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Pinh Iy Fermat nhoé*

Cho s6 nguyén t6 p. Khi d6, voi moi s6 nguyén duong a sao
cho (a,p) = 1thi
aP~1 =1 (mod p)

Ham phi (@) Euler

Ham phi Euler ctia s6 nguyén duong n 13 s6 cac s nguyén
duong m khong vuot qua n sao cho (m,n) = 1.

Cac tinh chat:
Néu p 1a s6 nguyén t6 thi @ (p) = p — 1.

Néu p 1a s6 nguyén t6 thi ¢(p*) = p*~1(p — 1)
Néun = p;t.py? ..pp* thi

L e

Néu (a, b) = 1 thi ¢(ab) = @(a).p(b) (Ham phi Euler 12 mot
ham nhan tinh)

Pinh Iy Euler®
Néu (a,m) = 1 thi a®™ = 1 (mod m).
Pinh Iy Wilson™

S6 nguyén duong p 1a s6 nguyén to
© (p—1)=-1(modp)

<

*Chitng minh trong phan tiép theo!
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Hé thdng du day 80U mod n

Tap hop cac s6 nguyén A= {ay; a,; ...; a,} dugc goi 1a hé thing du
day di mod n khi va chi khi hai s6 bat ki trong tap hop khong
ddéng du nhau theo mod n, hay tap s6 du r; cua a; khi chia cho n
trung voi tap {0; 1;...; n- 1}.

Nh&n xét:

v Néu A = {aq; a,; ...; a,} 1a mot hé thing du diy di mod n thi véi
moi sO nguyén m thi ton tai duy nhat a; € A d€ a; = m (mod n).

v V&imoi sb nguyén a, k thoa (k,n) = 1thi A" = {a + ka,,a +
ka,, ...,a + ka,} cing 1a mot hé thang du day dt mod n. Trong cac
bai toan v€ hé thang du, ta thuong sir dung tinh chat nay dé phat
hién/xay dung mét hé thang du day du.

Chirng minh:

Gidsirtontaii # jthéal <i,j<nvaa+ka; =a+
ka; (mod n). Khi d6 ta c6 ka; = ka; (modn) & a; =
a; (mod n) (Vi (k,n) = 1) v0 ly do a; # a; (mod n)).

Ma A’ c6 n phan tir nén A’ 1a mot hé thing du day du mod n.




Hé thang du thu gon mod n
Tap hop B = {by, by, ..., by} dugc goi la mot hé thang du thu

gon mod n khi va chi khi (b;,n) =1, i = 1, @(n) va hai phan ti
bat ki trong tap hop khong dong du nhau theo mod n.

Nhan xét:

v NéuB = {bl; b,; ...; b(p(n)} la mot hé thang du thu gon mod n va c la
sb nguyén sao cho (c,n) = 1thitap B’ = {Cbl; chy; ...; Cb(p(n)} cling la
mot hé thang du thu gon mod n.

Churng minh:

Gia st ton tai { # j thoa 1 < i,j < @(n) théa cb; = cbj(mod n).

Khi d6 ta cé b; = bj (mod n) (vi (¢c,n) = 1) (v0 ly do b; #

b; (mod n)).

Ma B’ ¢6 @(n) phan tir = B’ 1a mot hé thiang du thu gon mod n.
v' Cho s6 nguyén duong n. Tap hop {1; 2; ...; n — 1} 1a mot hé thing du
thu gon mod n khi va chi khi n 1 s6 nguyén t6 hoac n = 1.

Chirng minh:

Khi n = 1, bai toan hién nhién.

Xétn > 2.

+) Néu n 1a s6 nguyén t6 thi véimoi i = 1,n — 1, tacé: (i,n) = 1.

= Tap hop {1,2, ...,n — 1} 1a mot hé thang du thu gon mod n.

+) Néu tap {1,2, ...,n — 1} 1a mot hé thang du thu gon mod n.

= n khong chia hét cho bat ctr s6 nao khac 1 nhé hon noé.

= n 1a s6 nguyén to.
v Bl =¢pn)

> . <
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B6 dé 1

Cho hai s6 nguyén duong a, n thoa man (a,n) = 1. Khi do, ton tai
duy nhat s0 nguyén k theo mod n sao cho ak = 1.

Chung minh:

Goi S = {ay; ay; ...; a;} 1a mot hé thang du thu gon mod n.

