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0 So luge ve tim CTTQ cua day so -

‘ Cap s6 cong ‘

(u,,) 12 mot cap s6 cong < Ton tai s6 thuec d dé u,yq — u,, = d.
S6 thuc d duoc goi 1a cong sai cua cap s6 cong.
Tu do, néu U, = a, ta xac dinh duoc:

u,=a+dn-1)

Cap s6 nhan

(u,,) 1a mot cap s6 nhan < Ton tai sb thuc g dé u, 1 = qu,,.
Sé thuc g duge goi 13 cong boi cua cap sb nhan.
Tu do, néu uq = a, ta xac dinh duoc:

U, = a.q"v?!

Day truy hoi
tuyén tinh

Ban doc c6 thé tham khao phuong phap tai bit.ly/tgb_truyhoi (tir
trang 1 dén trang 15)



https://bit.ly/tgb_truyhoi

G Thiét [ap he thuc truy hoi trong bai todn dén-

Phan nay xin trinh bay cho ban doc mét phwong phdp thiét lp hé thirc
truy héi dé gidi mét sé bdi todn dém.

Phwong phdp nay thuong dwoc sir dung khi viéc dém truec tiép gdp nhiéu
khé khan, nhung lai tré nén dé dang hon théng qua cdc dai lwong nhé hon
hodc I6n hon va qua cdc méi lién hé ciia chiing.

Déi v6i mot s6 bai toan don gian, tu duy truy hoi cha yéu la

Q Goi (u,) 14 s6 cach xép n phan ti.

O Quan sat tir s6 cach xép n — 1 phan tir 1a u,,_4 cach. Tur 1 trong u,,_;
cach do, xét mot cach xép bat ki, ta xép thém phan tir thir n vao va tim
ra quan hé gitra u,, va u,_;.

Tuong tu, d6i véi nhitng bai toan can thiét 1ap nhiéu day, ta cling tim mdi

quan hé giita cac ddy vai nhau. Tir d6 ta tim duge cong thire tong quat cta

day can dém.

———————— Cacvidu |-————————

| Vi du 1: Tim s6 cach dé leo n bac thang sao cho mdi lugt chi
| duoc leo 1 hodc 2 budc.

I Vi du 2: Cho s6 nguyén duong n. Pém s6 luong s6 nguyén duong
I CO n chir s0, dugc tao thanh tir cac chir so trong {1, 2, 3,4} va
| chtra 1 sO chan chir so 1.




G Thiét [ap he thuc truy hoi trong bai todn déﬂ-

I_‘ Vidul |- ———————————————

I Xét a, ta s& tim moi lién hé véi cac a; trudc do:

+) Luot di chuyén cudi cung leo 1 bac thang: RS rang sb cach dé leo n —
| 1 bac thang trudc & day 1a a,,_; (do bo luot di chuyén d6 di thi ta con lai
| n - 1 béc thang dau tién).

I +) Luot di chuyén cubi cing leo 2 bac thang: Ta thiy rang sb cach thoa
I

mén ciing 1 a,,_, (do bd luot di chuyén d6 di thi ta con lai n - 2 béc
: thang dau tién).
I = Ta c6 hé thtc truy hdi sau: a,, = a,,_; + a,_, Vn = 3.

:Mét khactacoa; =1,a, = 2.

| n+1 n+1
o = \/_[1+\/_ (1 2\/_) ],VnZl.
|

1+\/_ nt+i _ (1—\/§

| .
I Vay ta co tat ca .

_—_—_—_—_—_—_—_—_—1

n+1 ‘
) ] cach thoa man dé bai.

#[t+)




Thiét [ap he thuc truy hoi trong bai todn dé’rr-

r Vidu2 T Y
|

I Goi a,, 1a s0 lugng s6 nguyén duong c6 n chir s0, dugc tao thanh tur cac

| chit sb trong {1, 2, 3,4} va chira mot s6 chin chit s6 1.

| Goi b,, 1a s6 lugng s6 nguyén duong c6 n chit s0, dugce tao thanh tir cac

chit sd trong {1, 2, 3,4} va chira mot sb 1& chit s 1.

1 Taco: a, + b, = 4™ (vi s6 lugng s6 nguyén duong c6 n chir s6, dugc tao
| thanh tir cac chit sO trong {1, 2, 3,4} la 4™).

I /4 /( Pal /4 ~ /’\ 2 /‘\ N /(
, Xet s0 nguyén duong co n chit so thoa dé bai, néu:

1 +S6cudila2,3,4:rdrang n — 1 s6 trude d6 co chan chitso 1 = ¢o
| a,,_; cach chon s6 nhu vdy, ma s0 cudi ¢6 3 cachchonla 2,3,4 =
1c63.a,_1.

I +S6cudilal = n—1s06 trudec d6 c6 1é chir s6 1 = ¢o6 b,,_; cach chon
| SO nhu vady = ay = 3.ap_g + bp-qg = 2a,-1 + gn—1,

I Turdo, kéthop voia, =1 = a, = 220"1-n"1

h_______________________

Xét mot s0 co n chir so thi ta thay rang néu thém chir so
1 vao cuoi thi tinh chan lé cua so so 1 thay doi, con néu

Nhan xét thém cdc chi s6 con lai la 2,3, 4 thi tinh chan Ié ciia s6
50 1 khong thay doi. Tw do ta nghi dén viec dat 2 day
khdc nhau cho so lwong so 1 la chan va le.




m Thiét [ap he thuc truy hoi trong bai todn dé’m-
> Bai tap >’M

Bai 1: Cho bang 6 vubng 2 X n, véi n 1a mot s6 nguyén duong, tim s
cach phu cac quan domino 1 x 2 va 2 x 1 1én bang sao cho tat ca cac 6
ctia bang déu dugc phua va khdng cé 6 vudng nao duoc pha bai nhiéu hon
1 quan domino.

Bai 2: Cho n 1a mot s6 nguyén duong. Pién vao mdi 6 ctia bang 1 X n
mot trong hai s6 0 hoac 1. Hé1i ¢6 bao nhiéu cach dién s6 sao cho khong
c6 hai 6 ké nhau nao cung chtra s6 17

Bai 3 (Romania 2002): Cho sb nguyén dwong n. C6 bao nhiéu sé tu nhién
cd n chir so duoc 1ap tir cac chir so thudc tap {2, 3, 7, 9} va chia hét cho 3?
Bai 4: Chotap S = {1,2,...,n} vdin > 2. Tim sd tap hop con cia S sao
cho trong mot tap con cO it nhat hai phan tir [a hai so6 nguyén lién tiép.

Bai 5: Tim sb anh xa f:{1,2, ... 2n} = {p1, p,, p3} thoaman T, =

f(1). f(2) ... f(2n) 1a s0 chinh phuong v&i py, Py, p3 1a cac sO nguyén to
phan biét. (n [a s6 nguyén duong)

Bai 6: Cho cac diém A4, A, ..., A, voin = 2 theo tht ty d6 nam trén mot
\ duong thang. Nguoi ta td mau tat ca cac diém nay bang 5 mau: xanh, do,
vang, cam, tim thoa méan hai diéu kién:

Mdi diém t6 mot mau.

Hai diém A;,A;4, (i = 1,2,..,n— 1) hodc lubn duoc td cling mau hoic
mot trong hai diém duoc t6 mau xanh.

Hoi co6 bao nhiéu cach t6?

o e e —




m Thiét [ap he thuc truy hoi trong bai todn dé’m-

Bai 7: Xét luc giac déu ABCDEF c6

d6 dai canh 1 1 va duoc dién sé nhu A B
hinh bén. Mot con éch xuat phat tir 0 1
dinh A va nhay dén cac dinh sao cho

mdi budc nhay déu c6 do dai nguyén.

Hanh trinh ctia éch 1a day céc tén dinh C \
éch da nhay qua va hai hanh trinh 2 0
dugc coi 1a khac nhau néu & mot 1an F

thtr k nao d6, dinh ma éch nhay dén &

hai hanh trinh 1a khac nhau. Goi m la 1 1

s6 hanh trinh éch nhay sao cho tong
cac sd ma nod nhay qua bang 2020. E D
Chting minh m khong phai s6 chinh phuong. \

Bai 8 (IMO 2011): Cho n 1a mdt s6 nguyén duong. Ta xét cach dat n qua
can c6 khoi luong tir 22,21, ..., 2™~ 1 1én ban can bang n budc. Vi mdi
budc, ta dit 1 trong cac qua can chua dugc dat 1én 1 trong 2 bén cua ban
can, sao cho ban can bén trai khong bao gio nhe hon ban can bén phai.
Tinh s6 cach dit thoa man dé bai.

Bai 9: Cho n 1a mdt s6 nguyén duong. Tim s6 s tu nhién c6 n chit s6
duoc 1ap thanh tir cac s6 {3, 5, 7, 8} thoa man cac so 1ap thanh 1a mdt boi
cua 3.

