Chuyén dé 3: Udc sb nguyén va ing dung

Ban Toan hoc — Té chiéc The Gifted Battlefield nhiém ky 2025-2026

Xuat ban vao Ngay 28 thang 1 nam 2026

Tém tit ndi dung

Chuyén dé Ude sé6 nguyén va ing dung tap trung giai quyét cic dang toan vé udc sé nguyen thuge phan
moén S6 hoc. Khong chi 1a chia khéa quan trong dé gidi quyét cac bai toan s6 hoc thuan tdy, viec nim viing li
thuyét va tng dung clia udc sé nguyen con cé thé duge tng dung vao cac bai toan t6 hop. Céc bai toan vé udc
s6 nguyén da luon 1a mot phan kinh dién khong thé thiéu trong cac bai thi chuyen, HSG va Olympic.

V6i muc tiéu téng hgp kién thitc 6 hoc can ban va nang cao can cé dé giai quyét cac bai toan chuyen, tai
lidu phi1 hop véi cac ban hoc sinh ¢6 niem dam mé véi toan hoc va mudn nam vitng can ban, bat dau véi nhitng
thit thach s6 hoc thuan tiy nang cao.

Chuyén dé nay sé trinh bay noi dung trong tam: phép chia hét va hgp s6, s6 nguyen t6. Dé sit dung tai lieu
chuyén dé hiéu qua nhat, ching minh dé xuat ban doc st dung theo trinh ty chuyén dé, tham khio cac cach
viét 10i giai cho cac bai todn s6 hoc va danh nhiéu thoi gian vao viéc luyén tap cdc bai tap tu luyeén.
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Dinh nghia 1.1
S6 nguyen a chia hét cho s6 nguyen b # 0 néu ton tai k € Z sao cho a = bk. Ki hi¢u b | a, doc 1a “b chia hét
a’ (b divides a) ho#c ky hiéu a i b, doc 1a “a chia hét cho b” (a is divisible by b).

Sau day 1a mot s6 tinh chat co ban; xét cac s6 nguyén a, b, ¢, d, gid st cac phép chia déu c6 nghia.
e aia (Tinh chat phan xa)

e a:bvabicthiaic (Tinh chat bac cau)

e a b thi maib véi moi sdb nguyén m

e aicvabicthi ma+nbicvéi moisé nguyén m,n

e bicvama+bicthiaicvéi moi m nguyén té6 cing nhau véi ¢ (s& duge giai thich ¢ phan sau)
e a:bvacidthiacibd

e acibcthiaib

a'b thi

a| > |b| néu a # 0

aibvabiathi|al = b

e a:bthia™:b"

Dinh nghia 1.2

Cho hai s6 nguyén khong am a va s6 nguyén duong b. Néu b | a thi ta goi b 1a u6c clia a va a 1a boi cia b.

Dinh nghia 1.3

Uéc chung 16n nhat (GCD) clia a,b (khong dong thai bang 0) 1a s6 duong 16n nhat chia hét cho ci a va b.
Ki hiéu ged(a, b) hoac (a,b).

e gcd(a,b) = ged(a, b — a).

e Néu ged(a, b) = d thi ton tai ag, by sao cho a = day, b = dby va ged(ag, by) = 1.
e gcd(ka, kb) = k - ged(a,b) véi k > 0.

e (a,b) chia hét cho moi wéc chung ctia a va b.

Hai s6 nguyén t6 cuing nhau: a,b nguyén t6 cting nhau khi ged(a, b) = 1.

Dinh nghia 1.4
Boi chung nhé nhat (LCM) clia a, b # 0 1a s6 duong nhé nhat chia hét cho ca a va b. Ki hieu lem(a, b).

|ad]

1 S Ll
e lcm(a, b) aed(a,b)

e Néu ged(a,b) = 1 thi lem(a, b) = |ab].



Cac vi du

Cho (a,b) = 1. Chiing minh réng (ab,a + b) = 1.

P L1 crAi. Goid= (ab,a+b). Gid sit d # 1. Khi d6 goi p 1a mot wéc nguyen t6 ciia d. Khi d6 ta co:

ab i p
— aipvabip = ged(a,b)ip = 1ip.
a+bip
Ta c6 diéu mau thuan. Vay d = 1 hay (ab,a +b) =1 |

Cho s6 nguyen a, b, k, chiing minh rang (a,b) = (a,a — kb).

