DU AN THE GIFTED BATTLEFIELD LOI GIAI THI THU TS CHUYEN DOT 2
BAN CHUYEN MON SINH HQC MON: TOAN HOC

Bai 1: (2 diém) Cho a, b 1a 2 s6 thuc thoa:
ab++Vab+1++Ja2+b.Jb2+a=0
a) Ching minh rang: (avb? + a + bva? + b)2 =1
b) Chitng minh ré\ing: avb?2 +a+bVa2+b =1

Loi gidi:
a) DKXD: ab = —1,a? = —b,b? = —a.
Phuong trinh dau bai twong dwong:
ab++a2+b.\b2+a=—Vab+1
= (ab+\/a2+b.\/b2+a)2 =ab+1

& a?b? + 2ab.AJa? + b .A/b2+a+ (@ +b)(b*+a) =ab + 1
& a?b? +2ab.Ja?+b b2 +a+a?b?+ad+b3 =1
= a?(b? +a) +2(ab? +a) (b\/az +b)+b2(a?+b) =1

2
@(a\/b2+a+b\/a2+b) =1 (dpcm) (1)
b) Tacod:ab = —vab+1—+vVa2+b.Vb2+a
Suyraab <0

Vay a, b c6 1 s6 khong am va 1 s6 khong duwong, khong mat tinh tong quat gia st
a=0=b
batc=-b=c=0
Do gia thiét & cau a, nén dé chitng minh avb? + a + bvaZ + b = 1, ta chi can
chting minh avbZ + a + bVa? + b > 0, hay ave2 +a —cVa2 —c = 0

Sayctta=ca?—c

& a’c? +a’® = a*c? — ¢* (2 v€ déu duong)
Sad+c3=0 (dang)

Vay avb? +a + bva? + b = 1 (dpcm).

Bai 2: (1,5 diém) Tim nghiém ty nhién ctia phuong trinh



a) 2V =1+x+x%+x3
b) 2% + 2Y + 2% = 2™ (nla sO ty nhién cho truéc, n > 2)

Loi gidi:
a. Viétlai phwong trinh: 2¥ = (1 4+ x)(1 + x2) (*)

1+x=2"
Suy ra 1+ x, 1 + x? la cdc nghiém tw nhién cua 2¥ = 1+x2=2m
m+n=y (mneN)

Dodé:2M =1+x2=1+ (2" —1)2 =220 —2n+l 4

- Noun=0:2"=1-2+2=1>m=0=>x=y=0
- Néeun=>1:2n>n+1>2nén2™m = 22" _2"*1 L 2 chia4 du 2

Suyram=1=>n=1=>x=1y=2
Vay cac nghiém tu nhién (x; y) caa (*) la (1; 2), (0; 0).

b. Do vai tro x,y, z nhu nhau nén khong mat tinh tong quat, gid st x <y < z
Chia hai vé& phuwong trinh cho 2* # 0, ta duoc:
14 2Y7% 4 227X = QNX (4x)
Suy ra 2™* > 1 nén 2" * chia hét cho 2

- Néuz=xthix =y =z (%) tré thanh 1 + 1 + 1 = 2"7* suy ra khong ton tai n, x
nguyén thoa man nén phuong trinh v6 nghiém.
- Neéu z > x thiy = x (néu khong thi VT (x*) 1é), suy ra 2 + 277% = 2%

> 1422 ¥t lg ozl ol =0 z7=x+1,n=x+2

Vay cac nghiém te nhién cta (**) lax=y=n—-2, z=n—-1.(n € N)

Bai 3: (1,5 diém) Cho 3 s8 thye dwong a, b, ¢ bat ki thoa man: a® + b? + ¢? = 3. Ching
minh — + — + — < 2.
3—ac 3-ab  3-bc 2
Loi giai: Tte diéu phai chitng minh, ta bién d6i thanh:
ab bc ac 1 \ X 2 1
<= 1
3(3—ab) " 3(3-bc) " 3(3—ac) 2 (trtr moi hang tie cho 3 )

ab " bc " ac SE (*)
(3—ab) (3-bc) ((B—ac) 2



(a+b)? a’+ b2
4 2
(a+c)? a%+ c2
4 2
(b+c)? b%+ c?
4 2

Khl dO/' VT(*) < l ( (a+b)2 (b +C)2 (a+C)2
. =7 ;

a?+b2 b2+c2 _a?+c? )
2 2 2
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(a+b)? (b +¢)? (a+c)?

< Vle ((3 a?)+(3-b%) (3-b2)+(3-c?) (3—a2)+(3—cz))

Pong thoi, theo bat dang thitc Cauchy — Schwarz:

( (a + b)? - a? N b?
3—a?*)+(B3—-b?) " 3—b? 3-—a?
(a + ¢)? - a’ N c?
B3-—a*)+(3—c¢c?) " 3—c?> 3—a?
(b + ¢)? - b? N c?
\(3—-b?)+B—c?) " 3—c* 33— b?
> VI <2 (2254 2204 4023 (va? + b2 + 2 = 3) (dpem)

Bai 4: (3,5 diém) Cho AABC ndi ti€p duong tron (0) va ¢ I la tdm duong tron noi tiép.
Tia AI, BI, CI Tan lwot cit (0) tai diém th@ 213 X, Y, Z. Biét (w) 1a duwong tron ngoai tiép
ABIC c&t AC, AB tai E va F.
a) Chiing minh rang X 1a tim duong tron (w).
b) Cho YZ cat BC tai K, KI cat (w) tai S. Chting minh rang E, S, Z thang hang va
F,SY théng hang.
c) Goi (L) 1a dwong tron di qua hai diém 4, S va tiép xtic (w) tai S. (L) cit AB, AC tai
M, N. Goi P la tam duong tron noi tiép tam gidc AMN. Cho (BSM) cat BC tai diém
thit hai la Q. Chting minh r%mg 4 diém C, N, S, Q dong vién va 4 diém M, N, P, Q
dong vién.
d) Chting minh rang BC tiép xtic (MPN).



