tim dao ham ctia ham s6 sé gitp ta danh gia duge cac tinh
chat hay dién bién ctia qua trinh. Sau day la mot s6 dao ham thong dung:

e f(z)=c thi f'(x) =0 Do ham hing thi khong c6 su thay doi

o glx)=c-f(z) thi g'(z)=c-[f(z)

o hz)= flz)£g(z) thh h(z)=f(r)£g(x)

e Cong thitc ha bac (Power rule): f(z) = 2" thi f/(z)=nz""'

e Dao ham maét tich (Product rule): h(z) = f(x)g(z) thi A'(z) = f'(z)g(x)+
f(x)g'(x)

e Dao ham mét thuong (Quotient rule): h(z) = @) thi  h'(z) = f’(:c)g(x;(;){(:v)g’(:c)

e Dao ham ctia ham hgp (Chain rule): h(z) = f(g(x)) thi A'(z) = f'(g9(x))d (x)

e Dao ham ciia cac ham lugng giac:

[ J
o
V)
o
=
V)
=
=
&
B
g
=
i
s
©
o
5
]
c
@]

DPao ham ham mai:

*x f(x)=¢€" thi f'(z)=e" vdie la hing s6 Euler xap xi 2.7182
x f(z)=a® thi f'(z)=In(a)a® v6iln la logarith co sb e



e Dao ham ham log:

* f(z)=In(zx) thi f'(z)= é
* f(z) =log,(z) thi f(z)= ln(la :
* flz) =In(g(z)) th f(z) = g;’((;c))

Vi du: Phuong trinh li do ctia mot vat dang thyc hién dao dong diéu hoa c6 dang
z(t) = Acos(wt + ¢). Hay tim van toc ctia vat theo thoi gian va tim hé thic lien he gitta
toa do va van toc doc 1ap thoi gian.

Dap an: Nhan xét: néu dat g(t) = wt, h(t) = ¢ va f(x) = cosax thi ta c¢6 thé viét
lai phuong trinh ctia dé bai duéi dang x(t) = A.f(g(¢) + h(t)). Nhu vay ta sé dung cong
thitc ham hop déi véi f(g(t) + h(t)), cong thiic cong doi véi g(t) + h(t). Ta c6 van toc
ctia vat la:

dz(t) d

= = A —
v % dt(cos(wt + ¢))
d d do
S = A.a COS . (Ewt + E)

90 — A__ sindc thay © = wt + ¢
& v = —w.A. sin(wt + ¢)

Tt day ta rit ra duge hé thic lien he gitta toa do va van toc doc lap thoi gian:

r = Acos(wt+ ¢) = (%)2 = cos(wt + ¢)°
v=—wAsin(wt+ ¢) = (ﬁf = sin(wt + ¢)°

G G o ()

3. Dao ham bac cao

Dao ham bac cao, hay dao ham cap cao mo ta viéc lay dao ham ctia mot ham s6
nhiéu lan. Vi du: ham gia toc titc thoi theo thoi gian 14 dao ham bac nhat ctia ham van
toc, hay la dao ham bac hai ctia quang duong.

_dv_d dz
T @\



Cac ky hiéu thuong dung:

(n)
L i@

Vé6i n 1a s6 bac dao ham, d6i véi déi véi dao ham bac thap nhu bac hai, ta con c6 hai
cach ky hiéu thuong dung: f”(z), f(x)

Vi du T phuong trinh dao dong diéu hoa x = A cos(wt + ¢) hay tim sy lien hé gitta
gia toc va li do, tit d6 ching minh ring mot vat gan trén 1o xo léch khoi vi trf can bang
sé¢ dao dong diéu hoa.

Dap an Ta c6: x = Acos(wt + ¢)

= 1 = dr_ —wAsin(wt + ¢)
dt
dv . 2
Fa==w Acos(wt + ¢) = | —w’x

Vay nhitng chuyén dong cé gia toc ti 1é nghich v6i li do, hay & = —w?x sé biéu thi cho
mot dao dong dieu hoa. Xét truong hgp vat trén 10 xo, tit dinh luat IT Newton va dinh
luat Hooke:

Dat w = \/g ta dudc a = —w?z. Vay vat nay dao dong diéu hoa .

