Chuyén dé 4: Cuc tri trong hinh hoc

Ban Toan hoc — Té chiéc The Gifted Battlefield nhiém ky 2025-2026

Xuat ban vao Ngay 18 thang 1 nam 2026

Tém tit ndi dung

Hinh hoc phing luon giit vai trd quan trong trong viéc rén luyén tu duy logic, kha nang phan tich va suy
luan toan hoc. Qua dé, hinh hoc phang tré thanh mot noi dung trong tam trong céc ki thi chuyen va chon Hoc
sinh gidi. Chuyen dé nay gidi thieu mot mang tieu biéu ctia hinh hoc phéng, tap trung cac 16p bai toan hinh
hoc c6 yéu t6 cyc tri.

Cac phuong phap nhu st dung cic danh gia co ban, cac bat ding thiic nhu AM-GM hoac dinh li Ptolemy
cling sé dude nhic dén, kém theo mot sé bai toan hinh hoc thuc té c6 yéu té cuc tri. Do d6, chuyén dé nay sé
phit hop véi cac ban hoc sinh Trung hoc Co s6 muén tim hiéu sau hon vé céc bai todn nay, dic biet nhim phuc
vu cho viéc 6n luyén cac ki thi chuyén va chon Hoc sinh giéi. Cam trén tay chuyén dé nay, ban doc hay nghién
ngam 1i thuyét va nghién citu cdc phuong phap mot cach tuan ty, va hay tir gidi mot s6 bai toan dudc viét trong
day. Chuyén dé ciing c6 thém mot s6 bai tap nhim tao diéu kién cho ban doc ty hoc, tu kham phé va cling cb
kién thic da tiép thu.
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Li thuyét cd s&

Chiing ta quan tam dén céc bai toan hinh hoc c¢6 yéu tb cuc tri; titc 1a, tim gia tri l16n nhat hodc nhoé nhat cla
mot dai lugng hinh hoc (do dai, dién tich, thé tich) hodac mot biéu thitc gdm cac dai lugng hinh hoc. Ciing nhu
cac bai toan vé cic tri khac, mot bai toan cic tri hinh hoc 14 mot bai toan “hai phan”: chiing minh mot biéu thitc
cac dai lugng hinh hoc bi chiin trén (<) hodc duéi (>) bdi mot cuc tri (gia tri 16n nhat hoac nho nhat); va chi ra
rang ton tai mot cau hinh sao cho biéu thitc d6 dat cuc tri.

Dé chiing minh mot biéu thiic bi chan bdi mot cuc tri ndo do, ta st dung mot hoiic mot chudi cac bat déng thitc
nhim danh gia biéu thitc. Bat déng thiic co ban nhat c6 thé ké dén nhu bat dang thic hién nhien z? > 0, hodc
cac bat dang thiic so sanh do dai hai dai lugng hinh hoc. Mot s6 bai toan cuc tri c6 thé dude giai quyét bing mot
s6 bat ding thiic cu thé, chdng han nhu bat ding thitc AM-GM (so sanh trung binh cong - trung binh nhan), va
bat dang thitc Cauchy-Schwarz (hay con goi 1a bat ding thitc Bunyakovsky).

LU NISWE (B4t ding thic AM-GM)

Cho n s6 thitc khong am xq, x9, ..., x,. Khi d6

1+ T2+ -+ Ty
n

> Yr1x9 - Ty

Déng thitc xay ra khi v chi khi 21 =29 = -+ = z,.

Trong khuon kho ctia Toan chuyén Trung hoc Co sd, ta thuong quan tam dén truong hop n = 2 va n = 3. Dudi
day 1a ching minh bat ding thic cho hai trudng hop nay.

Chitng minh. V6i truong hop n = 2, chi ¥ ring bat déng thitc
(V@1 — 22)? > 0

luon ding v6i moi s6 thue khong am 1 va 9. Khai trién bat ding thic trén, r6 rang thu dugce

T+ X2

5 > \JT1T9.