Bai 10: Cho bang 6 vudng 4 X 3n v6i n nguyén duong, ta pht bang 6
vudng biang cic quan tromino 1 X 3 sao cho tat ca cac 6 vudng déu duge |
pht va mdi 6 vudng chi duoc pha bdi duy nhat mot quan tromino.

Bai 11 (IMO 1979): Cho A va E 1a 2 dinh d6i tAm ctia mot hinh bat giac
déu. Mot con éch bét dau nhay tu A. Tai bat ¢t dinh nao trix E, con éch ¢co
thé t6i mot trong 2 dinh ké. Néu éch nhay t6i E thi nd ding lai. Tinh s6
cach dé éch nhay tir A dén E mat ding n budc voi n > 4?

L— —




m Thiét [ap he thuc truy hoi trong bai todn dé’m-

™ e —— ™™ e
Bai 12: Cho n nguyén duong. Tim sb lugng sb tu nhién c6 n chit sd, sao
cho céc chir s6 déu 16n hon 1, va hai chir s6 bat ky dung ké nhau thi khong
cung nhé hon 7.

Bai 13 (Ho4n vi khong c6 diém bat dong): Cho n > 2 nguyén duong.
Tim sd hoéan vi khong c6 diém bat dong D, cia X = {1; 2;...; n}. Trong
d6, mot diém x; goi 13 bat dong khi va chi khi x; bang i.

\ Bai 14 (AIME 1996): C6 2™ cai tu trong hanh lang dugc danh 6 tir 1 dén
2", ban dau cac ti déu dong. Mot anh hoc sinh A dén mo ti 1, va luan
phién bo qua va md cac tii dang dong tiép theo (bo 2, md 3, bo 4,...). Khi
anh 4y dung dén cai ti cudi cung (ta 2™) thi anh iy quay dau lai va tiép tuc
luan phién bd qua va mé cac ti dang dong tiép theo (bat dau tir ti dang
dong dau tién ma A gip). Ct tiép tuc di chuyén tdi lui hanh lang nhu vay
dén khi tat ca ti dugc mo. Hoi tu cudi ciing ma anh dong co s6 thu tu 1a
bao nhiéu?

Bai 15: Cho n nguyén duong. Dém s hoan vi (ay, a,, ... Ayp.1) cla 2n +
1 s0 nguyén duong dau tién théa man dong thoi 2 tinh chat sau:

() a4, <a; +1VieT2n

(i) Co6 dang 1 chiséi € 1,2n sao cho a; = i.

Bai 16 (PTNK 2009): Cho s6 nguyén duong n. C6 bao nhiéu sb chia hét
\ cho 3, €0 n chir s0 va cac chir so déu thudc {3; 4; 5; 6}.

Bai 17: Tim sb cac diy n phan tir x,, X, ..., xn voi x; € {0; 1; 2} sao
cho s6 phan tur 1 trong moi day d6 1a mot bdi so cua 3.

|




m Thiét [ap he thuc truy hoi trong bai todn dé’m-

Bai 18 (AMO 2020): M6t miéng tetromino 1a mot hinh dugce tao boi 4
hinh vuéng don vi lién canh. V&i mdi so nguyén duong n, xét phong taim
c6 san c6 dang hinh chir nhat 2 X 2n. Goi T, 1a s6 céach 1at hoan chinh san
phong tam nay chi bang cac miéng tetromino. Ching minh T, 1a s6 chinh
phuong v&i moi n nguyén duong.
Bai 19: T cac sb {0;1; 2}co thé lap dugc bao nhiéu s6 tu nhién co6 n
chir s6 va chia hét cho 3?7
Bai 20: Xét mot phép bién d6i f sao véi mot chudi nhi phan A, mdi chir s6
0 trong A bién thanh 10; mdi chit s6 1 bién thanh 01. Vi du:

f(1001) = (01101001) \
Tim sb cap chir sb 0 lién tiép trong £ ™ ((1)) v6i fD(A) = f(A) va
fEB@) = F(F®@.
Bai 21: Tim s6 diy s6 nguyén a,, a,, ..., a, sao cho cac s6 trong diy déu
khong 16n hon 1 va Y'¥_, a; khong am véi moi k chay tir 1 dén n.
Bai 22 (West German Olympiad 1982): Tong ciia tit ca cac udc duong
1¢ 16n nhat cta cac so6 nguyén duong 1, 2, 3, ..., 2™ la bao nhiéu (n € N)?

Bai 23: Co bao nhiéu s6 nguyén duong c6 n chit s6 thoa man dong thoi:
i) Tét ca cac chit s6 ctia n déu 1é.

ii) Hiéu cta 2 chit s6 lién tiép bang 2.

Bai 24 (China MO 1989): C6 thé nao chia duoc 1989 diém thanh 30
nhém co ¢ ciia cac nhom d6 khong bang nhau dé cho sb céc tap hop gom
3 diém ma mdi diém duoc chon tir 3 nhém khac nhau 1a 16n nhat.

Bai 25: Tu cac s0 1,2, 3,4, 5 c6 thé 1ap dugc bao nhiéu so tu nhién co n
chir s6 sao cho trong moi s6 d6 déu chira mot so 1€ cac chir s6 1 va mdt s
chan cac chir s6 2 (n 1a mot s6 nguyén duong cho trudc).




° Loi giai tham khdo va nhan xét -

e e

Bai 1: Cho bang 6 vubng 2 X n, véi n 1a mot s6 nguyén duong, tim sd
cach phu cac quan domino 1 x 2 va 2 x 1 1én bang sao cho tat ca cac 6
ctia bang déu dugc phua va khdng cé 6 vudng ndo duoc pha bai nhiéu hon
1 quan domino.

e — —

Goi (u,,) 1a ddy sb cach phu cac quan domino ciia bang 6 vudng 2 X n.
Ta Xét cach phu 6 dau tién trén ciing gdc trai, 6 nay chi c6 thé duoc phu
bdi 1 quan domino 1 X 2 hoac 2 X 1.

e Truong hop 1: O vudng nay dugc phu béi 1 quan domino 2 x 1
(domino doc), thi phan con lai s& 1a mot bang 6 vubng 2 X (n — 1), dé
thay s cach phu trong truong hop nay 13 u,_;.

« Truong hop 2: O vudng nay duoc pha béi 1 quan domino 1 x 2
(domino ngang), thi 2 6 ngay bén duéi quan domino d6 ciing s€ dugc
phu boi 1 quan domino 1 x 2, vay phan con lai 12 mot bang 6 vuéng
2 X (n — 2), trong truong hop nay sb cach phu 1a u,,_,.

Vay up = up—q + Up—2.
Véiu, = 1, u, = 2, ban doc ty giai dé c6 duge két qua:

_1 1+\/§ n+1 1_\/5 n+1
”"‘ﬁ( 2 ) +( 2 >

Bai toan trén la mot bai toan phu domino co ban trong loat

Nhan bai todn phit domino, tuy don gidn nhung tw duy gidi quyét
,' cua bai toan nay lai la mot yéu to quan trong trong viéc
xet xac dinh cdc hé thirc truy hoi trong cac bai todan sau: y

tuong chia trwong hop (ma trong bai toan nay la xet xem
quan domino nam ngang hay doc).




° Loi giai tham khdo va nhan xét -

Bai 2: Cho n 1a mét so0 nguyén duong. Pién vao moi 6 clia bang 1 X n
mot trong hai s6 0 hoac 1. Hé1i ¢6 bao nhicu cach dién s6 sao cho khong
c6 hai 6 ké nhau nao cung chtra s6 17

e —

Goi u,, 12 s6 cach dién thoa dé cho bang 1 X n ma s6 ¢ 6 thirn 1a s6 0 va
v, 12 s6 cach dién thoa dé cho bang 1 X n ma s6 ¢ 6 thirn 1a s6 1
>u, = lvav, = 1,
Bang 1 X (n- 1) c6s6 0 & 6 th n - 1 thi cd 1 cach thém tao thanh bang
1 X n sao cho c6s6 0 ¢ 6 that n = CO u,,_, cach dién.
Bang 1 X (n- 1) c6s6 16 6than - 1thico 1 cach thém tao thanh bang
1 x n sao cho c6 86 0 & 6 tht n = CO v,,_4 cach dién.

= Uy = Up—1 T+ Vg
Bang 1 X (n- 1) ¢6s6 0 ¢ 6 thirn - 1 thi ¢ 1 cach thém tao thanh bang
1 x n sao cho c6s6 1 &6 thit n = CO u,,_, cach dién.
Bang 1 X (n- 1) c6s6 1 66 tha n - 1 thi c6 0 cach thém tao thanh bang
1 x nsao cho c6sd 1 &6 thir n = CO6 0 cach dién.