4. Phép tinh vi phan

Day 1 phép tinh c6 ting dung quan trong trong viéc mo ta sy lien hé gitta cic bién
thién cia cac dai lugng vat 1y trong qua trinh dang khao sat. Gia sit ta c6 mot phuong
trinh f(x) = g(y) Dé tim sy lien hé gifta cac bién ddi rat bé ciia cac bién, ta tién hanh
lay vi phan. Ki hieu d(f(x)),d(g(y)) Dé lay vi phan ta lay dao ham ctia hai vé phuong
trinh theo bién ctia hai vé phuong trinh d6(f'(z), ¢'(y)) va sau d6 nhan hai vé phuong
trinh v6i vi phan ctia cac bién(dz, dy) ma ham d6 phu thuoc vao. Vi phuong trinh trén,

'Ly thuyét vé dao dong didu hoa va chiing minh dao dong diéu hoa bing cach giai phuong trinh vi
phan sé duge ban dén ki ludng hon trong cac chuyén dé khac



dang vi phan ctia n6 la f/'(z)dzr = ¢'(y)dy. Tom lai:

f(x) =g(y)
d(f(z)) = d(g(y))
df(z) _dg(y)
P TR

5. Ban kinh cong

Khi mot chat diém chuyén dong trén mot quy dao cong bat ki, trong hé toa do tu
nhién, tai mdi diém gia tée clia vat ¢6 thé dude phan tich thanh hai phan:

e Gia toc tiép tuyén dac trung cho su thay doi ve do 16n clia vector vat toc a;, = dv/dt.

e Gia toc phap tuyén (gia téc huéng tam) dic trung cho sy thay doi vé huéng clia
vecto van t6c, v6i do lén a,, = v?/r. v day chinh 1a ban kinh cong (ban kinh chinh
khuc) ctia quy dao.

4 Y

Xét mot cung nho Py P ¢6 do dai ds nhu hinh vé
Ta c6 (dau tri tuyet dbi biéu thi gia tri duong ctia ban kinh):

dp

ds = \/da? + dy? = dz/1 + y2

Tt dinh 1y Pytago ta co:



Lay vi phan hai vé, chi ¥ rang:

dy’ = (dy’/dx) - dx = y"dx
sec?(a) = 1 + tan?*(«)

& sec’(0)dd = (1 + tan®*(a))da = y'dx
//d /!
& da = LA — dz—2 >
(1 +tan?(a)) (1+y7)
Thé hai phuong trinh trén vao phuong trinh ban dau, dp = da (doc gia c6 thé st dung
hinh hoc ty chiing minh vi sao hai vi phan nay béng nhau):

d dz+/1 &
r = d—s @7’: #
@ dx(1+y’2)
1 2\ 3
=1 — —( _'_yg{ )2

6. Dao ham ctia ham ngudgc

Gia stt mot ham f(z) ¢6 ham nguge 1a f~'(x) = g(z). Ta co:
y=f"(z)=g(x)

& fly)=2
& fly)dy =dz
dy 1

a1

Thé y = g(z), &£ = ¢'(v) 1

~ Flola)

T day ta c6 thé chiing minh duge mot dao ham clia mot ham ngude bat ki chi véi dao
ham ctia ham ban dau. Vi du nhu ham f(x) = sin(z) ¢6 ham ngude f~!(z) = arcsinz =

= ¢'(x)




g(x). Dao ham ctia sin f’(z) = cos(x). Thé cac phuong trinh nay vao phuong trinh bén
trén, ta ra dugc:
_ 1
—(arcsin(z)) = —————
dx( () cos(arcsin(x))
Gia st nhu arcsin(z) = 0 thi sin(f) = z = z/1, tit Pytago cho mot tam giac vudng c6
canh d6i biang x va canh huyén bang 1 (thdéa méan sin(f) = x), nén cos(arcsin(z)) =

cos(f) = V1 — a2,

1 1
— %(arcsin(:v)) = =

cos(arcsin(x)) /1 — 22

IV. Nguyén ham, Tich phan

Tich phan xac dinh duge dinh nghia (khong chinh quy) 14 qua trinh tim dién tich
duéi mot ham tur hai khoang.
b
| re)da

Céch ky hiéu nay duge dinh nghia la dién tich clia mot viing trong khong gian phing xy
duoc bao béi do thi ctia ham f, truc hoanh, va cac dudng thing x = a vi x = b, sao cho
cac vung trén truc hoanh sé dugc tinh vao téng dién tich, con duéi truc hoanh sé bi triur
vao tong dien tich. Cé tén tiéng Viét 1a tinh dién tich hinh thang cong.

Ta goi a la can dudi cia tich phan, con b la can trén cua tich phan.