V6i truong hop n = 3, dat a = ¥x1, b = 2, vi ¢ = Yx3. Chi ¥ ring bat déng thiic

T1+ T2 — 2v/x1209 > 0 <—

(a—b)2+(b—c)+(c—a)>0
luon dang v6i moi s6 thuc khong am a, b, c. Khai trién, 6 rang thu dudc
202 + 202 + 22 — 2ab— 2bc — 2ca > 0 < a> + b2 +c® —ab—be — ca > 0.
Via+b+c¢c>0nén

(a+b+c)(a>+b*+c* —ab—bc—ca) >0 < a®+b*+ ¢ — 3abe > 0,

r1+2x2+x
hay ta cé % > 3Yrix913. ]

DIN WA (Cauchy-Schwarz)

Cho 2n s6 thuc duong a1, as, ..., an, by, ba, ..., b,. Khi d6

(af+a3+-- +a2) (b + b5+ +b2) > (arbi + asby + - - - + anby)?.

Déng thic xay ra khi v chi khi & = %2 — ... —

a2 On
by by bn,

Ciing nhu bat dédng thiic AM-GM, ta quan tam dén trudng hgp n = 2 va n = 3.



Ching minh. Vé6i n = 2, ta thay
(af +a3) (b1 +b3) = (a1b1 + a2b2)? + (a1bs — azb1)® > (arby + asbs)?.
Vé6i n = 3, chi ¥ rang
(af + a3 + a3) (b7 + b3 +b3) — (a1b1 + azbz + azbs)® = (a1by — aghr)® + (agbs — azba)® + (azb1 — a1bz)? > 0.

Hoan tat ching minh. [

Ngoai ra, mot s6 bai toan cuec tri lien quan dén tit gidc va ti gidc noi tiép co6 thé duge gidi quyét bing mot dinh

1i kha manh, xin gidi thiéu dén ban doc, dé la dinh 1i Ptolemy.

DITLN I (Ptolemy)

Vé6i moi ti giac 16i ABCD, ta ludn c6

AC-BD < AB-CD+ AD - BC.

Déng thitc x4y ra khi va chi khi ti giac ABCD noi tiép.

Ching minh. Dyng F thuoc AC, sao cho ABF = OBD va BAF = BDC. Khi d6, ABFA ~ ABCD v
AABD ~ AFBC, ci hai déu theo truong hogp dong dang géc—goc. Ta xét hai truong hop trén ti gidc ABCD.

C
C

D
Trudng hop 1: Tt giac ABCD noi tiép.
Vi tit gidc ABCD noi tiép nén BAC = B/lf', ma BAF = BDC nén BAF = BAC = F € AC.
AB FA
Mt khac, tt ABFA~ ABCD, tasuyra — = —— — AB-CD=FA-BD (1).
BD CD
Tuong tu BD _ 4D = AD-BC =FC-BD (2)
- To R e - ‘
T (1) va (2), suyra AB-CD+ AD-BC =FA-BD+ FC-BD = AC - BD.
Trudng hop 2: Tt giac ABCD khong noi tiép.
Vi BAC #* BAF nén F khong con thuoec AC. Khi d6
AB-CD+AD-BC =FA-BD + FC-BD = (FA+ FC) - BD > AC - BD.
Chting minh hoan tat. n



Cac bai toén vi du

Cac bai toan sir dung dinh nghia va danh gia co ban

Ta sé khéi dau bang mot vi du co ban.

Cho dudng tron (O) va day cung BC c¢b dinh, diém A di chuyén trén cung lén BC. Tim vi trf ctia A dé ta
dat dudc gia tri 16n nhat ctia dién tich tam giac ABC.