P’ LO1 cIA1. Trudc tien, ta ching minh (a,b) | (a,a — kb). That vay, ta co:

(a,b) | a (a,b) | a (a,b) | a
.
(a,b) | b (a,b) | b+a—(k+1)b (a,b) | a — kb

Do d6 (a,b) la uéc cia (a,a — kb) hay (a,b) | (a,a — kb). Clung lap luan tuong tu ta duge (a,a — kb) | (a,b).
Suy ra (a,b) = (a,a — kb). |

Nhan xét
Trong dang chiing minh nay, ¢6 mot tinh chat 1a (a, ) chia hét cho moi wdc chung ctia a va b, vi vay dan
dén huéng tiép can cia ta ¢ day la ching minh (a,b) | (a,a — kb) va (a,a — kb) | (a,b).

Cho n 1a s6 nguyén duong. Tim (n? +n + 1, (n + 1)?).

P Ld1 cIAI. Dua vao tinh chit ¢ Vi du 1.2 ta dugc:
(n*4n+1,(n+1)3) =2 +n+1,n*+2n+1-n2—n—1) = (n®4+n+1,n) = (n®+n+1-n’—n,n) = (1,n)

Do dé (n? 4+ n+1,(n+1)?) la uéc ctia 1 va n, hay (n? +n+1,(n+1)?) =1 [ |

(Huy, 2024) Néu a va b la cac s6 nguyén t6 cing nhau va n 1a mot s6 nguyen, hdy ching minh rang uéc

chung 16n nhat ctia a® + b?> — nab va a + b 1a wée clia n + 2.

P’ L1 Grhi. Taco:

(a® +b? — nab,a +b) = (a® + b* — nab — (a +b)?,a + b) = (—nab — 2ab,a + b) = (ab(n + 2),a + b)

Lai c6: (ab,a +b) = 1 nén (ab(n+2),a+b) = (n+ 2,a+b).

Suy ra: (a® +b*> —nab,a +b) = (n+2,a + b).

Vay u6c chung 16n nhat ciia a? + b? — nab va a + b 1a wéc ctia n + 2. |




Hdp sb va sb nguyén tb

Ly thuyét

Dinh nghia 2.1

S6 nguyen p > 1 dugde goi 1a s6 nguyén td6 néu uéc s6 nguyén duong clia né chi gom 1 va chinh né. Néu
s6 nguyén duong n > 1 khong 13 s6 nguyéen to, ho#c ton tai cidc s6 nguyén duong a va b 16n hon 1 sao cho

n = ab, thi n dugc goi 14 hgp sb.

Dinh li 2.1

V6i moi s6 nguyen duong n déu c6 thé phan tich thanh céc thita sé nguyeén t6, c6 dang:

ai, a2

n=pi'py’...pn"

Tinh chat:
e 213 s6 nguyén t6 chdn duy nhat, moi s6 nguyén t6 p > 2 déu la so 1é.
e Néu p | ab thi p | a hofic p | b véi p 1a s6 nguyén t6 va moi s6 nguyen a, b.

e Néu p|a™ thip|a va p™ | a™ vé6i p 1a s6 nguyen t6 va moi s6 nguyen a, b.

Cac vi du

Tim tat cd s6 nguyen t6 p dé 8p? + 1 1a s6 nguyen to.

P’ L1 GIhr. Xétp=3 = 8-32+1=73 (Théa man).

Xét p=2 = 8-22+1 =233 (Khong théa man).

Xét p > 3, khi d6 p?> =1 (mod 3).

= 8p?+1=8-1+1=9=0 (mod 3).

Ma 8p% +1 > 3, nén 8p? + 1 1a hgp sb.

Vay p = 3 la gi4 tri duy nhat can tim. [ |

Nhan xét
Trong dang bai nay, ta thit nhitng trudng hop dau thi nhan thay p chi ding véi 3, tit d6 ta c6 thé lien he
huéng gidi rang ta ching minh céc s6 nguyén t6 16n hon 3 c¢6 dang 3k + 1, 3k + 2 khong thoa.

Cho a, p,n 1a cac sd nguyén duong. Chitng minh rang:
a) Néu 2" — 1 1a s6 nguyen t6 thi n 1a s6 nguyen t6 (Nguyén t6 Mersenne).

b) Néu a? — 1 1a s6 nguyén t6 thi a = 2 hodc p = 1.

P’ LO1 GIAI. a) Gia sit n la hop s6, khi d6 n = ab véi a,b > 1.