= Tap hop {aa;; aa,; ...; aa;} cling 1a mot hé thang du thu gon
mod n

Do d6, ton tai s6 nguyén i sao cho aa; = 1 (mod n).

Tir y tuéng trén, ta cé thé chirng minh dwoc cdc dinh
[y 0 muc I bao gom dinh ly Wilson, dinh [y Fermat
nho va dinh ly Euler (chitng minh o trang sau,).

BO dé 2
Cho hai s6 nguyén duong a, b; (a,n) = (b,n) = 1 théa man
a™ = b™ (modn)

a! = b! (mod n)

Bo dé nay la mot két qua co ban cua phan cdp cua mot so nén xin
phép chi dé cdp den day va khong chirng minh.

> <

A

= qmbD = pMmD (mod n)




Ching mibh cac dinh Iy
Pinh Iy Wilson

= Chiéu dao:

Néu (p — 1)! = —1 (mmod p) thi hién nhién ta c6 p 1a sé nguyén t6
% Chiéu thuan: Ta chi xét p > 5.

Vi mdi s6 nguyén duong k < p — 1, ton tai duy nhat sé nguyén
duong | < p — [ sao cho kl = 1 (mod p).

Honnita,néuk # 1vak #p—1thik # L

Nghla la cac s 2,3,. ., p—2co thé chia thanh céc cap ro1 nhau, tich
ctia mdi cip déu dong du 1 mod p

Vay, (p—D!=1.(p—1).12 = —1 (mod p).

Pinh I Fermat nho

Xét tap hop {a; 2a; ...; (p — 1)a} 1la mot hé thang du thu gon mod p do
(a,p) = 1.Vi{1;2;...;p — 1} ciing 1a m6t hé thang du thu gon nén
a.(2a)..(p—1a=12..(p — 1) (mod p)
Hay ta cé
aP~1 =1 (mod p)

Pinh Iy Euler

Xét tap hop S = {ay; ay; ...; ax} 1a mot hé thing du thu gon nhé nhat mod
n (nghia 13 cac phan tir trong hé thing du d6 déu bé hon hoic bang n).
Khi do6, {aa;; aa,; ...; aa,} cling 1a mot hé thang du thu gon mod n.
= a?™ q,.a,...a; = ay.a, ...a, (Mmod n)
= a®™ =1 (mod n)

> .. <




Ghi chU 1: pé xut 1y cac bai toan chia hét, ta c6 thé 1im xuét hién hé
thing du day du mod n. Khi d6, néu 4 = {a, ay, ..., @} 1a mot h¢ thing
du day di mod n thi:
L a ta+-+a, = 0+1+---+nEn(n2_1) (mod n)
7. Acomot phﬁ’n tur chig hét cho n (c6 thé sir dung khi can chimg minh
ton tai mot so chia hét cho n).

® 6 o 0 o

Vi du 1: Tim tat ca sé nguyén duong n dé ton tai hai hé thang du day du
theo mod n la (a,, a,, ..., a,) va (by, by, ..., by) sao cho (a, + by, a, +

b,, ...,a, + by) ciing l1a h¢ thang du day du.

Vi du 2 (Poland 2010): Cho p 1a s6 nguyén t6 1¢ c6 dang 3k + 2. Ching
minh rang:

p-1
H(k2 +k+1)=30modp) (%)
k=1

Vidu 1: Do (a,, a,, ..., a,), (by, by, ...,by) va (a; + by, a, + by, ..., ay +
b,) 1a hé thang du day di mod n nén;

n n n n n ( 1)
nn —
ZaiEZbiEZai+biEZiEZZiEn(’n—1)ET
i=1 i=1 i=1 i=1 i=1
= 0 (mod n)
Suy ra 2yt 1a n — 1 chia hét cho 2 va n Ié.

2
Vi n 18, ta xét hai bo hé thang du day da mod n 1a (1, 2, ..., n).

Khi do, b6 (1 41,2 + 2, ...,n + n) cling 1a mot hé thing du day di mod
n.
Vay n 1é thoa y.éu cau bai toan.