Dé lam mot bai cyc tri, ta cAn xac dinh: C4i gi ¢b dinh; cai gi thay déi; cai can t6i wu héa 1a gi. O bai nay, cai ¢b
dinh 1a day cung BC, cai thay doi la diém A, cai can t6i wu héa la dién tich tam gidc ABC. Cung BC c6 dinh
dan t6i viec do dai ctia BC ciing nhu vi tri ctia BC ¢6 dinh trong (O), va viéc yéu cau t6i da hoa dien tich tam
gidac ABC' ggoi ching ta dén cong thic S = M, v6i H la chan duong cao ha tit A xudbng BC. Ro rang, A
cang cach xa BC thi AH sé cang lén, v diém nim trén dudng tron cach xa BC nhét la diém chinh giita cung
16n BC. Thé nén, ta sé c6 16i gidi nhu sau.

P L1 cihi. Goi A’ la diém chinh gitta cung 16n BC trong (O), H, H' lan lugt 1a chan dudng cao ha tit A,
A’ xubng BC. Dung bat déng thitc tam giac, ta co:

AH-BC _ (AO+OH')-BC _ (AO+OH')-BC _ A'H-BC

Sapc = 3 < 5 5 5 = SaBc
Vay dién tich clia tam gidc ABC sé khong qua dién tich tam giac A’BC, dang thiic xay ra khi AH = AO + OH’,
titc khi A, O, H thang hang, tuwong duong A la diém chinh giita cung 16n BC. |

Nhan xét
Loi giai trén 4p dung ¥ tudng ké song song dé ching minh khi diém nim trong/ngoai mién gidi han, thi

khodng cach clia diém &y sé 16n/nhé hon diém ta lay lam cuec tri.

Sau day la mot bai toan bat dang thiic ciing tuong dbi don gidn:

1. Cho tam gidc ABC nhon. Chiing minh rang:

BC? < AB? + AC?
2. Cho tam gidc ABC ¢6 A > 90°. Chitng minh ring:

BC? > AB? + AC?




Céc dit kien trén goi chiing ta dén hé thic clia dinh 1y Pytago, va dé ap dung dinh 1y Pytago ta c6 viéc tim ra

hodc dyng nén gbéc vudng, dan t6i 101 gidi nhu sau:
P LO1 GiAi. Dung dudng cao BH véi canh AC.
1. H nim trén doan BC do ABC nhon nén ta cé:
AB? + AC? > HB* + HC? = BC?
suy ra diéu phai chitng minh.
2. Do A nidm trén doan HC nén ta co:
AB? + AC? = AH? + BH? + (HC — HA)* = CH? + BH? + 2AH* —2AH - CH < CH? + BH* = BC*?

Suy ra diéu phai chitng minh.

Cho dudng tron (O) va day cung BC ciia duong tron (O) ¢6 dinh. Tim vi tri diém A trén cung 16n BC ciia
(O) sao cho S = AB + AC dat gia tri 16n nhat

P LO1 GIA1i. Goi A’ la diém chinh gitta cung l6n BC, khi d6 ta c6 A’B = A’C’. Ta mudn ching minh khi A = A’
thi tong S sé dat gia tri 16n nhéat, nén ta sé chiing minh A’B — AB + A'C — AC > 0, hay A/B— AB > AC — A'C.
Khong méat tinh téng quat, gia st A thuoc cung nhé A’B. Gia sit AC giao A'B tai D. Lay hai diém E, F trén
cac canh A’B, AC théa AB = BE va A’C = CF. Khi d6 diéu phéi chiing minh tréd thanh A’E > AF. Nhan thay
m:m<@:@:mnénta8uyraAD<A’D.

Do ttt giac AA’BC noi tiép, nén ta co:

AB _ AC

LA A BD CD
AABD ~ AA'CD —> AiD_A%
BD CD

DB AB AB-BD BE-BD DE
DC AC AC-CD CF-CD DF

N AD DB DEFE a2
X o / ~ > — — < a e / = A'D— > — =
Dong thoi, AAA'D ~ ABCD = 1> ; c = = DE<DFDbandén A’FE =AD—-DF > AD—DF

AF dan dén diéu phai ching minh. |




Cac bai toan s dung dinh li Ptolemy

Hay khéi dong bing vai bai toan dé ta lam quen véi bat déng thic Ptolemy

Cho AABC, diém M bat ky trén mit phing.