= U, = Up_q

Vaytaco: u, = uy_1 + uUpy_s.
Két hop véi u,; = 1taco cong thirc tong quat:

1 <1+x/§)"+1_ 1 (1—\/§>n+1
N NAUE

1(1+\/§>" 1(1— x/ﬁ)"
=V, = Up—1 = -

V5\ 2 V5\ 2

Vay so cach dién s6 sao cho khong c6 hai 6 ké nhau nao cung chira s6 1
la:

<5 + 3x/§> <1 + x/§>n <5 — 3x/§> (1 . x/§>"
u, + v, = +

10 2 10 2




Loi giai tham khdo va nhan xét -

Bai 3 (Romania 2002): Cho sb nguyén duong n. C6 bao nhiéu sé tu nhién
cd n chir so duoc 1ap tir cac chir so thudc tap {2, 3,7, 9} va chia hét cho 3?

Goi a,, 14 s6 cac s6 co n chir s6 thoa dé.
Goi by, 1a s6 cac s6 ¢o n chit sb duoc lap tur cac chir s6 thudc tap {2, 3, 7,
9} ma khong chia hét cho 3.
Vi s6 ¢6 n chit sb d3 chia hét cho 3 thi ¢6 2 cach thém mot chir s6 dé cho
s6 n + 1 chir s6 chia hét cho 3 13 thém chir s6 3 hodc 9.
Vi s6 ¢6 n chit s6 khong chia hét cho 3 thi chi ¢6 ding mét chir s6 c6 thé
thém vao phu hop dé tao ra s6 c6 n + 1 chir s6 va chia hét cho 3.
Vay, ta co:

An+1 = 2an + by
Lap luan tuong tu ta duoc: b,+1 = 2a, + 3b,
Pép an can tim 1a a,,.
Tacdba, =2;a, =6va

Any1 = 2ay, + by, = 2a, + 2a,_1 + 3b,_1

= 2a, + 2a,_4, + 3(a, — 2a,,-1) = 5a,, —4a,_4
4™42

Vay, cong thic tong quat va dap an dé 1a a,, =




° Loi giai tham khdo va nhan xét -

Bai 4: Chotap S = {1,2,...,n} vdin > 2. Tim sd tap hop con cia S sao
cho trong mot tap con cO it nhat hai phan tir [a hai s6 nguyén lién tiép.

e — —

Goi a,, 12 s6 tap hop con khong c6 hai phan tir 13 hai s6 nguyén lién tiép
va c6 phan ti n trong do.
b,, 1a sb tap hop con khong c6 hai phan tir 13 hai s6 nguyén lién tiép va
khéng c6 phan tir n trong do.
Theo dé, ta co:
An+1 = by

) qbn+1 = ay + by .
Khi do6, s6 tap hop con c6 thé co trong {1, 2, ..., n} thoa khong c6 hai phan
tir 1a s6 nguyén lién tiép: a,, + b,, (= by.q1)
Ta co:

bpy1 =an + by =byq + by

vab; =3;b, =5
Vay cong thuc tong quat 1a

an +bn = bn+1 =

\/§<(1 n \/g)n+2 (1 _ \/g)n+2>
5 2n+2 + 2n+2

Sd tap con co thé tao ra tir S; 2" (vi khi xét mot tap con, mot phé‘m tir chi
c6 thé & mot trong hai trang thai: hoac la trong tap con dang x¢ét hoac
khong ¢ trong tap con dang xét)

Vay, dap an dé 1a

RE <(1 +V5)"™ (1- @)"”)

5 2n+2 2n+2

Thay vi tim sé tdp con ciia S théa méi tdp con cé it nhdt hai

27’1

Nhan phan tir la hazi~ so nguyén lién tiép, ta co {hé tim s6 tép’ con

) cua S thoa moi tdp con khong co hai phan tu la hai so
nguyén tiép va ldy so tdp con coé thé coé tir S trir di (quy tdc
phan bi).

xet




° Loi giai tham khdo va nhan xét -

Bai 5: Tim s anh xa f:{1,2, ...2n} — {py, P2, p3} théaman T,, =
f(1). f(2) ... f(2n) 1a s0 chinh phuong v&i py, Py, p3 1a cac s6 nguyén to
phan biét. (n [a s6 nguyén duong)

Goi @y, 1a 50 dnh xa f:{1,2, ... 2n} > {p1, P2, p3}: Ty 1a 50 chinh phuong,
Goi b, 1aso anh xa f:{1,2,...2n} = {p4, p2,p3}: T), khong la s6 chinh
phuong.

R rang tong s6 anh xa 14 a,, + b, = 3™ (domdi sb i € 1,2n tng véi 1
trong 3 gid tri py, P2, P3)

Ta xay dung a,,, 41 tUr a,, b, nhu sau:

Tir a,,: V6i T, 1a s6 chinh phuong thi T), 4, 12 s6 chinh phuwong khi va chi

khi f(2n+1) = f(2n+ 2) € {p1,p2,p3}
= ¢0 3 cach chon v41 moi cach trong a,,.

Tl by,: V6i Ty, khong 14 s6 chinh phuong thi T, = p;t.py2.ps° trong d6
c6 2 s6 a; 1&, 1 s6 chin (do a; + a, + az = 2n chin). Ung véi mdi truong
hop s6 chan: gia str 13 a; thi T,,,; 1a s6 chinh phuong khi va chi khi
f@2n+1) # f(2n+2) € {p,,ps3}
= Co0 2 cach chon v61 moi cach trong b,
Nhu vay: a4, = 3a, + 2b, = 3a, + 2(3*" — a,) = a, + 2.3%"
Tir day, két hop voi a; = 3 ta tim duoc cong thirc tong quét cla a,,:
9" + 3
an = —

1. Y twong truy hoi khd tw nhién.

Nhan 5

Nhiéu ban cé thé nham khi xdy dwng a4 ld chi xdy
xet dwroc tir a,, dan dén lam sai bai todn nén phdi cdn than

thém b,, dé loi gidi thém twong minh, chinh xdc.




Loi giai tham khdo va nhan xét -

e
Bai 6: Cho cac diém A4, A, ..., A, voin = 2 theo tht ty d6 nam trén mot
duong thang. Nguoi ta td mau tat ca cac diém nay bang 5 mau: xanh, do,
vang, cam, tim thoa man hai diéu kién:

Mdi diém t6 mot mau.

Hai diém A;, 4;.1 (i =1,2,...,n — 1) hoic ludn duoc td ciing mau hoic
mot trong hai diém duoc td mau xanh.

Hoi ¢d bao nhiéu céach t6?

Goi diy x,, va y,, 1an luot 1a s6 diy n diém thoa dé véi diém cudi cung lan
lugt 1a mau xanh va khong phai mau xanh.
Theo dé, ta co: Xppq = X5, + Yy
(do néu diém A,, mau xanh thi diém 4,,,, ciing c6 thé 1a mau xanh va néu
diém A,, khac mau xanh thi bat budc diém 4,,,; mau xanh)
) i Yn+1 = 4xp + Yn ) )

(do néu diém A,, mau xanh thi diém A,,; c¢6 thé 1a bon mau con lai khac
mau xanh va néu diém A,, khiac mau xanh thi diém A,,,,; phai cung mau)
béap anbaila x,, + y,, (= x;,41)
Ta co:

Xne1 = Xn +Yn = Xp + (dxp1 + Y1) = X + 4001 + X5 — X5

= 2x, + 3x,_1
vax, = 5;x3 = 13.
Vay, cong thic tong quat va dap an cta bai 1a
(_1)n+1 + 3n+1

2

Ta dé y rang mau cua 1 diém sé phu thuoc vao mau cua diém trudc.

Xn+Yn = Xng1 =

A Vi du: Néu mau cia A,_q ld xanh thi mau cia A,, Uy y. Ngwoc lai,
Nhan ‘
, néu mau cua A,_q khong phai mau xanh thi A,, hodc cung mau voi
xet A, 1 hodc phdi la mau xanh.
= Suy nghi nguoc lai, A, phu thuéc A,,_1; An—1 phu thuéc A, _5;
ey Ay phu thuoc A4
= (0 thé giai bai theo huong truy hoi.




° Loi giai tham khdo va nhan xét -

Bai 7: Xét lyc giac déu ABCDEF c6 d6 dai canh 14 1 va duoc dién s6 nhu
hinh bén. M6t con éch xuat phat tir dinh A va nhay dén céac dinh sao cho
mdi budc nhay déu c6 do dai nguyén. Hanh trinh cta éch 1a diy cac tén
dinh éch da nhay qua va hai hanh trinh dugc coi 1a khac nhau néu & mot
lan tht k nao d6, dinh ma éch nhay dén ¢ hai hanh trinh 1a khac nhau. Goi
m 13 s6 hanh trinh éch nhay sao cho tong cac s6 ma n6 nhay qua bang
2020. Chtrng minh m khong phai s6 chinh phuong.