Theo dinh nghia toan hoc né la mot phép tinh tong véi rat nhiéu sé hang. Gia st ta
mudn tinh dién tich phan dudi do thi f(x) tit a dén b. Ta chia nhé doan [a,b] ra thanh



titng doan nhé véi nhitng diém phan cach timg doan 1a z;, sao cho a = 2y < 1, < T3 <
.- < @, = b, vh sau do6 tim tong:

S =Y fl&)Ax

=0

V6i Az; = 2441 —x; vax; < & < 2441 Phép tinh tong nay c6 co tén goi la tong Riemann.
C6 thé hiéu cach tinh tong nay nhu viéc chia do thi ham sb ra thanh cac hinh chi nhat
c6 day 1a Ax va chiéu cao la f(€) sau d6 tinh tong dién tich cac hinh chit nhat. Khi n
tién t6i vo ciing, tong S sé c¢6 thé tién t6i mot gia tri nhat dinh, thi do sé 1 tich phan
ctia f(x) tit a dén b; con néu tong S khong tién t6i mot gid tri xac dinh ndo cé, thi tich
phan day khong xac dinh. Tiy vao cach chon & ma c6 nhitng cach xap xi khac nhau, vi
du nhu & = x; 1a tong Riemann trai, & = ;. & tong Riemann phai, & la trung binh
cong thi 1a tong Riemann gitta nhu do thi dusi day:

O

FE) |- \\ /

a = T Ti—1 I; € Tit+1 b=x, 1
7

T tong nay ta ciing ¢ thé thay duge nhung tinh chat ctia tich phan nhu:

/abOda::O, /aaf(x)dx:O

/acf(x)dm - /abf(m)der/bcf(a:)dx



[+ gwiae= [ e+ [ owa

[ o= [ s

Nguyén ham la toan t1t nguge ctia dao ham, tiic 1a nguyén ham ciia ham s6 f(z) la
tim ham ma dao ham ra f(x), qué trinh nay con duge goi la tich phan bat dinh, va dugc

k¢ hiéu 1a:
[ o

Vi dao ham ctia hang s6 bang 0, nén nguyén ham ctia 1 ham sé 1a mot ham dang f(z)+C

4 dJ;(::) B, / (2)da—=F(z)==C

1. Su lién hé cia dao ham va tich phan

Gia st ta ¢6 1 tich phan xac dinh:
[ fwau=F)

v6i f(u) 1a 1 ham lién tuc, a 13 mot s6 hang bat ki, phuong trinh nay chi phu thuoc vao
x nén ta c6 thé dat n6 bang F(x), tit day ta c6 thé bién doi:

z+Ax
F(z + Az) = / Fu)du
:/axf(u)dw/:mf(u)du

r+Ax
:F(x)—i-/ f(u)du
T ) — T +Ax
L F +AA£ F():ﬁ/x e

Khi Az tién t6i 0, ta thay vé trai ctia phuong trinh sé tré thanh dinh nghia cia dao ham
phuong trinh F'(z) bén trén, con ¢ vé phai thi tich phan xac dinh sé bang f(x)Az theo



dinh nghia hinh hoc, nhan v6i Az ta duge f(x). Tom lai ta sé co:

PO _ fay (/f ju) = 7o)

Vay F(x) chinh la nguyén ham cta f(z). Day ciing chinh 1a phan I ctia dinh 1y co ban
cua giai tich
T day ta sé co thé tinh mot tich phan tong quat:

/abf(a:)dx _ / f(x)dz + /m:f(m)dx = /m:f(:v)dx — /O f(z)dz = F(b) — F(a)

v6i 1o 12 1 diém c6 dinh ndo d6. Vay tich phan ctia f(x) tit a dén b sé bang hiéu nguyén
ham cia f(x) tai b va nguyén ham f(x) tai a.

2. Tich phan suy rong

Day 13 mot dang tinh tich phan xac dinh nhung c6 mot hodc hai ¢an nim & duong
vo cung hodc am vo cung. Vi du:
| f@u

O day ta bién déi cac can vo cing thanh mot gid tri rdi liy gi6i han ciia gid tri dé dén
vo cung. Phan tich vi du trén:

b
lim (/ f(:z:)dx) = lim (F(b) = F(a))
b—o0 9 b—o0

Ki thuat nay thuong dugc ap dung v6i nhitng bai todn yéu cau tinh tir truong va dién
truong ctia cac mit phang, doan day dai vo han dé xap xi vao céc truong hop tinh ti
truong dien truong khi diém xét rat gan mat phang, doan day va c6 thé xap xi dén vo
han.