1. Gia sit ABC la tam gidc déu. Xét do dai cac doan thiang M A, M B, MC. Ching minh ring hoac
chiing 14 do dai céc canh clia mot tam gidc, hodc ton tai hai trong ba do dai sao cho tong ciia ching
bang do dai con lai.

2. Tim vi tri diém M dé M A + M B + MC 1a nhé nhat.

P L1 GIAI.
1. Ap dung bét ding thic Ptolemy cho 4 diém A, B, M, C ta c6:
AB.CM + AC.BM > BC.AM

Ma AB = BC = CA,nén MB+MC > M A. Tuong tu, ta thu dusc MC+MA > MBva MA+MB > MC,
thu dugc diéu phai chitng minh.

2. V6i truong hop moi goc trong tam giac nhé hon 120°. Ta dyng vé phia ngoai AABC tam giac déu BCD.
Tw danh gia & cau 1., ta cé
MA+MB+ MC>MA+MD > AD

Ma AD la mot doan thang c6 dinh, thé nén gia tri nhé nhat ctia biéu thic 1a AD.
Ta xéc dinh duge vi tri diém M khi cac dau "=" trong bat ding thic xay ra. Tic la MB 4+ MC = MD va
MA+ MD = AD, suy ra A, M, D thing hang vi M thuoc dudng tron ngoai tiép tam giac BCD.

V6i truong hgp tam giac c6 mot goc 16n hon 120° thi M trung véi dinh tng v6i goc tu doé.

Nhan xét

Dié;m M duge goi 1a diém Torricelli trong tam gidc. v6i vi tri diém M nhu trén thi ta bién déi thu dugc
ZAMB = /BMC = ZCMA = 120°. Néu ta ciing dung cac tam giac ACE va AFB déu thi M 1a giao
ctia cdc duong tron (BCD),(ACE), (ABF). Diéu nay kéo theo cac tinh chat nhu diém M 1a duy nhit,
AD,BE,CF dong quy, va AD = BE = CF.

Cho dudng tron (O; R) c6 dinh, c¢6 day cung BC = R+/3 va diém D bét ki ndm trén doan thang BC (D
khac 2 dau mut). M la diém di dong trén dudng tron. Xac dinh vi trf diem M dé S = MB.CD + MC.BD
16n nhat, tinh gia tri 4y theo R,

P LO1 GiA1i. Goi I la diém chinh giita cung BC 16n, ID cit lai dudng tron tai diém A khac I. Khi d6 D la
AB AC c oz
chan duong phan gidc dinh A trong tam giac ABC. Ta c6 DE-DC - k. Ta bien doi

MB.CD + MC.BD = %(MB.CD.k + MC.BD.k) = %(MB.AC + MC.AB) = %BC.AM

2V3 1

Vay gia tri ctia S chi phu thuoc vio AM. AM 16n nhat khi AM 13 dudng kinh. Gi4 tri 16n nhat cia S 1a -



Nhan xét

Vi du 2.5 sé rat kho cho da phan céc ban 16p 9 néu khong biét dyng diém I v A. Thuyc chat A méi la diém
then chét trong bai nay. Y tudng dé ta dung duge diém A chinh 13 ta phai dua biéu thitc nay trd thanh mot
biéu thiic nao dé lien quan dén dudng tron dé dimg dinh 1y Ptolemy, vi viéc dung diém A nhu trén ciing

gitp biéu thitc méi ti lé véi biéu thic cii, tit d6 cong viec bién doi rat nhe nhang.