Ta thay & hai budc lién tiép, con éch A B
khong thé nhay chi trong cac dinh 0 1
tam giac déu ACE hodc tam giac déu
BDF (do d6 dai mdi canh tam giac
ddu nay 13 V3) {5 0} C
= Con éch s& nhay tir dinh tam giac
nay qua dinh tam giac kia va nguoc lai.
Ta c6 bd (4, C, E) tuong tmg (0,0, 1)
va (B, D, F) twong ung (1, 1, 2).
Pé y rang E D
{x+y;x€e(4CE);yeB,D,F)}={1,1,1,1,2,2,2,2,3}
= Tong cac s6 trén hai budc lién tiép c6 thé 1a 1, 2, 3 trong d6 c6 bon
cach taora téng 1a 1, bon céch tao ra téng la 2 va mot cach tao ra téng la 3.
Goi a,, 14 s6 hanh trinh ctia éch ¢6 tong 1a n voi s6 chan bude nhay.
b, 1a s hanh trinh cua éch c6 tong 1a n véi sb 1é budc nhay.
Theo dé, ta co:

a, =4a,_1 +4a,_, +a,_3

b, = 4b,_1 + 4by,_5 + by_3
Ta thay hai phuong trinh giong nhau nén dat u,, = a,, + b,
TacOuy=1uy =6;uy, =28vau, =4u,_1 +4u,_, +u,_;
= M = Uyppo = Uy = 2 (Mod 4) = m khong phai sé chinh phuong.




Loi giai tham khdo va nhan xét -

rBéli 8 (IMO 2011): Cho n 12 mdt s6 nguyén duong. Ta xét cach dit n qua
can c6 khoi luong tir 22,21, ..., 2™~1 1én ban can bang n budc. Vi mdi
budc, ta dit 1 trong cac qua can chua dugc dat 1én 1 trong 2 bén cua ban
can, sao cho ban can bén trai khong bao gio nhe hon ban can bén phai.
Tinh s6 cach dit thoa man dé bai.

Goi (un) la day cac cach dat théa man dé bai ciia n qua can 20,21, ..., 2" 1,

* Trudc tién ta tam thoi khong quan tam dén vi tri va bén dit caa qua can
20, Ta xét cach dit caa n — 1 qua can con lai. Ta thiy tit ca nhitng qua
can con lai déu c6 thé duge gian udc boi 2, nén s6 cach dat thoa dé cua
cac qua can 21,22, ..., 2" 1 ciing 1a s6 cach dit thoa dé cua cac qua can
20,21, ...,2"72 vay s cach dit cac qua can 21,22, ..., 2" 1 thoa dé 1a
Up—1- ?

» Bay gio ta xét vi tri va cach dat ctia qua can 29, ta cO n vi tri @€ chén qua
can 29 vao gitta thao tac dit cia cac qua can 21,22, ...,2"° 1, Néu duoc
dit & vi tri dau, thi chi co duy nhat 1 cach dat d6 1a dit vao ban can bén
trai, con & cac vi tri con lai thi s6 cach dit ludn 1a 2, vi hiéu khéi luong
ctia ban cin bén trai va khoi luong ban can bén phai ludn nhiéu hon 1.
Vay tong cong c¢6 2n — 1 vi tri va cach dit ctia qua can 2°.

<-Tir do6 ta duoc u,, = (2n — 1)u,,_1.

. (2n)!

2nn!’

Bdi todn la mét bai trong dé thi qudc té nhung lai khong

Nhan qua kho va ki thudt cung khong may phu’c tap. Tuy nhién,

| bai toan van yéu cau sy nhay bén nhat dinh trong viéc tim
ra moi quan hé giita truong hop nvan — 1 dé tir dé tim ra
cdch thiét ldp hé thirc truy hoi.

xet




Loi giai tham khdo va nhan xét -

Bai 9: Cho n 1a mot sd nguyén duong. Tim s6 s ty nhién co n chit s6
duoc 1ap thanh tir cac s6 {3, 5, 7, 8} thoa man cac so 1ap thanh 1a mdt boi
cua 3.

Goi (un) 1a ddy s6 s6 tu nhién c6 n chir s6 dugc 1ap thanh thoa man dé bai.

Xeét cac chir so tan cung cua cac s6 co n chir s6 thoa dé bai, ta c6 toan bo
chir s6 tan cung c6 thé 1a 3,5, 7, 8.

Ta chia cac so thoa dé do dai n 1am 3 nhém, nhom A gém nhiing sb ¢o tin
cung la 3, nhom B gdm nhirng so0 ¢6 tan cung l1a 5 hodc 8, nhom C la
nhitng nhém c¢6 tan cung la 7. Taco u,, = |A| + |B| + |C]|.

* Xét cac s6 thuoc nhom A, ta thady néu bo di chir s6 tin cung cta sb nay
(s0 3) thi s6 ¢6 do dai n — 1 kia cling phai la mdt s6 chia hét cho 3, tuc la
mot so théa dé d6 dai n — 1, vay |A| = u,—4.

* Xet cac s6 thude nhom B, ta c6 khi bo di chir sd tan cung (5 hodc 8) thi
$0 con lai s€ la mot so chia 3 du 1 va co do dal n — 1. Ta goi day (vn) la
day sd céac sb ty nhién dugc 1ap thanh tir cac s6 3, 5,7,8 cO n chir so Va
chia 3 du 1. Khi d6 ta c6 |B| = 2v,_4 (sb 2 1a sb cach chon cua chit s6
tan cung (5 hoic 8) dé xo6a di/thém vao)

« Xét cac s6 thuoc nhom C, ta c6 khi bo di chir s6 tn cung (s6 7), thi s6
con lai 1a 1 sb chia 3 du 2 vao c¢6 do dai 1a n — 1. Ta goi day (tn) 14 day
sb cac sd tu nhién duogc 1ap thanh tur cac s6 3,5,7,8 ¢ n chit sd va chia
3du2.Khidotacod |C| =t,_;.

Vayu, = Al + |B] + [C] = up_1 + 2051 + ty_1.




Loi giai tham khdo va nhan xét -

Bang cach lam twong tu, ta ciing s& thiét 1ap duoc hé thirc truy hoi cua v,,,
va t,, vay ta co hé:
Up = Up—1 + 2Vp1 +th
Up = Up-1+ 281 + Uy
th = th—1 + 2Up_1 + Uy
Ma ta c6 do u,, 1a cac so chia hét cho 3, v,, 13 cac so chia 3 du 1, t,, 1a cac
s6 chia 3 du 2 nén u,, + v, + t,, s& 1a cac so c6 thé 1ap duge tir 3,5, 7, 8.
Vay u, + v, +t, = 4™
Tur do, ta s€ co:
Uy = Uy + 2V, 4+t 1 =4"+v, =4"+4" 1+ ¢,
=4n 44l pgn=2 4 g

bén day ban doc tu giai dé co
4n+1_1

Up =—5—+ 1 néu n chia hét cho 3
4n+1_1 , .

Up = — — 16 néu n chia 3 du 2
4n+1_1

Uy = — 20 néu n chia 3 du 1
3




@ Loi giai tham khdo va nhan xét -

Bai 10: Cho bang 6 vudng 4 X 3n v6i n nguyén duong, ta pht bang 6
vuong bang cac quan tromino 1 X 3 sao cho tat ca cac 6 vudong déu duoc
pht va moi 6 vudng chi dugc phu bo1 duy nhat mgt quan tromino.

Goi (uy,) 1a day sb cach phu thoa dé cta bang 6 vudng 4 X 3n.

Xét cach phil 6 dau tién cua bang 6 vudng (6 dugce to do)

«  Trwong hop 1: Néu n6 duoc phu boi tromino nam doc (d6) thi 6 ngay
dudi d6 phai dugc phu bang tromino nam ngang (xanh). Khi do, phan
con lai (trang) s€ c6 dang A nhu sau:

Ta goi diy (v,,) 1a ddy s6 cach phi cac hinh c¢6 dang A va c6 4 x 3n —
6 6 vuong.

= S6 cach phu trong truong hop 113 v,,.




@ Loi giai tham khdo va nhan xét -

«  Trwong hop 2: Néu n6 duoc phu boi tromino nim ngang (d0) thi ta xét
0 ngay bén dudi do (cam)

*  Truong hop 2.1: Néu nd duge phit bdi mot 6 ngang (cam) thi hai 6
ngay dudi do cling phai dugc phu bang cac 6 ngang (xanh). Khi
do, s6 cach phu cua truong hop nay la u,_;.

s Truong hop 2.2: Néu nd duge phit boi mot 6 doc (cam) thi phan
con lai (trang) cling c6 dang do61 xtng truc cua hinh A nén s6 cach
phu cling nhu nhau va 1a v,,.




@ Loi giai tham khdo va nhan xét -

Tt cac truong hop trén, ta co: u, = uy,_q1 + 2v,.

Bay gio ta s& xét hé thtrc truy hoi cta (v,,).

Ta s€ xét cach phu 6 do trong hinh A.

e Trwong hop 1: Néu 6 nay dugc phu bdi 6 ngang (do) thi ta phai phu
thém 3 6 ngang nhu hinh. Phan con lai van c¢6 dang A nén s6 cach phu
trong truong hop nay la v,,_;.