A o
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Vidu 2:
Str dung dinh 1y Wilson ta c6 :
(p— 1! = —1 (mod p) (#)
Ta chirng minh {23 — 1;3%3 — 1; ...; p3 — 1} 1a hé thiang du rit gon
mod p (v6i p ¢6 dang 3k + 2)
Nhan thay hé trén c¢6 p — 1 phan tir, vi viy néu hai phan tir bat ky
khong dé)ng du nhau theo mod p thi day 1a mot h¢ thang du thu gon
mod p.
Gia str ton tai x, y nguyén duong phan biét trong {1; 2; ...; p — 1} thoa
man :

x*=y>(modp) (1)
St dung bd dé 2 két hop véi xP~1 = yP~1 (mod p) va (p-1,3) =
1= x =y (mod p).
Ma x, y thudc {1,2, ...,p — 1} = x-y = 0 (vd ly). Vay diéu gia st
Sal.
Nhéan () va (#) v6i nhau ta chirmg minh:

p—1
3(p — 1).1_[(k3 ~ 1) = —3(mod p)
k=2

Dop—1=p3—1(modp)
Pong nghia :

VT = 3(p—1)! = -3 (mod p)
Nhu vay (*) dung.




Bai tap VD1.

Bai 1: Tim s6 nguyén duong n sao cho ton tai 3 hé thing du day du
modnlaA,B,CthéaAd+B, B+C, C+A, A+ B+ C déulacéc
hé thang du day da mod n, trong 46 X = {x1, x5 ..., x,},Y =

oz oyt X 1Y = {x1 + y1, %2 + Y2, 00, X0 + Y}

Bai 2: Chtrng minh rang {1",2",3",...,(p — 1)"} la mdt hé thang
du thu gon mod 4 voi(n,p — 1) = 1 va p 1a s6 nguyén to.

Bai 3: Cho p 14 s6 nguyén t6 1¢é. Chu’ng minh:

-1
12 (p—1) = (-1) 5 (pT> | (mod p)
Bai 4: Cho p 1a mot s6 nguyén tb l¢. Xet da thue P(x) =
(p — 1)xP — x — 1. Chtrng minh rang t6n tai vo s6 s6 nguyén a sao
cho p?P | P(a).

Bai 5: Cho p 1a s6 nguyén té dang 3k + 2. Xét ham s6
2p -1 p+1
f(x)=3x 3 +3x 3 +x+1

Ki hiéu f;(x) = f(f(...(x) ...) (i lan f). Ching minh (1 +

[, £i(0)) i p , S

Bai 6: Cho s0 nguyén to p 1¢, ta goi 1 b gom p so (ay,az,...,ap)
12 mot bo tot néu thoa man ca ba diéu kién sau:

i. 0<a<p—-1Vvie{l2,..,p—1}

ii. ptYi,a

iii. p|Y,af

bém tat ca so bo tot theo p.

R
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Ghi chu 2: pétinn tong trong mot s6 bai toan SO hoc, ta thudng
lam xuat hién hé thang du diy da mod n (khéng 4m nho nhat). Khi do, cac
s0 hang trong h¢ thang du d6 1a mét hoadn vi cia {0; 1; ...;n — 1}.

® 6 o 0 o

Vi du 3: Tinh tong sau:

e

batd =(m,n), m=pd,n=qd = (p,q) = 1.
Lic nay

i=0 j=1

al | q] q .
- S ([m]) qdd—-1
2
Vei T =X1_,([pj/q))

i=0 j
d -1 d-1
Nhdn xét: V01 (p,q) = 1thi {pj; j €{1,2,...,q}}1a h¢ thang du day du

d-1 q

. N4

PIDXUCEDLD
q
0
q pj
= (i + —D = qi +
i=0 j—1 L4 i=0

mod g, do d6 tap hop cac s 1a phan 1é cta cac sd % trung voi tap
1 2
{E 25 o}.

q- 11 _ plg+1) g-1
ot ? ) ? ) ( 2) i
__qd(d-1 dp(q+1 d(q—-1 _ . m _
Vay § = 5 + 5 x .Thayd = (m,n),p s q=
n 14 /4 ’(
o ta co dap so.

Nhdn xét: Bai todn goc (tinh S) la mé réng cho bai todn phu (tinh T) Khi
khong co gia thiet (m,n) = 1. Dé co thé sw dung tinh chat cua hé thang du
ddy du (thudn tién cho viéc tinh tong) thi ta dat them d = (m,n) dé dua vé
| bai toan tinh T.n‘r do co cdc budc nhu trén.
. |
A ¢ 2
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Bai t&p VD2.