Cho tam giac ABC. Céc k¥ hieu a, b, ¢, mq, mp, m, tuong tng la do dai doan thang BC, CA, AB, va do
(a+ b+ c)(mq + mp + me)

dai duong trung tuyén dinh A, B, C. Tim gia tri nhé nhat ctia T =
amg + bmy + cme

, diéu kien

nao dé T dat gia tri nhé nhat?

P LO1 GgiAi. Goi M, N,P la trung diém ctia BC,CA, AB va G la trong tam clia tam gidac ABC. Xét tit giac
ANGP cé:

AN.GP + AP.GN > AG.NP
b.m. + c.my > 2a.m,
Sau d6 thao tac tuong ti cho céc tit giac con lai va cong vé theo vé ta thu duge
a(my + me) + b(mg + me) + c(mp + me) > 2(amg + bmy, + cmy)

a(mq + my + me) + b(mg + mp + me) + c(mg + mp + me) > 3(amg + by, + cmy)
(@a+ b+ c)(mg + my + me)
amg + bmy + cme
Vay gia tri nhé nhat ciia T 1a 3, ddu "=" x4y ra khi cac tt gidc ANGP, BPGM,CMGN noi tiép. Khi do
/BAC = /BPM = /BGM = LAGN = ZAPN, va tuong tu cho cac goc con lai, dan dén tam gidac ABC déu. B

>3

Cuc tri hinh hoc trong cac bai toan thuc té

Ngudi ta can lam mot cai bon chita dang hinh tru c¢é thé tich 1000 lit bing inox dé chita nudc, tinh ban

kinh ctia hinh tru d6 sao cho dién tich toan phan ctia bon chita d6 1a nhé nhat

A LI1 cIrir. D3Gi 1000L = 1m3

Ta c6 thé tich ctia bé nuée 1a .
V=nR’h=1 vay h= —.
T W= TR
Khi d6 dién tich toan phan ctia hinh tru 1a S, = 27 Rh + 27 R?, hay

1 2
Sp:2ﬂR-W+2wR2:E+2wR2 (R>0)

Ap dung bat déng thitic AM-GM cho ba s6 thuc khong am,

2 1 1
Sp:§+2ﬂR2:E+E+2ﬂ'R2

/ 1 1
23327TR2-§-E:33277(H12)

Vay dién tich toan phan nhé nhat khi va chi khi



Mot gia dinh muén cai tao mot ao nude nhé thanh mot hé nuée dep hon. Ho nuée co dang hinh hop chi

nhat véi chiéu dai gap hai lan chiéu rong va ngudi ta tinh dudc c6 thé tich bang 62250

62250,3 . Theo thi truong
xay dung, gia tién xay dyng binh quan 14 350 000 dong/m? (bao gom ci day va thanh ho). Hoi chi phi thap

nhat ma gia dinh d6 phai tra dé xay dung hd nudc trén la bao nhiéu tién?

P’ LO1 cIi1i. Goi chidu rong ctia hinh chit nhat day ho 1a 2 (m) (z > 0); y la chiéu sau ciia ho (y > 0).
Khi d6, chiéu dai ctia hinh chit nhat 14 22 (m). Thé tich ctia hd 14 V = 2z -z - y = 22%y (m?3).

Tit céc dit kien dé bai, ta c¢6 phuong trinh 2z%y = 239 Suy ra y = %.
Dién tich xay dyng ctia ho nuéc 1a
31250 62500
S:2x-x+2'(2x+x)-y:2x2+6xy:2x2+6-x‘372:2x2+7.
x x
Ap dung bat déng thitc AM-GM, v6i hai s6 thyc khong am, ta dudgc
62500 62500 62500 62500
S =22 + —— = (22% +1250) + —— — 1250 > 2v/222 - 1250 + ——— — 1250 = 100z + ——— — 1250.
x 7 x

Tiép tuc ap dung bat dang thiic AM-GM, ta thu dugc

62500 / 62500
S > 100z + —— — 1250 > 24/100z - — 1250 = 3750.
T T

. . 2
Khi d6 Spmin = 3750. Dau "=" x4y ra chang han khi 22% = 1250 va 100z = @, hay = = 25.
5

Vay chi phi thadp nhat ma gia dinh d6 phai tra dé xay dung ho nudc 1a

3750 x 350000 = 1312500000 (dong).