«  Trwong hop 2: Néu 6 nay dugc phti bdi 6 doc (d6) thi phan con lai 1a
hinh dang B. Ta goi (t,;) 1a day cho cach phu cho hinh B v&i s6 6 vudng
la 4 X 3n — 9. Vay trong truong hop nay so cach phu la t,,.

Vay ta co: v, = v,_1 + ;.




@ Loi giai tham khdo va nhan xét -

Bay gio ta s& xét hé thirc truy hoi cta (t,,).
Ta s€ xét cach phu 6 do trong hinh B.

«  Trwong hop 1: Néu 6 nay dugc pha bdi 6 ngang (d6) thi ta phai phu
thém 3 6 ngang nhu hinh. Phan con lai van c6 dang B nén s6 cach phi
trong truong hop nay la t,,_4.

«  Trwong hop 2: Néu 6 nay dugc pht bsi 6 doc (d6) thi phan con lai 1a
hinh 4 X 3(n — 1). Vay trong truong hop nay so cach phu la u,,_;.

Vaytacot, =t,_1 +uUp_1.




Loi giai tham khdo va nhan xét -

=Tu do, ta c6 mot hé cac h¢ thuc truy hoi:
Uy, = Up_1 + 27,
Up =Vp_1 +1,
th = th—1 T Up—

Ban doc tu gidi dé€ dua vé u, .3 = Supyy — 3y + Uy,

- Bai toan trén la mot bai phu domino o murc do phirc tap
NNan | hon bai truse ds khd nhiéu, doi hoi sue khéo léo, tinh y
xet trong xuw ly chia truong hop va ldp ludn chat ché, can thdn

dé thiét lap dwoc hé thire truy hoi.




° Loi giai tham khdo va nhan xét -

Bai 11 (IMO 1979): Cho A va E 1a 2 dinh d6i tAm ctia mot hinh bat giac
déu. Mot con éch bét dau nhay tu A. Tai bat ct dinh nao trir E, con éch ¢
thé t6i mot trong 2 dinh ké. Néu éch nhay t6i E thi nd ding lai. Tinh s6
cach dé éch nhay tir A dén E mat ding n budc voin > 4?

Goi hinh bét giac déu dang xét 13 ABCDEFGH ¢6 tam ] nhu hinh v&.
Goi A, 14 s6 cach dé éch nhay tir A dén E mét ding n budc.
Néu n 1¢, vi éch khi nhay tir A dén E mat mot s6 chan
budcnén 4, = 0.

Néun chan, ditn = 2k, k > 2,k € N*.

Nhan xét ré‘mg sau 2 bude, A chi c6 thé trg vé vi tri cii
hozc di dén diém C hoic di dén diém G, goi B, 14 s6
cach dé éch nhay tir C (hodc G) dén E mat ding n budc.
Do do: Az = 2Az¢-2 + 2Bak—2 = Boi = 5 (Azcaz - 242).
Vin > 4 nén tir C va G khong thé dén E sau 2 bude di, do d6 tir € (hoic
G) chi c¢6 thé quay vé chinh n6 hoic di d¢én diém A sau 2 budc

Kéo theo: By, = 2By, — 2 + Ay, — 2.

1
= E (A2k+2 - 2A2k) = Azk — 2A2k—2 + AZR—Z

= Appip — 44z + 24212 =0
Vo1 A, = 8,Ag = 28, ta thu dugc :

Ay = % [(2 + \/E)k_1 ~(2- \/E)H]

Vay vé6i n 1é, khong ¢ cach nao dé éch nhay duogc tir A dén E; v6i n chin,
s0 cach dé €ch nhay tor A dén E mat dung n budc la:

1 2—1 %_1
Lie v - @-vD

Nhan Dé tiép cdn nhitng bai todn nhw trén, viéc xét cdc doi twong trung
; gian la 1 diéu dé nghi déen. Xdy dung day truy hoi tw cac doi tuong
xet trung gian cing la cdc dé ta suy bién vé cong thuc truy hoi cua day

ta can tim.




° Loi giai tham khdo va nhan xét -

Bai 12: Cho n nguyén duong. Tim sb luong s6 tu nhién ¢6 n chit s6, sao
cho céc chit s6 déu 16n hon 1, va hai chir s bat ky dimg ké nhau thi khong
cung nho hon 7.

T dé bai thi sb duoc tao thanh tr cac chir s62,3,...,0.

Goi u,, 14 s6 so két thic boi 2,3,4,5,6 ¢ n chit sb, goi 14 thoa tinh chat U,
Va v, 1a sb s6 két thiic boi 7,8,9 ¢ n chit s6, goi 14 thoa tinh chat V|
Xétn > 2.

Xét mot sb thoa tinh chat U,,, ; khi bo chit sb tdn cung ra, phai 1a 1 s6 thoa
tinh chat V, va tir mot s6 thoa V. ¢6 5 cach tao ra mot so thoa U,,,, (thém
2/3/4/5/6 vao cubi sb cil)

Suyrau,y, = 5v,.

Xét 1 sb thoa tinh chat V,, , ;.

TH,: Ket thue boi yx (trong do y thude {2; 3; 4; 5; 6} va x thude {7; 8; 9}).
Vi mdi x, ¢O u,, sO thoa (vi phan con lai 1a mot s6 thoa U .).- Ma x cé 3 gid
tri nén TH nay c6 3un sd.

TH,: Ket thie boi yx (v, x thude {7; 8; 9}).

Véi mdi x, thi phan con lai 12 mot s6 thoa V,,, nén c6 v, sb thoa. Nguoc lai
c6 3 gia tri ctia x nén TH nay c6 3vn sé.

Suyrav,,1 =3un+ 3vn

Gois, = un + vn thican tim s,. Ban doc c6 thé tinh dugc:

2316\/_(3+\/_)n+1+2346\/_(3 \/_)n+1

n = 3




° Loi giai tham khdo va nhan xét -

Bai 13 (Ho4n vi khong c6 diém bat dong): Cho n > 2 nguyén duong.
Tim s0 hoan vi khong c6 diém bat dong D, cia X = {1; 2; ...; n}. Trong
do, mot diém x; goi 1a bat dong khi va chi khi x; bang 1.

Ta s& ky hi¢u L; , 14 56 hoan vi cta tap {1; 2; ...; n} ¢4 n diém bat dong (i
khong vuot qua n va i, n 1a cac sd tu nhién).

Cho D, = Lyy.

Dé tinh duoc 1a Lyn =1 (vimoi diém chi ¢6 1 lya chon vi tri).

Val, 1, =0(Gidsu diém di dong 1a 1 & vi tri i, khi d6 i khong thé giir
dugc vi tri ban dau tic 13 c6 it nhét 2 diém khong bat dong).

Ta chung minh: Ly, ,, = Ck.D,_, (v6i k 1a s6 nguyén duong, k khong vuot
qua n).

S6 hoan vi 1 tap n phan tir 1a n!.

§ Dy,

Ck _
k=0 (M—K)!

bat C,, = ”thltacoz

Xét ham sinh (Jx| < 1)
f(x) S<Cy Cypy o>

Co G
f(x)<:><0 TEETL L >

va—f(x) o< 0; O 2|, 2!;...>




° Loi giai tham khdo va nhan xét -
- o 1:1;1.. .
= f(x) = o o< ><:>1_x

= f(x).e* = -

=> fx)e<1; 1;..>.e7*
-1 1

zf(x)<:><1;1 ><1T,E, >
-1 -1 1
=>f(X)C><11+T 1+T+E . >
n
_ (_1)k _ Dy
= = Z Y
k=0n
(—D"
= D, = (z T ).n!
k=0
Nhan Ngoai ra, bdi todn con cé c6 thé dwoc xik Iy bang cdch it

phiec tap hon la sw dung nguyén [y bao ham loai trir.

xet




Loi giai tham khdo va nhan xét -

Bai 14 (AIME 1996): C6 2" cai ti trong hanh lang dugc danh sb tir 1 dén
2™ ban dau cac ta déu dong. Mot anh hoc sinh A dén mo ta 1, va luan
phién boé qua va mé cac tu dang dong tiép theo (b6 2, mo 3, bo 4,...). Khi
anh 4y dung dén cai tu cudi cung (tu 2™) thi anh 4y quay dau lai va tiép tuc
luan phién boé qua va mé cac ti dang dong tiép theo (bat dau tir ti dang
dong dau tién ma A gip). Ct tiép tuc di chuyén t6i lui hanh lang nhu vay
dén khi tat ca to duoc mo. Hoi ti cudi cing ma anh dong c6 sb thu ty 1a
bao nhiéu?

Goi L,, 12 s6 thtr tu ta cudi ciing ma anh dong véi 2™ ti dang dong ban dau.
Sau luot di dau tién, con lai ding 2"~ tu dang dong.

S6 thr ty ctia cac ti ndy lan luot 1a 27, 2™ — 2, ..., 4, 2 dung thi tu theo vi
tri A dang dung.