3. Phuong phap lay tich phan

Khac v6i dao ham, phép tinh nguyén ham khong c6 phuong phép chung ré rang dé
tinh toan, c6 nhitng ham s6 khong ton tai tich phan, hay khong thé viét két qua tich
phan duéi dang tuong minh. Tuy nhién, d6i v6i mot s6 ham dac biét, ta c6 thé ddo ngudc
qué trinh dao ham dé tim nguyén ham ctia ham s6:

xn—i—l
/dxzx—{—C’, /x”dx: + C,
n+1




1
/—dx:1n|w|+0, /e”“dm:ex—l-C
T

/sin(x)da: = —cos(z) + C, /cos(:t)da: = sin(x) + C

1
dz = arcsin(z) + C, / T2 dz = arctan(z) + C

1
/ V1—2?
D6i v6i nhitng bai toan phtic tap ma ta khong tim duge dang tudng minh ctia két qua
tich phan, ta c6 thé bicu dién két qua duéi dang mot tich phan. Tuy nhién, mot sé dang
phtic tap ctia ham s6 ¢6 thé ding mot s6 meo bién doi dic biet dé dua vé nhitng dang
co ban c6 thé lay tich phan dugc duéi day.

a. DOoi bién
Phuong phap (Dinh huéng nguge lai véi Chain rule) Bién doi mot phuong trinh f(z)

thanh f(u) hogc f(t), sau d6 sit dung vi phan dé bién doi dz thanh du hoac dt. Vi du
ta lay nguyén ham ham s6 f(x) = (4z — 3)(2z* — 3z + 5)

/(495 — 3)(22% — 3z + 5)dz

Luu ¥: ta c6 thé tach cac hang tit clia ham s6 rdi sit dung cac tich phan ban da néu &
tren, dudi day tac gia chi diing phuong phap doi bién. Néu tinh ¥, ta nhan thay 4z — 3
chinh 14 dao ham clia 222 — 3z + 5, vi thé sau khi ddi bién ta sé ra dugc phuong trinh
gon gang hon. Tién hanh ddi v = 222 — 3z +5

/ (4o — 3)udz

Dé tim mbi lien hé gita do va du ta lay vi phan: u = 22> — 3z + 5 = du = (42 — 3)dx

2

= (4x—3)udx—/udu—%+0

Cudi ciing, ta bien doéi két qua tich phan tit bién u sang bién z:

2 972 _ 2
:>/(4x—3)(2x2—3x+5)dx:u—+C:(m 3z +5)

c
2 2 *

D6i véi cac tich phan xac dinh ta can thay déi cac can tich phan theo bién méi. Gia st
ta xét phuong trinh f(x) = cos(z) sin®(x). Tich phan clia phuong trinh tit 0 dén 7/2 1a:

/2
/ cos(z) sin?(x)dx
0



Nhan thay d(sin(z)) = cos(z)dz, dit t = sin(x) va dt = cos(x)dz:

/2
= / t2dt
0

Sau day ta thuc hién qua trinh déi can bing cach thé 1an lugt cac can vao phuong trinh
ddi bién. Can dusi: sin(0) =0 — ¢t = 0, Can trén sin(7/2) =1 — t = 1.

13 05
s | Pdt=— - —
/ 3 3

1
= / cos(z) sin®(z)dx = -
0 3

Ngoai ra, doi bién con ¢6 mot cach thiic phiic tap hon dé 1a st dung céc ham luong giac
dé thay thé. Gia du nhu nguyén ham phuong trinh:

/ dx

(4 + 22)3/2

Ta tién hanh thé z = Qtan( ) — dz = 2sec?(0)df, St dung cong thitc 1 + tan®(0) =
sec?(f) ( chia cos?(x) tit cos?(0) + sin*(0) = 1):

dzx > 2sec?(6)do

:> / (4+a2)%2 / [4 + (2tan(6))%*
B 2sec?(6)d

) / [4(1 + tan?(0))]3/2

_/ 2sec?(6)dé
— ] [4sec2(9)]3/2

[ 2sec?(6)do
B / 8 sec?(0)

_ i / seCCl?@) _ i / cos(0)d6

= isin(@) +C

Vi tan(f) = z/2 nén sin(f) = z/vz? + 22

e

:>/ dr = +C
(A4+22)32 44+ 22




b. Tich phan timg phan

Phuong phép (Dinh huéng nguge lai v6i Product rule): tdch phuong trinh ra thanh
hai phan dé tinh toan riéng:

/f(:r)dx = /u(:n)v'(x)dx = u(z)v(x) — /u'(x)v(x)dx

Chitng minh: Gi4 st ta ¢6 mot phuong trinh g(z) = w(z)v(z), Lay vi phan 2 vé

¢ (z)dz = v/ (z)v(x)dz + u(x)v'(x)dz. Nguyén ham hai vé:

/g'(:r)d:c = g(z) = u(z)v(z) = /u’(x)v(x)da: + /u(x)v'(:v)da:

= /u(x)v'(as)dx = u(z)v(x) — /v(az)u'(az)dx
Gia stt nhu phuong trinh xe® ta ¢6 thé tach @ = u(z), e = v'(x) = u'(z) = 1,v(z) = €*
:>/xewdx:xea’—/ezdx:xem—ez—i-C’
Hay nhu nguyén ham In(z)(1ay In(z) = u(z),1 = v'(z)):