Ong Sau c¢6 mot manh dat hinh nia hinh tron véi dudng kinh AB = 200m. Trén manh dat dy, ong mudn
dung hang rao dé tao thanh mot manh dat hinh thang can ABCD, trong d6 C va D nim trén cung tron
dudng kinh AB. Hoéi dién tich 16n nhét ctia manh dat hinh thang can ABC'D ma 6ng Sau c6 thé rao duge

la bao nhiéu mét vuong?

P L1 GIAI. Goi R > 0l ban kinh manh dat hinh tron. Ta c6 AB = 2R = 200m, suy ra R = 100m.

Goi O la tam ctia dudng tron, H 14 hinh chiéu ctia D trén duong thang AB. Dat OH =z (m),khid6 0 <z < R

va DH =V R? — 22, )
Do ABCD la hinh thang can nén Sagcp = i(AB + CD) - DH. Nhan thay ring CD = 20H = 2z, do d6

Sapcp = %(2R+ 22)VR2 — 22 = (R4 2)\/(R—z)(R + ).
|8 |



Suy ra
Sipcp = (R+2)*(R—z)(R+x) = (R+2)°(R—x),

hay
384 5cp = (R+2)*(3R — 3x).

Ap dung bat ding thitc AM-GM cho 4 s6 thuc duong
38%pcp = (R+x)*(3R — 3x)

<(R+x)+ (R + ) +4(R+fv>+(3R—393)>4 _ (35)4.

<

Khi d6
9R*  9-100?

S < =
ABCDf4\/§ 4\/5

Déng thitc x4y ra khi v& chi khi R + 2 = 3R — 3z, hay x = — = 50m.
Vi vay, dién tich 16n nhét ciia manh dat hinh thang can ABCD la 7500v/3 m? khi x = 50m. [ |

Bai tap

Bai tap c6 hudng dan giai

Bai toan 1. Cho tam gidc ABC can tai B véi ZABC = 3. Goi O la trung diém ctia canh AC. Tit O ha duong
vuong goc xudng canh AB tai K. Xét duong tron (w) tam O, ban kinh OK. Lay diém E thay ddi trén canh BA

sao cho

= 7500V/3 (m?).

| 5

LZAOE =a (20° < a <90°).

Trén canh BC, lay diém F sao cho dudng thiang EF tiép xtic v6i dudng tron (w). Hay tim gid tri ctia o dé tong
AFE + CF dat gia tri nhé nhat.

Bai toan 2. Cho tam gidc ABC nai tiép dudng tron (w), v P 13 mot diém thay déi thuoc cung BC khong chita
A ctia w. Goi H, K lan lugt 1a hinh chiéu cta A tréen PB, PC.

(a) Tim vi trf ctia P dé do dai doan thang H K 1a 16n nhéat.

(b) Tim vi tri ctia P dé gia tri biéu thitc AH - PB + AK - PC 14 16n nhét.

Bai toan 3. Cho AABC noi tiép dudng tron (O), va D la diém bat ky thudc cung BC khong chita A va khong
tring véi B, C. Goi H, I, K theo thit tiy 14 chan cac dudng vudng goc ké tit D dén cac dudng thang BC, AC, AB.
Dit

BC=a, AC=b, AB=¢, DH=2z, DI=y, DK==z

N b
(a) Chitng minh ring - + < = &
Yy z

7 . b ,
(b) Tim vi trf cia didm D d8 téng & + 2 + < dat gi4 tri nhé nhét.
r Yy z

Bai toan 4. Cho tam giac ABC véi BC = a, CA=b, AB = c. Xac dinh diém M nim trong tam gidc ABC sao
cho biéu thrc

a b ¢

T Yy z

dat gia tri nho nhét, trong dé x,y, z 1an lugt 1a khoang cach tit diém M dén céc canh BC,CA, AB.