Tacé: 2" —1=2%—1=(29%—1%:20 1.
Mal<2*—1<2"—1(do1l<a<n),suyra?2®—11ahgp sd6 (Mau thuan).
Vay n phai la s6 nguyén t6.

b) Gia st @ > 2 va p > 1. Khi d6, ta c6 thé phan tich biéu thitc nhu sau:

a? —1P=(a— 1)@ +aP 2+ +a+1)




Via>2 — a—1>1.
Dong thoi, via > 2 va p > 1, ta co:

P l4aP 24+ 4a+1>a+1>3>1
Nhu vay, aP? — 1 1a tich ctia hai s6 tit nhién déu 1én hon 1.
= aP — 1 14 hop sb.

Diéu nay mau thudn véi gia thiét a? — 1 1a s6 nguyén to.

Do dé, gia sit ban dau 1 sai. Ta phai co:

a—1=1
ap_1+ap_2+...+a+1:1

e Néua—1=1 = a=2.
e NéuaP 14+aP~2+.--+a+1 = 1. Vialas6 tynhién (a > 1), diéu nay chi xdy rakhip—1=0 = p = 1.

Vay néu a? — 1 14 s6 nguyén t6 thi a = 2 hodc p = 1. [

(Anh Vinh Le, 2019) Cho a, b, ¢, d 1a cac s6 nguyen duong thdéa man ab = cd. Chiing minh ring véi moi s6
nguyén duong n thi a” + b" + ¢ + d"™ 1a mot hop sb.

P LI GIAr. Gia st phan ching, ring ton tai sé nguyeén duong m sao cho p = a™ + b™ + ¢™ + d™ la

mot s6 nguyen t6. Khong mat tinh tdng quat, gia sit ¢ < d. Do ab = cd nén a™b™ = (ab)" = (cd)™ = c"d".

Khi d6

= (a +a + (@™ +a"c”) = (c +a + (@™ +ac
mpym mm 2m m,m mm mm 2m m_m
=d"(a@"+ M)+ ad™(d™ + ") = (a4 ™) (a™ + dM).
Suy ra (a™ + ¢™)(a™ + d™) i p, dan dén (a™ + ¢™) i p hodc a™ + d™ i p. Tuy nhién
0<a™4+c"<am+d"<a”+b"+ " +d" =0p.

Ta c6 diéu mau thuan. Do d6 gid sit sai, hay a™ + b™ + ¢™ + d™ 14 hgp s6 v6i moi s6 nguyén duong n. [

Bai tap

Bai tap van dung c6 I5i giai
Bai toan 1. (Trudng Phé théng Niang khiéu, 2025) Cho cic sd nguyén duong m,n thda man:
m?*+m+n*imn (1)
a) Ching minh khong ton tai m,n théa méan (1) khi n = 3.
b) Tim m,n théa man (1) biét m chia hét cho n.

¢) Ky hiéu d 1a u6c chung 16n nhit ctia m va n. Chiing minh néu m,n théa man (1) thi m = d2.



Bai toan 2. (Trudng Phd théng Ning khiéu, 2021)

a) Tim tat ci s6 nguyen duong n dé (2n + 1)3 + 1 chia hét cho 222!,

2n+2 an? +2n+1
b= —— """~
p p

minh rang véi n va p tim dugde thi ci a va b déu khong dong thai 1 s6 chinh phuong.

b) Cho s6 tu nhien n va s6 nguyén t6 p sao cho a = déu 1a cac s6 nguyén. Ching

Bai toan 3. (S8 Gido duc va Dao tao Binh Phudc, 2024) Tim cic cidp s6 nguyen duong (a;b) sao cho
3 3
acb—1 _ b’a+1
va
a+1 b—1

Bai tap tu luyén

Bai toan 4. Cho p la s6 nguyen t6 va ba sé nguyén duong z, vy, z thda man z < y < z < p. Gia st ring 23,43, 2

déu 1a cic s6 nguyen.