Bai 1: Cho m, n nguyén duong sao cho (m,n) = 1 va m chan. Tinh

téng sau:
n-1
mk| (mk
_ Z(_Dm,{_}
n
k=1

Bai 2: Choa € R, k,n € N* thoa (k,n) = 1. Gia sir | x| 1a s6 nguyén
16n nhat nho hon x. Chimg minh rang:

(n — Dk
la] + [a + ‘ \a+—+---+\a+7‘
o+ =D =D

Bai t&p tdng hap.

Bai 1: Tim s6 du ctia phép chia T = [[37,(1 + x + x%2 + x3 + x%)
khi chia cho 37.

Bai 2: Cho da thitc P(x) hé s6 nguyén thoéa P(x;), P(x,), ..., P(x,)
khong chia hét cho n v6in € N* va {x4, x5, ..., X, } 13 hé thing du day
du mod n. Khi d6 P(x) c6 nghiem nguyén khong?

Bai 3: Xétn = 20192020 so nguyen duong phan blet va S latap hop
tat ca cc tong cua tu’ng cap hai so trong ching. Hé1 s6 du cua cac sb

trong S khi chia cho 24— . ) ¢6 thé doi mot phan biét nhau hay khong?

Bai 4: Cho diy s6 (u,) cOuy, = a (a € N*), u, = u,_; + uH voin €
k

N*, k € N* la hang s6. Gia sur ton tai x € N* thod U, Uy 41, o) Uy k

chia k% + k + 1 c¢6 cung s6 du va k? + k + 1 1a s6 nguyén t0, ching
minh c6 vO 50 50 x € N* thod Uy, Uyyq, v, Uyt Chia k? + k + 1 ¢O

cung sb du. (|a]: phan nguyén cua a).

e o o 15
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R 2
Bai EGp tong hgp (tE).
Bai 5: Chon € N*. Ton tai hoan vi {a;a5;..;a,}cua{l; 2;..; n}
sao cho {a; + 1; a, + 2; ...; a,+n} 1a hé thang du d?ly da mod n.
Chtng minh rang n 1¢.
Bai 6: Cho 2 hé thang du day du theo mod n: A = {a; a,; ..;a,} va
B = {by; b, ; ...; b,}. Chiing minh rang néu n chin thi tap € = {a, +
by;a,+ by; ...; a, + by} khong 1a hé thang du day di mod n.
Bai 7 (IMO 2005): Cho 1 day cac sb nguyén a4, a,, ..., a, thoéa man 2
diéu kién:
a) {aq,a,, .. an} 1a 1 hé thang du déy dimod nvéin = 1.
b) C6 v6 86 s6 hang du’O’ng va vo sO so han 4m xut hién trong day.
Chtng minh rang mdi s6 nguyen Xuét hlen dung 1 1an trong day.
Bai 8 (Balkan 1999): Cho s6 nguyén té p > 2 thod p chia 3 du 2
Ching minh tap hop A = (y2-x3-1|x,y € Z ,x <p,y < p} co nhleu
nhat p- 1 phan tir chia hét cho p.
Bai 9: Cho da thie P(x) = x3 — 11x% — 87x + m. Chting minh rang
v6i moi s6 nguyén m, ton tai s6 nguyén n sao cho P(n) chia hét cho
191.

AL : < . X R a’ +b? +c?
Bal 10: Goi a, b, ¢ 1a cac s6 nguyén duong sao cho ——
ab + bc + ca

nguyén. Chimg minh s6 nay khong bao gid 13 boi cia 3.
Bai 11: Cho sO nguyén to p > 3 vam,n la 2 s0 nguyén t0 cung nhau

la1sd

thoa man — = Zp ! 11 Chimg minh rang m chia hét cho p.

Bai 12: Cho s6 nguyén t6 p > 3. Chtrng minh rang s6 du cua phép chia
P_1(i? + 1) cho p chi co thé 1 0 hodc 4.