Bai toan 5. Cho tam giac ABC déu canh a. M 1a mot diém ndm trong tam gidc. Goi D, E, F lan lugt 13 hinh
chiéu ctia M trén cac canh BC, AC, AB.

(a) Chting minh M D + ME + MF khong ddi va tim gia tri nhé nhat ctia M D? + ME? + MF2.

(b) Tim gia tri nhé nhat cia BD? + CE? + AF?. (Ha, n.d.) (Dién Nguyén, 2001)

Bai tap tu luyén

Bai toan 6. Cho hinh vuéng ABCD c6 canh la a va bén diém M, N, P, Q lan lugt ndm trén cac doan AB, BC,
CD, DA. Tim gia tri nhé nhat ctia chu vi ti& gidc M N PQ.

Bai toan 7. Cho doan thing AB, diém M di chuyén trén doan thang &y.Vé cac dudng tron c6 duong kinh M A

va M B. Xéc dinh vi trf ctia diém M dé téng dién tich ctia hai hinh tron ¢ gia tri nho nhat.

Bai toan 8. Cho diém M di chuyén trén doan thang AB.Vé cac tam gidc déu AMC va BM D vé mot phia clia
AB.X4c dinh vi trf cia M dé tong dién tich hai tam gidc déu trén 1a nhé nhat.

Bai toan 9. Cho doan thing AB c6 do dai 2a.Vé vé mot phia ctia AB céc tia Az va By vuong goéc véi AB.Qua
trung diém M ctia AB c6 hai dudng thing thay doi luon vuong géc véi nhauva cit Az, By theo thit ty tai C' va
D .Xac dinh vi trf ctia cac diém C, D sao cho tam giac MCD c6 dien tich nhé nhat.Tinh dién tich tam giac do.

Bl Hueng dan giai bai tap

~ 1 N 1 1
Bai 1. Dé dang chi ra ZEOF = 90° — iﬁ' Cha § rang tam giac ABC can = LA = /C = 5(180O —p) =90°— 5,3.
Do d6 ZEOF = /A = ZC, dan dén tam gidac AEO va tam giac OEF dong dang.
Mat khac, tam giac OEF va tam giac COF dong dang. Tt d6 tam giac AEO va tam giac COF dong dang. Suy

ra

AE CO

— = AE -CF = AO - = .

10 - CF = C O - CO = const
Ap dung bat ding thic AM-GM, AE + CF > 2/AE - CF = 2/AO - CO = const. Dau bing xay ra khi va chi
khi AE = CF, nghia la tam giac OE'F can tai O, va tam gidc AEO can tai A. Khi d6,
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ZAOFE =90 —iéA—QO 3 <90 2B> =45 -1—45.
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Vay khi ZAOFE = 45° + Zﬁ thi AE + C'F' nhé nhat.
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Bai 2. V6iy (a), taco AAHB ~ ANAKC = ANAHK ~ AABC. Suy ra BC — AB < 1.Dod6 KH < BC. bang

thiic xay ra khi H = B hay AP la duong kinh. Vay K H 16n nhat bang BC khi AP la duong kinh.

Véiy (b), taco AH-PB+ AK -PC = 2Sapp+2Sapc = 2Sappc = 2(Sapc+ Sppc). Suy ra AH-PB+ AK - PC
16n nhat khi v& chi khi Sppc 16n nhat, hay P la diém chinh giita cung BC. Vay AH - PB + AK - PC 16n nhat khi
P la diém chinh gita cung BC.

Bai 3. V6i y (a), lay E tren BC sao cho CDE = ADB. Ta thdy ACDE dong dang véi AADB. Suy ra

DK_E(:)Z c z T

DH C(CFE r CFE c CFE
= = = —=—.