Panh s6 lai thanh 1,2,3, ...,2"" ! thi s6 tht tu ti dugc mé cudi la L,,_;.
Ma s6 thir t cit m ang véi s6 thir ty méi 1a 271 + 1 — % (c6 thé chimg

minh bang quy nap)

L
=L, =2""1+1 —7"
=>L,=2"+2-2L,4
>L,=2"+2-20Q" 1 +2-2L,_,)=4L,,_, — 2
Tinh duoc Ly = 1,L; = 2 tir d6 d& dang suy ra dugc cong thirc tong quat
cua Ly:

L, = %(zﬂnTHJ +2)

Cac dang toan dp dung day thudt toan lap lai nhu trén thuong su dung

phuwong phdp bdt bién, don bién dé xir Ii nén hudng di truy hoi khéng that

Nhén sw 16 rang tir dau. Nhung khi xét vai truong hop n nhé, ta cé thé thay L,
wot thay doi lién tuc véi quy ludt khé xdc dinh nén bdt bién va don bién rdt
khé xir I dwoc bai todn. Sau lan di dau con lai 2™ ti dang déng, con sé
goi cho ta vé truy hoi. Mot khi thir truy héi thi phan con lai khéng qud
kho, chi don gian la ki thudt xu i, tinh toan.




° Loi giai tham khdo va nhan xét -

)
Bai 15: Cho n nguyén duong. Dém s6 hoan vi (aq, ay, ... Ayp41) clia 2n +
1 s6 nguyén duong dau tién théa man dong thoi 2 tinh chat sau:

() a4, <a; +1VieT2n

(i) Co6dang 1 chisbi € 1,2n sao cho a; = i.
L ——— o~ S

Ta xu li trude gia thiét (i) cua dé bai:

Goi sy, 1a s6 hoan vi (ay, a, ... ay) cta n s6 nguyén duong dau tién thoa
minag; <a;+1 Vieln (i)

Giasragy =nthiag_; =2n—1=ax_; =n—1.

Lap luan tuong tu, b::ing quy nap ta chimg minh dugc la a; = n — k +1vdi
i=1k.

Céc sb con lai phia saula 1, 2, ..., n — k 1ap thanh mot hoan vi thoa (i) voi
n — k s6 nguyén duong dau tién nén c6 s,_y hoan vi nhu thé. (chu y khi
k = n thi ¢6 dang 1 hoan vi la (1, ..., n))

Lay tong ta duoc:

n-1

sn=Zsk+1

k=1
Ngodiratacods; = 1,s, = 2 nén khong kho dé tim ra duoc la s, = 2771,




° Loi giai tham khdo va nhan xét -

Trd lai bai toan, két hop véi (ii).

Gia str a; = i 1 s6 duy nhat thoa (ii).

Khi d6: aj;; <i+1maaj,, € {i,i+1}nénaj,; <i—1

Lap luan tuong tu, ta dugc tit ca 2n — i + 1sda, véik =i+ 1 déu cod
giatnn<i—1

=>2n —i+1 <i—1(do |tAp gia tri| > [tdp ngudn|) hayn <i—1
Mat khac, a;_; = a;—1=i—1maa;_; € {i,i—1}néna;_; =i+ 1
Chirng minh tuong ty ¢ trén, tadugoci—1< 2n — i +1hayn >i—1

Nhu vay: i = n+ 1. Khi d6 ¢6 (ay,a,,...a,) lahoan vicua (n + 2,n +
3,..,2n + 1) thdaman (i) va (ay42, ap43, - A2n41) cta (1, 2,...,n) thda
man (i).

Vay sb6 hoan vi can tim 1a:

Sp.Sp = 22172

1. Pdy la 1 bai todn khé, cé két hop nhiéu gid thiét dé gay
roi cho nguoi lam.

Nhan 2. Ta phdi xit i truée gia thiét (i) roi méi két hop (ii) dé
%ot lam bai todn ré rang va don gian hon. Y xit Ii (ii) ¢é thé
tim ra qua viéc thir vai truong hop nhé dé thay quy ludt.
Con vy xirli (i): s, = 2™t con c6 thé tinh truec tiép bang
nguyén li nhan.




Loi giai tham khdo va nhan xét -

Bai 16 (PTNK 2009): Cho s6 nguyén duong n. C6 bao nhiéu sé chia hét
cho 3, ¢6 n chit s6 va céc chit s6 déu thude {3; 4; 5; 6}.

e — —

Goi a,, bn,cn lan luot 14 s6 céac s6 ¢o n chit sb thoa dé chia 3 du 0,1, 2

=a, = 2,b; = 1,¢; = 1.

+) 1s6con - 1 chirséchia 3 du 0 thi c¢6 2 cach thém dé tao thanh 1 s6 co
n chir s6 chia 3 du 0 = C6 2a,,_, céch.

+) 1s6con - 1 chirséchia3 du 1 thicod 1 cach thém dé tao thanh 1 s6 co
n chit s6 chia 3 du 0 = C0 b,,_, cach.

+) 1s6con - 1 chirséchia3 du 2 thi cd 1 cach thém dé tao thanh 1 s6 co
n chit s6 chia 3 du 0 = C6 c,,_, cach.

= a, =2ay_1 +bp_1 +cp_1.

bp =2bp1 + -1+ an—

Chung minh tuong ty = {Cn =2¢h_1+ au_1+ byp_q

Ap — bp = ap_1— bpy Qn— bp=a1— b =1
=>4b,—c,=by_1—Cch1 8 bp—c,=b;—¢c1 =0
Chn = Apn = Cp—1 — QAp-1 Ch— Ap = ¢ — a; = —1
= a, = 4a,_1 - 2. Kéthop voi a; = 2 tacd cong thic tong quat:
4" 4+ 2
a,, = —
n ! 3
A AT +2 . X . ~ AN g ~ A A
Vay co sO chia hét cho 3, ¢0 n chir s6 va cac chir so thudc {3, 4, 5, 6}.

3
Do cac chir so dad cho trong bai nay khong co so 0 nén y
twong truy hoi kha tw nhién. Bai nay co thé co nhiéu cdch

Nhan khéc, nhung phwong phdp dém bang truy héi cé 1€ sé giip
xet truyén dat y tuong mot cach 16t nhat. Pdc biét, sau khi tinh
dioc a,, b, ¢, theo a, , b, 1, C.q, ta cé thé ldy biéu thirc
tinh a,, trir biéu thirc tinh b, va tuong tw dé dé dang tim ra

cong thire tong qudat cho a, hon.




° Loi giai tham khdo va nhan xét -

( Bai 17: Tim sb céc day n phan tir x,, %y, ..., xn vGi x, € {0; 1; 2} 520

cho s6 phan tir 1 trong mdi day d6 1a mot boi s6 cia 3.

Goi a,, by, ¢,, 1an luot 1a s6 cac ddy n phan tir thoa dé sao cho s6 phan tir 1
trong mdi diy d6 chia3 du 0,1,2=>a;, = 2,b; = 1,¢; = 0.
+) 1 ddy n - 1 phan ttr c6 s6 phan tir 1 chia 3 du 0 thi ¢6 2 cich thém dé
tao thanh ddy n phan tir ¢6 s6 phan tir 1 chia 3 du 0 = C6 2a,,_4 cach.
+) 1 ddy n - 1 phan ttr ¢6 s6 phan tir 1 chia 3 du 1 thi ¢6 0 cach thém dé
tao thanh ddy n phan tir ¢6 s phan tir 1 chia 3 du 0 = C6 0 céch.
+) 1 ddy n - 1 phan ttr c6 s6 phan tir 1 chia 3 du 2 thi ¢6 1 cach thém dé
tao thanh ddy n phan tir ¢6 sb phan tir 1 chia 3 du 0 = CO6 c¢,,_4Ccéch.
=>a, = 2ap-1 + Cp-1-

by = 2bp_1 + ap—
Cn = 2Cp-1 + bp—q

= a, =2ay_1+ by + 2¢_5

=2a,_1+2a,_1—4ay_, +ap_3+ 2b,_3

=4a, 1 —4ap_, +an_3+ 2c_3 —4cy_3

=4a,_1 —4a,_, +a,_3+2a,_1 —4a,_, —4a,_, + 8a,_3

=6a,_.1 —12a,,_, + 9a,,_3
a, = 2a, + ¢, = 4, a; = 2a, + b, + 2c; = 9;kéthop véia, = 2

, —2
ta c6 cong thirc tong quat: a, = 3™ ! + cos (%) X 2(\/§)n

Chung minh tuong ty = {

-2 \
Viay ¢63"1 + cos (=) x 2(v3)" day n phan tir thoa dé.




@ Loi giai tham khdo va nhan xét -

Bai 18 (AMO 2020): Mot miéng tetromino la mét hinh duogc tao boi 4
hinh vudng don vi lién canh. Vi mdi s6 nguyén dwong n, xét phong tam
c6 san co dang hinh chir nhat 2 X 2n. Goi T, 1a s6 cach 1at hoan chinh san
phong tam nay chi bang cic miéng tetromino. Chimg minh T, 14 s6 chinh
phuong vé1 moi n nguyén duong.