/ In(z)dz — / P10 i / L vdr f)ariE

X

Ta ciing c6 thé két hgp cac phuong phap nay lai v6i nhau dé c¢é thé giai mot nguyen
ham phic tap. Gia du nhu:
/ eVida

Ta thé /7 = u dé t6i gidn mi,vi phan 2 vé ta tim duge 1/(2v/7)dr = du = dr = 2udu
= /eﬁdx = /e“2udu
T day ta st dung tich phan timg phan nhu vi du & trén va ra dudc:
/2ue”du = 2ue® — 2" + C

Hoic céc tich phan co thé giai bang nhitng bién déi dai s6 thong thuong, vi du nhu:

2 —3x -1 6x—4 -1 -1
/6x—4dx_ 7-6x_4dx—/7dx—7x+0




4. Vidu

Dinh luat Biot-Savart cho tit truong cuia mot dong dién trong chan khong:

dﬁzu_ofd?x7>

4 73
va 6 dang dai sb:
- fol sin(¢)dl
47 72

v6i I 1a cuong do dong dien,pug 1a do tit tham trong chan khong c6 gia tri 47.1077, r 1a
vi trf tinh tir truong va sin(¢) 1a goc giita day va 7.

Tinh tit truong ctia mot day dién moéng dai vo han vé mot phia, tinh tai dau khong
vo han cach day mot khoang a

T hinh vé: [ = acot(f), lay vi phan hai vé:

—a
dl = ——db
sin?(#)
ta ciing c6 duge r = a/sin(f). Thé hai két qua trén vao phuong trinh dinh luat Bio-

Savart:
piol sin(0)[—a/sin*(0)]d6 ol —sin(6)dd

Amr [a/sin(6)]? 4 a
Lay tich phan hai vé (khi [ tién dén vo cyc thi 0 tién dén 0):

/BdB:/O frol (—sin(6))dd

= dB =

/2 4w a
— B = Kol (COS(O) — COS(Z>>
dma 2
_ Il

" 4ra



V. Chubi

1. Céap s6 nhan/Chudi hinh hoc (geometric series)

Cap s6 nhan la mot day s6 (hitu han hoic vo han), trong do ké tit s6 hang thit hai,
mdi s6 hang déu 1a tich ciia s6 hang ding ngay trude né mot sé6 khong ddi q. S6 q goi 1a
cong boi ciia cap s6 nhan. Cac s6 hang clia day s6 ¢6 dang u,,; = u,q v6i n € N.

@Zuk:Zulqk:u1+u1q+u1q2+---u1q”
k=0

Dé tinh tong nay, ta can nhan hai vé phuong trinh v6i q va lay hiéu gitta két qua vira
thu duge véi phuong trinh dau. Sau mot vai bién doi, ta rat ra:

Zuﬂ =

Dé n tién dén vo cliing, néu nhu q<1 thi ta ra duge két qua:

o0

k
g urq =
k=0

Con néu q 16n hon 1 thi tong nay phan ky va tién dén vo cling.

Vi du: Mot qua bong duge tung lén tit san nha. Bong thie hién mot loat nhing ci
nay lién tiép 6 san nha. Gia st ring do tinh chat dan hoi noi tai vad do c6 ma sat & san
nha ma sau méi lan nay lén thi ¢6 do 16n ciia thanh phan thing ding ciia van toc lai bi
gidm di béi mot he s6 £, va clia thanh phan ndm ngang ciia van toc bi gidm di b6i mot
he s &,, titc 1 voy ni1 = {;yUOy,n; DO TS o il O P

Goi [ 1a khoang cach tong cong theo phuong ngang ma qua béng thuc hién duge sau
mot loat ¢ ndy va 7 1a thoi gian chuyén dong tuong tng. Hay tim 6 1a géc ma vecto van
toc lam véi phuong ngang sau lan ndy dau tién va duge viét theo I, 7, &,, &,. BO qua stic
can khong khi

1 . q(n—i-l))
]

2”1y

Dap an: Thoi gian gitta hai lan va cham bat ki: ¢; =t + ¢;, =

2044 Viy

Khoang cach gitta hai lan va cham tuong tng 1a: [; = vi,t; = . Tong thoi gian va

cham 7:
_ > 2U0y51



Tit (1) — v, = T8 (3)

1—Ez&,
Tit (2) va ()AUOm:L(I—E;J))

Uiy g3 (1 —&,)?