Tuong ty ABDE dong dang v6i AADC, suy ra

DH _BE _ « _BE _ b _BE
DI AC y b y
b BE +CE \
Tirds 2+ 5= 22T C0 % i ¢ (1), chit ¢ riing tit § (a), ta c6
Yy oz x x

r Yy z T =z

Do d6 S nhé nhat khi va chi khi & nhé nhat, hay z 16n nhat, khi va chi khi D = M (M la diém chinh giita clia
x
cung BC' khong chita A).

Bai 4. Goi dien tich AABC 1a S. Ta ¢6 ax + by + cz = 25 khong d6i. Ap dung bat ding thitc Cauchy-Schwarz,

ta co )
b b
(az + by + c2) <Z~+y+z> > (M\/g+\/by\/;+¢c?\/§> =(a+b+c)

2
Suy ra 2+9+E Z(a+b—&-c)
x 28

b )
Vay £+ 2 1 € dat gié tri nho nhét khi va chi khi
y oz w oy B

28 >

= r=y=2z,

(a b c) (a+b+@2¢:>¢aq_¢@__cg

hay tam gidc ABC' deu.
Bai 5. Ta c6 Sapc = Suc + Syvac + Swviap, dan dén
%AH'BC:%MD-BC'—I—%ME-AC-F%MF-AB
%AH-a:%a(MD—i-ME—i-MF)

= MD+ME+MF:AH:G\2/§.

Ap dung bat déng thic Cauchy-Schwarz,

= MD?+ ME?>+ MF? >

Wl =

2
1 3 2
(MD +ME + MF)? = ;- (‘“{) - %

Déng thitc xay ra khi va chi khi MD = ME = MF, tic la M la giao diém 3 dudng phan giac ciia tam giac ABC,
do tam gidc ABC déu nén M ciing 1a trong tam tam gidc. Vay (M D? + ME? + MF?) i, = %, hoan tat y (a).
V6i v (b), ta chiing minh trusng hgp tong quat véi ABC nhon. Dat BD = k,CE = m, AF = n, BC = a, AC =
b,AB = c. Ta ¢6

2? +y’ + 22 = (MA* - MF?) + (MB? - MD?) + (MC? — ME?)
= (MA%? - ME?) + (MB? — MF?) + (MC? — MD?) = n® + k* + m?2.
Suy ra 2(z? +y? +22) =22 + 2 + 22 + n? + k2 4+ m? = (2% + k%) + (y? + m?) + (2% + n?). St dung cac két qua

k,2 ABQ 2 2 B02 2 2 A02 b2
$2+k22(1’+ > . y2+m22(y+m) _ _ z2+n22(z+n) _ -
2 2 2 2 2 2 2 2 2

a? + b + 2
, 4
diém cua cac duong trung truc cuia AABC.

Ta thu duge 22 + y? + 22 > . Déng thiic x4y ra khi vi chi khi ¢ = k,y = m,z = n, hay M la giao
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Két thic chuyen dé “Cuec tri trong hinh hoc”, chiing ta da cting tiép can mot loat khai niém va phuong phap nham
kham pha cac bai toan hinh hoc ¢6 yéu t6 cuc tri. Hy vong rang tai lieu nay da gép phan gitp ban doc cling cb
nén tang kién thtec, kich thich su sang tao, va chuan bi nhing cong cu can thiét dé tiép tuc kham pha sau hon
linh vyc phong phu cta hinh hoc phéng, dac biét trong bdi canh céc ki thi chuyén va chon Hoc sinh gioi.

Cudi ciing, mong ring ban doc sé khong ngitng kham pha va chiém nghiém vé dep ctia hinh hoc phang — mot vé
dep chi thuyc sy boc 16 qua nghién ngdm, tu duy, sy kien nhan va sy sang tao. Béi 16, nhu Euclid da ting khing
dinh (Proclus, ca. 410-485):

“KHONG CO CON DUONG HOANG GIA CHO HINH HOQC.”
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