<
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Bai 1: Tim s nguyén duong n sao cho ton tai 3 hé thing du day du mod n

laA,B,CthéaA+ B, B+C, C+ A, A+ B+ C du la cac hé thing du

day dtt mod n, trong d6 X = {x1, X5 ..., X, 1, Y = {¥1, V5 .,V }thi X +Y =

{x1 + ¥, %2 + Yo, e, X + Y0} N

DétA = {al, a,, ...,an}, B = {bll bz, ...,bn}, C = {Cl, Co, ...,Cn}, S =

n(n+1)

K_hl do: do 4,4 + B 1a cac h¢ thang du day di mod n nén:

Z(al+b)_2al Zl—s(modn)

:»szz(ai+bi) = 2s (mod n)
i=1
nn+1)
SnN=s=——m=21tn

2
Pitp = "("“)6(2"“) S i2,doA,B,C,A+B, B+C, C+A, A+

B + C déu la cac hé thang du day du mod n nén ta co:
n

4p = Z[(ai + b; + ¢)? + a? + b? + 7]

i=1
n

= ) [(a; + b)* + (b; + ¢)* + (a; + ¢)*] = 3p (mod n)
i=1

nn+1)2n+ 1)
>n|p= =3 {n

6
Vay (n,6) = 1.
Vé6i (n,6) = 1:taxét A = B = C = {1,2, ..., n} thoa yéu cAu bai toan.

> <
A oo




\

v

| Bai 2: Ching minh ring {17, 2%,3", .., (p — 1)"} 1a mét hé thing dur thu
gonmod p véi (n,p — 1) = 1 va p la sO nguyén t0.

———

Pé ching minh yéu cau bai todn, ta chi can ching minh:
Véihaisdi,jbatki (i #jvai,j€{1,2,...,p—1}) thii® # j™ (mod p)
Gia st ton tai i,j € {1,2,...,p — 1} vai # j sao cho i"™ = j™ (mod p) (1)
Do p 14 s6 nguyén t6 va j # 0 nén ton tai k sao cho jk = 1 (mod p)
Nhan k™ vao 2 vé cua (1) ta dugc (ik)"= 1 (mod p)
Do i # j (mod p) nén ik % jk (mod p)
Suy raik # 1 (mod p) (2)

(ik)*= 1 (mod p)
(ik)?~1= 1 (mod p)
Suy ra (ik)™P~V= 1 (mod p)
Ma (n,p — 1) = 1 nén ik = 1 (mod p) (mau thuan véi (2))
Nén ta ¢ diéu gia sir 12 sai.
Vay voihais6i,jbatki (i #jvai,j€{1,2,....p —1}) thii® %
Jj" (mod p)

NOi cach khac, {1™,2™,3",..., (p — 1)™} 1a mot hé thing du thu gon
modulo p.

Ma ta co

p <
A

29
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Bai 3: Cho p 14 s6 nguyén t6 1¢é. Chl’J:ng minh:
-1
12 . (p—1) = (-1) @ <p _ ) (mod p)

——

— L

>

Ta co

( (p—1D!'=(p-1)=-1(modp)
Up-2)=-@-D@-2)!=CD'(p-1D! = (-1)* (mod p)

20p=3)'=[-p—-DI--Dlp-3)' = (-1)*( - 1! = (-1)* (modp)

| () )

= 11.21..(p—1)!
_3 1 1
=(p—1)![1!(p—2)!][2!(p—3)!]...[<p2 >!(”J2r )!](pT)!
p—1\(p—

_ DR +1) /o
= (DL (-D2%.. (- 1) 2 .<pz—1>!z —1)( : )(2 ).(pz—l>!

p’-1 (p—1
=(-1) 8 (T)' (mod p)

Nhin xét: Pdy la mét vi du dién hinh cho viéc sir dung phwong phap nhém
cdc nhdn tu de lay dong du va ket hop voi dinh ly Wilson.

zo0

A




Bai 4: Chop la mot s6 nguyén to 1¢. Xét da thue P(x) =(p-1xP—x—

1. Chtrng minh rang ton tai vo s6 s6 nguyén a sao cho p? | P(a).

— _— - -

batA = {P(1),P(2), ..., P(pP)}.
Ta chirmg minh A 12 mot hé thang du day da mod pP.
Gia st ton tai 2 s6 nguyén duong phan biét a, b € 1, pP sao cho
p? | P(a) — P(b)
= p? | [(p — Da? —a—1] = [(p— DbP — b — 1]
=pP | (p—1D(@ -bP) — (a—b) (*)
MaaP =a, bPP=b(modp)nénp|(p—1—1)(a—b) =>pla—>b

= a'b?P~17t = qP~1 (mod p) véimoii € 0,p — 1
= (@P '+ aP?b+ -+ bP"1) =paP~! = 0(mod p) (*x)
Ma tir () ta co:
pP | (@ =D)[(—- D@ +aP?b+ -+ bP7H) —1]
Réranga,b € 1,pP maa #bnénp? ta—>b
=>pl|[p—-D@t+aP?b+--+bP71)—1]
Diéu nay vo 1y do (x%).