= tan(f) = e~ A0 L8, .5,

2. Chuéi Taylor

Day 13 mot cach xap xi mot ham tong quat thanh mot ham da thitc. Cach xap xi

chudi ¢6 bidu thiic: -
= fM(a)(z —a)"

Véi ™ 1a dao ham ctia f(x) bac n, v a la gid tri ctia 2 ma ban mudn xap xi. Dudi day
trinh bay cach tiép can bai toin. Gia sit ban muén xap xi dén bac 2 tai 0:

f(x) = o + 1z + coa?

Dé da thtic nay c6 nét tuong dong véi ham ban dau, dau tién tai diém xap xi hai phuong
trinh phai bang nhau, vi ban dang xap xi tai 0, viec nay tic la:

f(0) = co + ¢1(0) + €2(0)* = ¢o = £(0)

Dé thuc hién phép xap xi, gia tri can lay xap xi sé gan gia tri gbc, vay nén su bién thien
tur gia tri gbc dén gia tri xap xi bang phuong trinh can xap xi, tic 1a dao ham ctia hai
phuong trinh tai diém gbc bang nhau:

f1(0) = ¢; +2¢5(0)* = ¢; = f/(0)



Dé hai ham c6 nét tuong dong vé do cong, xu huéng bién thién, hay dong nghia dao
ham ctia ham xap xi vd ham gbc tuong duong:

= £1(0) =20 == & = (0
Vay cubdi cling ta thu dugc:
F(&) ~ F(0) +- O (0

Ban c6 thé tiép tuc lap luan va chiing minh rang cac dé xap xi tién vé 0, hay hai ham
tuong duong, thi cac dao ham bac cao cua 2 phuong trinh sé nhuw nhau, tit dé ta sé co:

f(z) = f(0)+ f'(0) + % F"(0)z? + é e % F®(0)z”

> (n) n
= f@ym Y O
i=0 ’

Néu ban mudn xap xi véi mot gia tri gan a, ta thay thé cum z — o — a

n!

n
f™(a)(z — a)"
= fl@) =)
i=0
Do chinh x4c ctia phép xap xi cang cao khi n tién téi vo cling, vay:

= f™(a)(z — a)™
iaspasi® -4

Tuy nhién, d6i v6i mot s6 ham, phép xap xi Taylor 1a khong kha dung In(z) va /z. Gi
du nhu In(1 + ), dit xap xi dén bao lau di chang nita, phuong trinh xap xi sé khong
bao gid giéng véi phuong trinh qua x=1. Nhitng phuong trinh lién tuc ma khong thé
dugc xap xi hoan toan bang chudi Taylor duge goi 1a phuong trinh khong toan thé (entire
function) va c6 ban kinh hoi tu (radius of convergence) mang gia tri khac vo cung. Nhiing
dinh nghia nay nim ngoai khuon kho ctia bai nay nén cac ban tit tim hiéu thém.

a. Xap xi bac nhat/xap xi tuyén tinh

Xap xi tuyén tinh (First order approximation) la phép xao xi ma ta chi 1ay s6 hang
c6 dao ham bac nhat:

f(x) = f(a) + (x — a)f'(a)


https://en.wikipedia.org/wiki/Entire_function
https://en.wikipedia.org/wiki/Entire_function
https://en.wikipedia.org/wiki/Radius_of_convergence

Xét truong hop x lech khoi @ mot khoang rat nhé h, ta thé . = a + h, h = v — a vao
phuong trinh, ta co:

fla+h)~ f(a)+ hf'(a)

Phuong trinh trén 1a phuong trinh ctia phép xap xi tuyén tinh. Vé6i a 1a mot sé cho trude,
va h 1a mot s6 rat nho chi do lech cyc nho so véi a. Thuong dung dé khao sat khi lech
khodng citc nho so véi vi trf can bang.

Tuong tu, xap xi bac 2 1a khi ta lay s6 hang c6 dao ham bac 2, khi bién ddi sé ra
biéu thic:

fla+h) ~ f(@)+hf'(@) + (0

Trong cac bai toan Vat 1y, thuong xap xi tit sau bac 2 nhé hon miic sai s6 do dugdc va co
thé bé qua, ngudi ta thuong chi can nhéc sit dung xap xi bac 1, hodc 2 tuy vao bai toan
dang xét.