Ta xét cac mi€ng tetromino nhu sau:

(T tra1 sang phai lacacquanchte [, J, L, T, O, Z, S)

Trude hét, ta ching minh moi cach lat déu khong thé dung miéng dang S
hay Z.

Gia st nguoc lai. Lac nay ta xét miéng S hodc Z nam gan bén phai nhat
(giasulaZ, véi miéng S ¢6 thé 1ap luan tuong tu).

Luc ndy, phan con lai bén phai hinh chir nhat c6 kich thudc hai dong véi s6
6 con lai trén moi dong l1éch nhau 1 don vi, 1a s 18. Nhung phén con lai
phai dugc 1t boi cac miéng I, L, J, T va O. Ma nhitng miéng nay déu co
hiéu sb 6 giira 2 dong 14 s chin nén khong thé lat duoc.




° Loi giai tham khdo va nhan xét -

Bay gio ta dit thém diy U,, 1a sb cach lat cho hinh c6 dang sau (goi 1a hinh
X) ¢6 80 0 trén hai dong 1a 2n + 1 va 2n — 1 (va hinh do6i xtirng ctia nd)

Xét miéng lat & goc phai trén ciia bang 2 x 2n (d6):

=

+) Miéng chi I: Trong trudng hop nay 4 6 ngay dudi d6 cling phai 1a mot
miéng chir I. Bang con lai 1a 2 X 2(n — 2) nén s6 cach lat 1a T,,_,.

+) Miéng chir O: Bang con lai 1a 2 X (n — 1) nén sd cach lat 1a T,,_;.

+) Miéng chir L hoic J: Bang con lai c6 dang X (hodc ddi xtmg cta X). S6
cach 1at trong 2 truong hop nay 1a bang nhau va bang U,_;.

Tutrénsuyra: T, = Tp_1 + Ty + 2U,,_4. (%)

Xét miéng lat 6 con lai & goc phai cua hinh X (vang):

+) Miéng chix I: C6 U,,_4 cach.

+) Mot trong 2 miéng L hodc J: C6 T,,_, cach.

Tu trén suy ra: U,, = U,,_1 + Tj,_1.

Tir (+) ta ¢6: 2(U,, — Up_1) = Typoq — 2T, + Ty

Két hop lai ta c6: Typq — 2T, — 2Ty—1 + Ty—p = 0.

Taco: Ty = 1,T, = 4,T3 = 9, quy nap chimg minh dugc T,, = (F,,41)? v6i
E,1a s Fibonacci thit n. Do d9, ta c6 diéu phai ching minh.




Loi giai tham khdo va nhan xét -

Bai 19: T céc sb {0; 1; 2}co thé 1ap dugc bao nhiéu s6 tu nhién co n
chir so va chia hét cho 3?

e — —

Goi 4,,Bn,Cn lan luot 1a s6 s tu nhién c6 n chit sb l1ap dugc tur cac s6
{0; 1; 2} va khi chia cho 3 c6 s6 du theo tht ty lan luot 14 0; 1; 2.
Tién hanh tinh gia tri cua A,, ta phan hoach cac s6 tu nhién c6 n chit sb 1ap
tlr cac sb {0; 1; 2}, chia cho 3du 0 1am 3 loai :
+) Cac s6 tu nhién co tn cung la 0, khi d6 s6 tao boi n — 1 chit s con lai
phai chia hét cho 3, do d6 sb s6 ty nhién c6 tan cing 1A 014 4,,_.
+) Cac s6 tu nhién co tan cung la 1, khi d6 s6 tao boi n — 1 chit s con lai
phai chia cho 3 du 2, do d6 s s tu nhién c6 tan cung 1a 113 C,,_1.
+) Cac s6 tu nhién co tn cung la 2, khi d6 s6 tao boin — 1 chit s con lai
phai chia cho 3 du 1, do d6 s s6 tu nhién c6 tan cung 13 2 1 B,,_;.
Twr viéc phan hoach trén, ta thu duwoc: A, = A1 + Bp_1 +Ch_1,n = 2.
Hoan toan tuong tu, ta co:

B,=4,_1 +B,_1+C_{,n=2

Ch=Ap—1 + By 1+ (G ,n =22

> A,=B,=C,
Ma s6 s6 tu nhién c6 n chir s6 lap tr {0; 1; 2} 14 2.3 nén:

A, + B, +C, =23""1

Do vay, A, = 23" %, n > 2.
Convgin = 1, tacothé 1ap dugc 1 sb duy nhat 1a s6 0.

Voi nhitng bai ma so tw nhién co n chir so nhw vay, viéc tiép

Nhan can bang truy hoi givip ta tiép cdn bai todn dé dang hon.
wot Hudng xét nhiéu day truy hoéi trong nhiéu bai todn gitip
nguoi lam “giam ganh nang” thay vi tdp trung tim cong

thirc twong minh cho mét déy cé dinh.




° Loi giai tham khdo va nhan xét -

Bai 20: Xét mot phép bién do6i f sao vdi mot chudi nhi phan A, mdi chir s6
0 trong A bién thanh 10; mdi chit so 1 bién thanh 01. Vi du:
f(1001) = (01101001)

Tim sb cap chir sb 0 lién tiép trong £f™ ((1)) v6i fD(4) = f(4) va
fED@) = F(FOA).

| —

Pt A, = f™((1)), b, 1a s6 cap 00 trong A, ; ¢, 1a s6 cap 01 trong A,,. D&
thay chir s6 cudi cing trong A, ludn 12 1 nén b,, + c,, 12 s6 86 0 trong 4,
cling tire 1a 2™~ 1. Do cach duy nhét dé tao nén cap 00 lién tiép trong A la
trong A,_4 phai c6 cap 01 lién tiép, va mdi cap 01 lién tiép trong A,,_; Gng
v6i duy nhét 1 cap 00 lién tiép trong A, nén b, = c,,_;. Két hop véi bén
trén ta co:

b + bpyq =271

Mata co b; = 0 nén quy nap chiing minh dugc

b, _ =[2"" + (~1)"], ciing chinh la d4p sb bai toan.
Do cdch xdy dung day A, ciing nhw cach xudt hién cdp 00
lién tiép nén ta sé nghi ngay dén viéc sir dung truy hoi, va

day b, xudt hién rdt tw nhién. Néu ban doc khéng nghi

Nhan

xét duoc viéc xay dung va xu Iy day c,, thi ciing co thé ldp 4

day twong vng véi cdc cdp 00,01,10,11 vdn cé thé xir Iy

dwoc mac du co phan ton thoi gian hon.




° Loi giai tham khdo va nhan xét -

( Bai 21: Tim so day so nguyén a,, a,, ..., an sao cho cac so trong day déu

khong 16n hon 1 va ¥'¥_, a; khong 4m véi moi k chay tir 1 dén n.

e — —

Pit A(m, n) 1a s6 ddy thoa dé bai véi n phan tir va co tong cua chung 1a m.
Déthdyn < mvaA(n,n) = 1,4(0,0) = 1,4(0,1) = 1.
Ta c6 cong thirc truy hoi sau :
Ak,n)= Ak —1,n — D+ Alk,bn — D+--4+A(n — 1,n — 1)
Giai thich: Vi mdi diy c6 n phan tir c6 tong 1a k, xét a,,
Véia, , phanconlaicoA(k — 1,n — 1) ddy thoa.
Véia, = 0, phan con lai c6 A(k,n — 1) day thoa.
Lap lai v&i cac a,, am roi cong lai, ta co6 cong thirc trén.
Ta c6 thé viét lai cong thirc 1a A(m — 1,n) = A(m,n) + A(m —
2,n — 1).
Tir cong thic truy hoi ta ¢ thé tinh duoc
A(m,n) = C3_m — 2111:-—1m
Pap sb ta can tim chinh 1a

C cE,

. n
ZOA(l» n) =A0,n+1) = CHL — CHE = T+ 7
i=

Véi viéc tong thanh phan luén khéng dm thi ta cé thé nghi

Nhan dén viéc ldp day truy hoi, tuy nhién do phan tir cudi a,
A ' khong bi chan nén ta phai tao thém mot yéu to vé tong cua
e ddy nham co dinh a, lai. Cong thurc tong qudt nhu trén

dweoc goi y boi hé thirc: CRYY = mCRYY nhung ciing kha
kho tim.