3

c6 cting s6 du khi chia cho p.

a) Chimg minh réng = +y + 2 i p.

b) Chiing minh rang 2% + y? + 22z +y + 2.
Bai toan 5. Cho m la s6 nguyen duong théa man m + 1:24. Chiing minh ring tong cac uéc duong ctia m ciing
chia hét cho 24.
Bai toan 6. S5 nguyén duong n dugc goi 1a s6 "dep" néu ton tai a,b € Z dé n = a® + Tb°.

a) Tim hai s6 dep chia hét cho 11.

b) Chiing minh néu n la s6 dep chia hét cho 11 thi {% ciing la s6 dep.
Bai toan 7. Gid st ta ¢6 quy tdc * ma véi mdi cip s6 nguyén duong (a;b), ta luon xac dinh duge chi mot s6
nguyén duong tuong tng ki hiéu 1a a * b, sao cho ba diéu kién sau duge théa méan:

i) a*a = a v6i moi s6 nguyén duong a;

ii) a*b=0bx*a véi moi s6 nguyén duong a va b;

iii) axb= (a— b)*b v6i moi s6 nguyen duong a va b ma a > b.

a) Tinh gia tri cia 16 * 2024.

b) Hay chi ra mot quy téc * théa méan ba diéu kién trén.

BN Hucng din giai bai tap

Bai 1. (Truong Pho thong Niang khiéu, 2025) Cho cac s6 nguyén duong m,n thoéa man:

m?*+m+n*imn (1)
a) Chitng minh khong ton tai m,n théa man (1) khi n = 3.
b) Tim m,n théa man (1) biét m chia hét cho n.

¢) Ky hiéu d 1a u6c chung 16n nhit ctia m va n. Chiing minh néu m,n théa man (1) thi m = d2.



P’ LO1 GIA1. a) Thé n =3 vao (1), ta cé:
3m|mi4m+9 = m|m*+m+9

Vim | m? +m, suy ra:

m\m2+m+9—(m2+m) = m|9
Vay m € {1,3,9}.
e V6im =1: 12 + 14 3% = 11, khong chia hét cho 1 -3 = 3.
e V6i m = 3: 32 + 3 + 32 = 21, khong chia hét cho 3-3 = 9.
o V6im =9:92+9+3%=099, khong chia hét cho 9-3 = 27.

Vay nhan thay khong ton tai s6 m,n théa man (1) khi n = 3.
b) Do n | m nén ton tai k € N* théa man m = nk. Thé vao (1) ta dugc:

n?k | (nk)? +nk +n? (1)

— nk|nk?+k+n

Vi nk | nk?, suy ra nk | k+n. Do dé n
Vin,k > 0nén n = k. Thay ngugc lai vao (1) véi m =n

n+ k hoac k | n+ k, dan dén n | k hoac k | n.
2.

nd | nt +2n? = n3 | 2n?
= n|2 = ne{l,2}.

Véi n =1 ta duge m = 1> = 1. V6i n = 2 ta dugec m = 2% = 4.

Tht lai, ta thu duge cac cdp nghiém (m,n) théa man la: {(1,1); (4,2)}.

¢) Dat d = ged(m, n), khi d6 ton tai my,n; € N* sao cho m = dmy, n = dny va ged(my,n1) = 1. Thay vao diéu
kién (1) ta co:

d*many | (dmq)? 4 dmy + (dny)?
— d®miny | d®*m3 + dmy + d*n?
> dmng | dmi +my +dni (2)

Tit (2), ta c6: Vi my | dmyng, suy ra mq | dm3 + my + dn3. Do my | dm3 v my | mq, bat buoc my | dnj. Ma

ged(my,n1) = 1 nén ged(my,n?) = 1, tit do ta co:
my|d (x)

Mit khéc, tit (2) ta ciing ¢6 d | d*ming, suy ra: d | d>m? + mq + d*n3.
Vi d | d?m? va d | d*n3, bt buoc ta phai co:
d|myp  (xx)

Tu () va (%), két hop véi viec mq, d 1a cic s6 nguyén duong, ta suy ra:
mi = d

Thay vao cong thic dit ban dau: m =dm; =d - d = d°.
Thit lai bo (m,n) = (d?, da), trong d6 d v& a 1 cac s6 nguyén duong bat ki, ta thay théa man. [ |



Nhan xét

Cau a, b tuong déi don gian. O cau a thé n = 3 vao dé va van dung cc tinh chat co ban ctia phép chia hét
dé tim ra cac gia tri m va thit lai. Cau b bang céch biéu dién n theo m va tim moi quan hé ciia chiing thi
ta ciing dé dang lam ra bai toan. O cau ¢ ta cAn van dung thém tinh chat cia GCD nita thi méi lam ra bai

toan.
Bai 2. (Truong Pho thong Ning khiéu, 2025) Cho cac s6 nguyén duong m,n théa man:
m? +m+n*imn (1)
a) Chitng minh khong ton tai m,n théa man (1) khi n = 3.
b) Tim m,n théa méan (1) biét m chia hét cho n.
c¢) Ky hiéu d 1a wéc chung 16n nhat ctia m va n. Chitng minh néu m,n théa man (1) thi m = d°.