Tu viec xap xi bac 1 va bac 2 ta thu dude mot s6 cong thiic gan ding thusng ding
trong Vat ly:

Khi 0 << 1: )

sin(0) =~ 0 cos(0) =1+ % tan(0) ~ 6

Khiz <<1
(I1+2)"~1+nx

VI. Bai tap vi du

1. Xe vugt dia hinh

Mot ngusi 1ai xe vugt dia hinh va gdp mot ngon nti 1én c6 dang parabol duge biéu
dién theo phuong trinh: h(z) = 3 — z?(km). Do su ¢6, khi vita dén chan nii thi xe hét
xang, chi con lai van tdc v. Dé vugt qua nidi xe phai chay tit chan ddi (A) dén dinh
ddi va roi xudng tai (B) sao cho tai moi diém trén qui dao xe luon tiép xtc v6i mat
dat. Van t6éc v dé co thé dat dugce diéu nay sé nam trong khodng tit vy, dén Vpee. Tim
Umaz — Umin. Dicu kién 1y tudng bai toan xem nhu mit nai nhin va khong c6 chuéng
ngai vat. Cho gia toc trong truong g ~ 10m/s>.



2. Day chuyén khéng chuyén dong

Mot 6ng nhin khong ma sat dit trén mot mit phang nam ngang va ¢6 hinh thi nhu
do thi clia mot phuong trinh ¢6 diem dau va diém cudi 6 cing mot do cao nhung nhiing
phan con lai thi & vi trf bat ki (hinh vé). B6 mot sgi day chuyen c6 khoi lugng déu vao
trong éng, 6ng va day c¢6 chiéu dai bang nhau. Hay chiing minh éng chia doan day sé
khong di chuyén khi duge dé ti do.

Goi y: zét tung phan ti rat nhé cia doan day.

3. Cau bé tinh nghich

Mot cau bé hiéu dong cam den pin chay quanh nha. Khi tién dén gan mot khic ré
vao hanh lang (hinh vé), cau bat dén pin va hudng vé phia canh tuong. Cho rang cau
bé khong chay vao phan hanh lang, tim biéu thitc cho van téc clia ria vét sang trén bic
tuong doi dién trong 2 trudng hop:

1. Cau bé chay song song véi tudng, cach mot khoang I, v6i van toéc v khong doi

2. Cau bé chay nhanh dan déu cach tuong [y theo huéng tao véi tudng mot goc
khong doi



4. Chu kién tang dong

Mot chii kién duge dit trén mot duong dua dai vo tan, dé kich thich chd kién di
chuyén, ngudi lam thi nghiem cho kién &n dudng. Sau mdi lan #n mot cue dudng thi kién
chay dugc mot khoang thoi gian 7, r6i phai dimg lai trong thoédng chéc dé nghi va lai
dugc tiép them duong (khoang thoi gian nghi va an khong dang ke). Duéi tac dung cia
nhing cuc duong lién tiép, ta quan sat duge mot hién tugng ki la véi cha kién, ct sau
mdi lan dn dudng lién ke thi lan luot van téc va nhitng dao ham bac cao ciia van toc lai
khong ddi va bang g, trong khi d6 cdc dao ham bac thap hon ngay lic do bang 0. Tiic la
trong khoang thoi gian dau tién van téc ctia chii kién khong doi, trong khoang thoi gian
thit 2 thi dao ham ctia van toc 1a gia téc sé khong doi, trong khoang thai gian thit 3 thi
dao ham ciia gia téc khong doi... Tim quang dudng ma chit kién c6 thé di duge néu cho
chii chay mai mai. Stt dung chudi Taylor, chiing minh réng quang duong kién di dude c6
dang g(e” —1).

VII. Dap an

1. Xe vugt dia hinh

Dinh ctia ngon nii:
H =3 (km) = 3000(m)
Dé vuot duge ngon nii thi trude hét xe phai c6 di van tdc dé via t6i duge dinh. C6
nghia 13 dong nang ngay tai dinh sé nhé nhat va bing 0. Ap dung dinh luat béo toan



nang lugng cho vi tri chan nai va dinh nai:

Lo

5 MUpin

=mgH

= Vpmin = V/2¢H = V/2-10 - 3000 = 4v/10 ~ 244.959(m/s) = 68.041(km/h)

Dé tim van tbc toi da, ta xét dinh luat 2 Newton cho vat:

P+ N =Fy

— 2
V6i Fy, 1a lue hudng tam. Khi xe vugt khoi mat dat ﬁ = 6)

__)
= ? = th
2
mg cos() = e
r

r la ban kinh cong ctia quy dao, tir cong thic & trén ta co:

- (1 e hl2)%
_ h”
B (x) =2z, h'"(x)=2
s 4237%)%
= — 5

tit dinh luat bao toan niang lugng ta ciing ¢6 v = v2 — 2gh,
2m(Vimaz — 2gh)
(1 + 422)3/2
T dao ham ta cing c6 tan(f) = h'(z) = —2x = —2x/1 = cos(0) = 1/v/1 + 4a?

g __2m(v Mg
(1+4z2)1/2  (148052)3/2

2m(Vimaz — 2gh)