° Loi giai tham khdo va nhan xét -

Bai 22 (West German Olympiad 1982): Tong cua tat ca cac udc duong
1¢ 16n nhat cta cac so nguyén duong 1, 2, 3, ..., 2™ la bao nhiéu (n € N)?

e — —

Goi a, 1a tong thoa man dé bai. Ta quan sat rang cac s m < 2" c6 thé viét
dudidangm = 2!(2k-1)(v6i0 <l < n-1val < k < 2170,
Ta thay rang wéc duong 1€ 16n nhat ctia 2™ chinh la 1 nén ta co:

n—12n"1-1
an=1+z z 2k — 1)
=0 k=1
= Voéimoin > 1,taco:
n—12n-1-1 n—12n-1-1 on—1
a, =1+z Z 2k — 1)=1+z Z 2k — 1) + Z(Zk _ 1
=0 k=1 =1 k=1 k=1

n—2 2""2-J

=1+ z 2 Ck — D+ @D =ap_1 +4"1
j=0 k=1

Két hop voi a, = 1, ta co:
I

"3

Viy tong ban dau thoéa man dé bai 1a

a ,Vvn = 0.

4M 4+ 2

1. Bai todn trén la hé qua cua viéc ta danh gia tat ca cac

Nhan woc d,u’O'ng le 10"1‘1 nhdt tir 1 dén 2™ sau dé ta bién déi
; dai s6 va truy hoi theo 4™ 1,

Ta khéng thé truy héi triee tiép bang viéc xét TH do ta
phdi xét thém 2" s6 m&i sinh ra va ta chwa biét hét cdu
triic woc 1é ciia tdt ca cdc s6 do.

xet 2




° Loi giai tham khdo va nhan xét -

Bai 23: C6 bao nhiéu s0 nguyén duong c6 n chir s6 théa man dong thoi:
1) Tat ca cac chir s6 cua n déu I¢.
i1) Hi€u cua 2 chir so lién tiép bang 2.

Goi 4,,Bn,Cn,Dn, En lan luot 1a sb sb nguyén duong c6 n chir sb thoa
man 2 diéu kién trén va c¢6 tan cung lan lugt 1a 1; 3; 5; 7; 9.
Theo di€u ki¢n 1i), ta s€ thu dugc cac dang thirc sau:

+) An = Bn—l +) Bn = An—l + Cn—l
+) Cn = Bn—l + Dn—l +) Dn = Cn—l + En—l

+) En = Dn—l i

Ta c6 nhan xét kha thu vi: Néu |a; - a;| = 2 thi

(10 —a)- (10—qa;))|=2 (¥

Dovay: A, = E,vaB, = D,.
Dodo: C,=B,_4+D,,_1 = A, + E, = 2A,, kéotheo C,,_; = 24,,_4,do
doé: B, = 34,,_1.
S6 80 tu nhién c6 n chit s6 thoa 2 yéu cau cia dé 1a:

A, +B,+C,+D,+E, =4A,+ 2B, = 44, + 64,4
V6i A, =B,,_1 =34,_,,n = 3.
Pong thoi: A, = 2, ta thu duoc:

A, = 2.3[
([x] 1a sO nguyén 16n nhat khong 16n hon x).
Do d6. s6 s6 tu nhién c6 n chit s6 thoa 2 yéu cau cua dé la:

=2

8371 + 63l 7]

: : ,n=3

Véin = 2, co6 8 sd thoa yéu cau dé bai.

Véin = 1, co 5 so thoa yéu cau dé bai.

Bdi todn trén van dwoc gidi quyét trén tinh than ciia truy

Nhan hoi nhieu ddy, tuy nhién, diém thii vi cua bai todn chinh la
A nhdn xet (*), trong nhiéu bai toan truy hoi, nén co nhitng

nhdn xét nhw vdy dé tranh bi nham lan khi gidi nhiéu day

cung ldc.

xet




Loi giai tham khdo va nhan xét -

Bai 24 (China MO 1989): C6 thé nao chia dugc 1989 diém thanh 30
nhom c6 ¢& cua cac nhom do khong bang nhau dé cho so céc tap hop gom
3 diém ma mdi diém duoc chon tir 3 nhém khac nhau 1a 16n nhat.

Gi4a stir cac ¢ cua 30 nhom la: a; < a, < a; < -+ < ag.

Ta s& goi nhom c6 ¢& a,, van tat 1a nhom k.

Gidstray < agyq — 3.

Khi d6 xét viéc thay a, boi ay4q VA ag4q boi ax4q — 1 ta van con duoc cac
nhom c6 ¢d khong bang nhau. SO tat ca cac bo ba ma khong cd phan tir nao
thudc nhom k hodc k + 1 thi khong bi anh hudng, chi c6 cac bg ba cd ding
mot phan tr thuéc nhom k hodc k + 1 bi. Nhung s6 cac bo ba c6 dung mot
phan tir thuéc nhom k va mdt phan tr thugc nhom k + 1 tang Ién, boi vi
Q- A1 < (ag + D(ag-1 — 1)

Nhu thé khoang trong 16n nhét 13 2.

Gia str ¢6 hai khoang tréng d6 dai 1a 2. Ta gia st a+1<ajq <ap<
Bay gio ta co thé thay a;va ay4q bdi ajpq + 1vaag,; — 1.

Lap luan giébng nhu trude s6 cac bd ba ciing ting 1én. Vay c6 nhiéu 1am 13
hai khoang trong do dai 2. Pi€u nay chi du cho ta xac dinh cac ¢d. Gia s
cac cO tao thanh mot day don gian co6 tat ca cac khoang trong bang 1. Néu

thanh phan dau tién 1a n thi thanh phan sau cing 1a n + 29 va tong 1a
30(2n + 29)
—




° Loi giai tham khdo va nhan xét -

Nhung tong nay khong thé bang 1989 vi 1989 khong 1a bdi cua 5.
Do d6 ta gia str cac ¢& tao thanh mot diy don gian c6 tat ca cac khoang
trong bang 1. ngoai trir mot thanh phan bi bo qua, dé c6 mot khoang tréng
bang 2. Néu thanh phan dau tién 1 v va thanh phan bi b qua 1a m thi ta
Co:

30(2n + 29)

2

Néun < 50thim < 2015 — 1989 = 26, s6 nay quéa nho vi ta phai cé m
gitanvan + 30.

Néun > 52thim > 2077 — 1989 = 88, s6 nay qua lon.
Vayn = 51vam = 57.
Suy ra cac co la: 51,52,56,58,59, 60, ... 81.

—m = 1989

Bai toan nay twong doi la va kho so voi cac bai truy hoi

trudc, chung ta danh gia vé khoang cach cua cac nhom.

Nhan Nhung ta thdy ban chdt bai todn la thay déi vai phan tie
xet nhwng cdc phéan tir con lai vdn giii tinh chdt ban ddu, dé

la ban chdt cua viéc truy hoi, xét riéng le vai phan twr va

dung cac ket qua truoc do deé xu li bai toan.




Loi giai tham khdo va nhan xét -

Bai 25: Tur cac s0 1, 2, 3,4, 5 ¢6 thé 1ap dugce bao nhiéu s6 tu nhién c6 n
chit s6 sao cho trong mo1 s6 d6 déu chira mot so 1€ cac chir s6 1 va mot s6
chan cac chir s6 2 (n la mdt s6 nguyén duong cho trudce).

V&i mdi s6 nguyén duong n, ki hiéu M, 14 tap tat ca cac s6 tu nhién co6 n
chir s6 duoge 1ap tir cac s61,2,3,4,5, va A,; Bn; Cn; D, 1atap céac s6 tu
nhién cd n chir s6 dugc 1ap tir cac s6 1,2, 3,4, 5 theo tir tyr chira mot s6 18
cac chit s6 1 va chin céc chir sb 2, chira mot s6 16 cac chit sb 1 va 1é cac
chir s6 2, chira mét sd chin cac chit s6 1 va chén cac chit s6 2, chira mot sb
chén cac chir s6 1 va 1é cac chir s6 2.

Dé thay A_; Bn; Cn; D, d6i mot roi nhau; M,, = A, UB, UC, UD,,.
|[Mn| = |An| + |Bn| + |Cn| + |Dn| = 5" va |An| = |Dn|.

Lay mot phan tir cia My, ,,, bo di phan tir cudi ta dwoc mot phan tir cia M,
nguoc lai ta xét cach thém 1 6 vao M e

Néu day 14 A, thi ¢6 3 (3, 4, 5) cach thém vao chit s6 cudi dé tao ra mot
phan tir cia A, 4.

Néu day 1a B, thico 1 (2) cach thém vao chit sO cudi dé tao ra mot phan tir

cua Ayqq-
Neéu day 1a C,, thi c6 1 (1) cach thém vao chir sO cuoi dé tao ra mot phan tu
cua Apqq-

Néu day 1a D, thi c6 khong c6 cach thém vao chix s6 cudi dé tao ra mot
phan tir cia A, 4 4.

Vay |Ap41| = 3|An| + |Bn| + |Cn| = 2|An| + |Bn| + |Cn| + |Dn| =
|An| + 5

Mal|4, =1
A 5" -1
Nén|An| = :
Nhan Bdi todn chi & tam trung, khéng mdy khé khan khi tim ra
. day truy hoi nhung mau chot bai toan la nhan ra |An| =
|Dn|.

xet
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