Cha thich: Ki hiéu (XYZ) la ki hiéu dwong tron ngoai tiép tam giac XYZ.

Loi gidi:
a) X la tdam (IBC)
Do t& giac ABXC noi tiép nén £XAC = £XCB va £XAB = £XBC.
Do AX la phan giac ZBAC nén ta suy ra £XCB = £XBC hay XB = XC (1)
Mat khac:
ZA 4B 7 e 9
£XIB = — +— (goc ngoai ctia AAIB)
£XBI = £XBC + £IBC = £XAC + £IBC = = + =
= 2/XBI = 2XIBhay XB = XI (2)
Tt (1),(2) ta cd XB = XC = XI hay X la tam (IBC).

b)E,S,ZvaF,Z,Y thing hang
AKIB ~ AKCS (g.g) = KI.KS = KB.KC

AKZB ~ AKCY (g.g) = KZ.KY = KB.KC

= KI.KS = KZ.KYhay%=ﬁ

KS

= AKIZ ~ AKYS (c.g.c)

= £KIZ = £KYS

= ZISY noi tiép

Ta co:

2YSE =360 — 2YSI — £ISE = 180 — 2YSI + 180 — 2ISE = £CZY + £ACZ



CMTT cau a, ta cting c6 dwoc ZA = ZB nén:

tYSE = £BYZ + £YBC = £BCZ + £YBC = 180 — £BIC = 180 — 2£YIZ = 180 — 2YSZ
=>ESZ théng hang.

CMTT ta cling c6 F, Z, Y thang hang.

c) T gidc QSNC ngi tiép va MQPN ngi tiép

Ta co:

£QSN =360 — LNSM — 2£QSM = 180 — 2NSM + 180 — 2QSM = 2BAC + 2ABC
= 2QSN = 180 — LACB

QSNC ndi tiep

Mt khac: ZBIC = 180 — 2= = 180 — == = 90 + ==
Ta co:

£NQM = £NQS + £MQS

= /NCS + MBS

= 180 — £SAC — 2ASC + 180 — £SAB — £ASB
=360 — (2ASC + LASB) — (2SAC + £SAB)
=360 — (360 — £BSC) — LBAC

= /BSC — 2BAC

= 2BIC — £BAC

—90 + ‘BZAC — /BAC

£LBAC
2

Vi P la tam noi ti€p AAMN nén CMTT ta thu dwoc ZNPM = 90 +
Tt d6 £LNQM + 2NPM = 180 nén t&t giac MQPN nJi tiép.

d) BC tiép xiic véi (MPN)

Ké Sx la ti€p tuyén chung cta (w), (L)

= LMQB = £LMSB = £MSx + £xSB = LMNS + £S5CB = £LMNS + £SNQ = £LMNQ
= BC tiép xuc véi (MQN) hay BC tiép xtuc véi (MPN).

Bai 5: (1,5 diém) Vong bang World Cup c6 32 ddi chia thanh 8 bang, mdi bang 4 ddi thi
d4u vong tron mot luot (hai doi bat ki cing bang gap nhau ding 1 1an), ddi thang 3
diém, doi hoa 1 diém, doi thua 0 diém. Chiing minh rang néu khong c6 ddi nao thua

ba tran thi c6 it nhat 5 doi co cung diém.



Loi giai: Gia st ton tai mot doi co 8 diém.
Ma 8 chia 3 du 2, 3,0 chia 3 duw 0, 1 chia 3 du 1 = C06 hai tran hoa va mét tran théng
hodc thua = D6i d6 ¢6 2 hoac 5 diém (trai gia thi€t).
Vay khong c6 doi nao 8 diém.
Ma s8 diém t6i da mot d6i ¢ thé co 1a: 3 + 3 + 3 = 9 (diém) (do mdi bang 4 d6i nén
mot doi da 3 tran) = Tap hop cac s6 diém mot doi cd thé cdla A = {1;2;3;4;5; 6;7; 9}
(do khong c6 doi nao thua ba tran).
Gia st c6 nhiéu nhat 4 doi cd cung so diém.
Ma ¢6 32 d0i véi 8 s6 diém cé thé c6 = Mdi s diém trong tap hop A déu co 4 doi c6 =
Tong so diém cua 32 doi la:
4.(1+2+3+4+546+7+9) =148 (diém). (i)
Tong diém cua mot tran hoa la: 1 + 1 = 2 (diém), tong diém ctia mot tran théng-thua
la: 3+ 0 = 3 (diém).
SG tran ctia moi bang 1a: 42;3 = 6 (tran). SO trén ctia ca vong bang la: 6.8 = 48 (tran) =
Tong s diém t6i da cua 32 doi la: 48.3 = 144 (diém) (trai (i)).
Vay c6 it nhat 5 doi c6 cung diém (dpcm).

---Hét---