= mgcos() =

=

= g =
g 1+ 422
Ao

= Umaz = \/MTW+29h

VAY Upqee nho nhat tai 2 = 0, nén

10
Umaz = \/g +2g-3000 = \/7 +20 - 3000 = 244.959 (m/s) = 68.044 (km/h)

— Umaz — Umin = 68.044 — 68 — 041 = |0.003km/h




2. Day chuyén khong chuyén dong

D3t hinh dang ctia cai 6ng theo ham f(z) titr a dén b. Xét mot phan tit rat nhé cla
thanh, tit z dén z + dz . Chiéu dai ctia phan tit nay 1a (tit Pytago):

dl = \/da? + dy? = /1 + f/(z)2dx

Vay khéi lugng clia ctia n6 1a dm = py/1 + f/(x)2dz, v6i p 1a khodi lugng rieng cia day
Luyc gitip kéo thanh phan nay ra khéi ong 1a —(dP)sin(0) = —g(dm) f'(z)/+/1 + f'(z

v6i chieu duong chi phuong kéo tit a dén b. Téng hop luc c6 téic dung kéo doan day len
ca doan day lac nay sé la:

T ()
W

b = /
—] iff’ "

= —gp/ f'(w)dx
= —gp(f(a) — (b))
—

b
F / dPsin(6) =

Vi tong e kéo ra khoéi thanh bing 0 nén thanh duge gitt nguyen vi tri.

3. Cau bé tinh nghich

Chon hé quy chiéu gbc tai O, chiéu duong x huéng sang phai, chiéu duong y huéng
xu6ng (hinh vé) Ta c6 phuong trinh:

t l ly.l
y(t) 1 — y(t) = 1-02

t = — =
an o A —2 )




Dao ham 2 vé theo thoi gian, thay z(t) = vt:

dy d 1
= 1y — (z(t
at vl g (@()7)
—1 dx
V=l — —
"R r)? dt
v
V=1.ly —
1-02 ('Ut>2
ll.lg
V=22
vt2

2. St dung ciing hé quy chiéu 6 cau trén, viét dude phuong trinh:

BT TS0 ()

ll (t) b lO . asian.t2

ZE(t) =z, i acos2¢.t2

Dao ham hai vé, thay {

dy d -1
Y o1, S (o)

v = (0. o))

asin @.t2
— (lo — T) .acos .t asin .t
2 y a cos p.t2
a cos p.t2 —r
Ly S

V:l2

4. Chu kién tang dong

Tit dinh nghia clia cic dai lugng nhu van toc va gia toc ta co:

T2 V2 v2 as as al,
/ dr = / vdt, / dv = / adt, / da = / a'dt, - -
1 v1 v1 al a1l ay

Xét trong khodng thoi gian dau tién, do van toc clia kién 1a hing s6 v = g. Quang
duong kién di duge trong thoi gian nay:

S1r T
/ d:p:/ gdt
0 0



= Sir = g7

Trong khoang thoi gian tiép theo, v’ = a = ¢ ciia kién sé la hing. Dé cho dé réi loan
trong viéc tinh toan, ta dit lai gbc thoi gian ngay khi kién vita duge néc duong (ban c6
thé thit khong ddi goc thoi gian, nhung vé co ban né la nhu nhau). Van tdc va quing

duong vat di dugce
v t
/ dv = / gdt
0 0

= v =gt

Sa2 T
/ dr = / gtdt
S1r 0

1
= Sor — 517 = 597—2
L,
= Sy, = 597’ A (e
Trong khoang thoi gian thit 3 thi v = ¢’ = ¢ bang hing, tiép tuc doi goc thoi gian ta

co: . .
/ da:/ gdt
0 0

= a=gt

a &
/ o e / gtdt
0 0

1 1
= S3, = —gr? 4+ ——g7°
3 gT+2gT +2.397'
Trong khoang thoi gian tha 4 thi v = o” = ¢, 4p dung tuong tu nhiing cong thic tich
phan ta sé ra dugc
! 1 2

t t ! S +1 24 L 54
a = a= V= —= r =97 + g7 + ——=gT
g 29 9. 390 P T ITTLIT TS TRIT T 5Ty

1
gt




j=1

Jj=1

Cho n6 chay mai mai thi ta sé co:
E — (1)
= J!

Theo cong thiic chudi Taylor

= f®(a)(x —a)"
Zf (@)(z — a)

n!

fz) =

n=0

Thé e vao f(x), va xap xi tai 0, ta ¢c6 (nhé rang dao ham ctia e* cfing bang e®):
n

_y

n=0 i n=0

Tit day ta dé dang bién doi lai phuong trinh (1) theo dang:

Tai lidu
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