Vay A 12 mot hé thing du day du mod p? nén t6n tai s6 nguyén a sao cho
pP | P(a), chon x = a (mod pP) thi p? | P(x). Vay c6 v sb sb x thoa.

> .. <
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Bai 5: Cho p 1a s6 nguyén t6 dang 3k + 2. Xét ham s6
2p -1 p+1

f(x)=3x 3 +3x 3 +x+1
Ki hiéu f;(x) = f(f(...(x) ...) (i1an ). Ching minh (1 + Hf;llfi(O)) i p

——

e ——

Choae Z. Taco:

f@@®) =3a??"1+3aP" 1 +a®+1=3a+3a?>+a3>+1

= (a + 1)3 (mod p)
(do a??~1 =qaP.aP"! = a (mod p); aP?*! = a? (mod p) (dinh Iy nho
Fermat)

= £(0) = 13 (mod p) ; f(f(0)) = f(1®) = 23 (mod p);
£ (F(£()) = £(2%) = 33 (mod p); .. €
Xét hé thing du {13;23; ...;(p — 1)3} (c6 p — 1 phan tir)

Tur bo @&, ta suy ra hé thang du {13 ;23 ; ...; (p — 1)3} 12 hé thang du thu
gon mod p.

(D) = {f(0); f2(0) ; ...; fp—1(0)} 12 h¢ thdng du thu gon mod p
= (1+I17Z] £:(0)) i p (dinh ly Wilson)

2z




Bai 6: Cho s6 nguyén to p 1¢, ta goi 1 b gom p s6 (ay,ay, ..., ap) 1a mot
b0 t6t néu théa man ca ba diéu kién sau:

i. 0<a<p—-1Vvie{l2,..,p—1}

ii. ptYia

iii. p| X, af

Dbém tat ca s6 bg tot theo p.

B e

Trudce hét, ta goi S 1a tap hop cac bd B = (by, by, ..., by) sa0 cho p +
Z?zl b;, ta dém sb bo cua S.

Ta thdy mdi s tir b, dén b,—1 ¢6 dung p cach chon va ta can chon s b,
sao cho b, * - Zfz_ll b; (mod p), dé thay c6 dung p — 1 cach chon b,
thoa man di€u kién trén.

Vay c6 diing pP~1(p — 1) cach chon cac b B thoa diéu kién (i) va (ii)
hay |S| = pP~'(p — 1)

V&imdi bo B, ta dinh nghia Sg = {By, B, B3, ..., By} 1a 1 16p tuong duong

cua B.
Véi Bi = (bil’biz""’bip) tI'OIlg do bi]. = b] - b1 +1 (mod p) (l,] €
{12..,p})

Taco Z?zl b, = Y _ b+ pi — pby 0 (mod p).

Vay ta dé thay By, B,, Bs,...,B, € S

Ta c6 phan tir dau tién cia B; 13 i nén cac bo nay la cac bo phan biét
Pé y thiy B = By, nén B ciing s€ thudc Sp

Bay gid ta chimg minh 2 diéu:

1. MBOi phan tir cua S thudc dung 1 16p twong duong.

2. Trong mdi 16p tuong duong c6 ding 1 phan tir théa man (iii).

> . <
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Q Chitng minh diéu I:

Giastr A € S¢, Sp, (C # D) ta chimg minh S, = Sp,.
a; =c; —cy + k (mod p)
a; =d; —dq +q (mod p)
(trong d6 A = (al,az, ...,ap), C = (cl,cz, ...,cp),D = (dl,dz, ...,dp))
Khong mat tinh téng quat, ta gia sit g > k