P’ L1 GIih1i. a) Tanhan xét: (2n+ 1)2+1=2(n+1)(4n +2n + 1) va 4n® +2n + 1 la 6 18.
Do d6, (2n + 1)3 + 1 chia hét cho 220! khi va chi khi n + 1 chia hét cho 22920,

Suy ra n + 1 = 22029k v6i k nguyen duong, tic n = 22020k — 1.

Vay, tat ci cac s6 tit nhieén n théa man yéu cau dé bai la n = 22029k — 1 vé6i k 1a s6 nguyén duong.
b) Gia sti: @ va b déu la s6 chinh phuong, khi d6 tich ab ciing 14 s6 chinh phuong.

Suy ra, ton tai sb nguyen duong x sao cho (2n + 2)(4n? + 2n + 1) = p?z?, hay

@2n+12 +1=p’? <= (2n+1)> = (pz - 1)(pz + 1).

R6 rang pr — 1 va pr + 1 13 hai s6 nguyén duong 18 lién tiép nén ching nguyén t6 ciing nhau. Ma tich ctia hai s6
nay lai 14 mot sd 1ap phuong nén ca hai sd phai déu 1a s lap phuong,.

Suy ra, ton tai hai s6 nguyén duong ¥, z sao cho pxr — 1 = 3% va pr + 1 = 23. T day, ta co:

3

2=23—y :(z—y)(z2+zy—|—y2).

Suy ra 22 + zy + y? 1a udc clia 2, mau thudn vi 2% + 2y + > > 2.
Vay hai s6 a, b khong thé dong thai 1 s6 chinh phuong. [ |

Nhan xét
Cau a tuong dbi don gian. Dé ¥ dén hing dang thic va tinh chin 18 thi d& dang lam ra bai toan. Cau b st
dung thém ki thuat phan chitng, chia hét va s6 chinh phuong dé gii bai toan nay.

) 3p—1
Bai 3. (S Gido duc va Dao tao Binh Phudc, 2024) Tim cac cap sd nguyén duong (a;b) sao cho a 1 VA
a
at+l o R
b_1 deu la cac so nguyén.

P L1 GIAI. Viét lai diéu kien:

a+1]ah—1 a+1|a’b+b—b-1
—

b—1]ab®+1 b—1]ab® —a+a+1
Do
a+1|a®+1
b—1]b—1



a+1]|b+1
b—1|la+1

Nhan xét: Dén day ta thay co6 hai dai lugng giong nhau = tinh chat bac cau.

— b—1|b+1 = b—1]2
— b—1=1hodcb—1=2 => b=2hoicb=3

= a+1|3hoaca+1]4

a+1=1hodaca+1=3 a+1l=1hoica+1=2hoica+1=4
— hoac
b=2 b=3
Giai phuong trinh trén, thé lai ta tim dugc cac cap (a,b) nguyén duong 1a (2;2);(1;3). [ |

Nhan xét

Bai nay xuat hien kha nhiéu quan hé chia hét, ching ta sé phai sit dung triet dé cac phép chia hét nay, muc
tieu 1a dé tim ra dugce a | m hodc b | m v6i m 1a mot s6 nguyen cu thé nao do.

C6 thé thay mau chdt ciia bai toan trén 1a viec them bét sao cho ha dude mi 3 réi rdm & kia. Nho dinh 1y

a—>b|a”—0b" ta gidi quyét tit mot dicu kién bac 4 ta chi con bac 1.

Loi kbt

Qua chuyén dé "Uéc s6 nguyén va ting dung", ta da ciing tim hiéu céc tinh chat va dinh 1y céia uéc sd nguyen,

mot khai niém co ban nhung vo ciing quan trong trong sd hoc. Viéc biét cach quan sat dé tim ra huéng tu duy
va ting dung dugc nhitng két qua nay sé gitip ta xi I nhitng bai tap cao cip hon. Sau chuyén dé nay, ching minh
mong ban hay tiép tuc kham pha sy tinh té trong uéc sd6 nguyén néi rieng va vé dep clia sd hoc néi chung, nhu

Carl Friedrich Gauss (von Waltershausen, 1856) tiing noi:

“TOAN HOC LA NU HOANG CUA KHOA HOC; SO HOC LA NU HOANG CcUA TOAN HOQC.”
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