Tén tai k, g 530 cho { véimoii € {1,2,...p}

Vay ta co
ci—ci+k=d;—dy+q(modp) voimoii € {1,2,...p}

S =di—dy+(q—k+cq) (mod p)
Vay C sé& 1 phan tir tht ¢ — k + ¢ cta Sp, vdy nén moi phan tir ciia S s&
thudc Sp, ma
|Sc| = |Sp| =ptrdotaco S, = Sp.
Q Chirng minh diéu 2:
V6imdi B; € Sg, taditn; =i — by, khidotaco B; = (by +n;, b, +
Niy ..., by + 1)
Taditk =Y b;,q = X" b}
Taco (by + n;)?+(by + n)%+...+(by + n))?=q + 2n.k +p.nf = q +
2n;. k (mod p)
Do {1,2,...,p} mot hé thing du day ¢a mod p nén ta co {1—-0by,2—
bi,...,p — b1} = {ny,ny,...,ny} cing la mot hé day du mod p.
Laic62k =2Y"_, b; # 0 (mod p)nén (2k,p) = 1 vy
{2kny, 2kn,, ..., 2kn,} cling 1a mot hé thang du day du mod p.
Khi Qé ton tai duy ’nhét 1 s6 trong cac s trong tap trén c¢6 s6 du la p - q,
hay ton tai duy nhat x sao cho

(b1 + ny)*+(by + ny)*+... +(by + ny)?= 0 (mod p)

Vay trong mdi 16p tuong duong c6 duy nhat 1 bo sé thoa yéu cau bai toan.

‘ <
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= Tu 2 diéu vura chirng minh, két hop vo1 viée tap S 1a hop cua tat ca cac
16p twong duong, ta co s6 bd s6 thoa man yéu cau bai toan la

pP~t(p—-1)
p

=pP2(p—1)

Nhdin xét:

«  Bai toan tuy khong co kj thudt Qua ndng nhung lai Yéu cdu sw tuw duy &
mirc do Cao, viéc dat ra dinh nghia cho tdp S va cac lop twong duong la
rat sang tao, doi hoi nhiéu sy nhay bén va kinh nghiém.

« Trong bai toan trén, ta da gian tiép chirng minh mét bé dé kha quan
trong va dwoc su dung nhiéu: cho a,n la 2 so nguyén duwong sao cho
(a,n) = 1 thi tén tai duy rnhat b (mod n) sao cho ab = 1 (imod n).

Dai tap Wi e 3

Bai 1: Cho m, n nguyén duong sao cho (m,n) = 1 va m chén. Tinh tong

' Sl

B e,

n n
RO rang A = {mk | k € 0,n — 1} 1a hé thing du diy du mod n. (do
(m,n) =1)

T R mk S k
>{ S keTn-1}={{—tlkeTn-1(={-|keLn-1
n n n

Ma2|m,2 tnnén r =mk—n.|%| = =

Tj(moolz)
Vay:
Z< 1)lmkl{ } Z( 1y, Z( el = T
p
® o o

biatr, = mk —n. —Jvmmmkeln—l :{mk} = [k

z5
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Bai 2: Choa € R, k,n € N* thoa (k,n) = 1. Gia st |x] 13 s0 nguyén 16n
nhat nho hon x. Ching minh rang:

k 2k (n — Dk
[aj+\a+ E‘+{a+—‘+---+{a+—‘

n n
n— 1k -1
a5 0 DG = D
2
Ta ki hiéu {x} = X— |x]. Goi b = {a}, ta co:

_ k(n k 2k (n-1k
VT = na + {a}—{a+g}—{a+7‘}—...—{a+ - }
Ma {0; k; Zk ; (n- 1)k} 1a hé thang du day da mod n (Do
gcd(k;n)zl)
= VT

k(n — 1 1 2 —1
=na+u—{b}—{b+—}—{b+—}—---—{b+(n )}
2 n n
k(n — 1) n—1
=na+———-nb—— +[bJ+{b+‘ {b+‘

+{b+ u‘
n

Trong nira khoang [0 ; nb) ¢6 [nb| sd dangnb —y (y € N*,y < n)
= Trong nira khoang [n; nb + n) c6 |nb|sé dangnb +n —y

= Trong nira khoang [1; b + 1) ¢ |nb| s6 dang b + nn;y

Ma b :{a}:>0 < b < 1=Trongnsd |b], lb+ 1J lb+ EJ

lb + )J ¢ |nb] sb co gia tri bang 1, n — |nb] s c6 gia tri bang 0.

=>[bj+[b+;] [b+;]+---+[b+("n1)] = |nb].
(k= 1)(n - 1)

= VT = na-nb +

(k- 1)(n-1)
2 3\

. (diéu phai chiing minh)

A e o o 2

+ |nb] = na — {nb} +

(k—l)z(n—l) _ [naJ n n-D(k-1) _
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=na — {na} +




Y bai t Teng kv

Bai 1: Tim s6 du ciia phép chia T = [[3Z,(1 + x + x% + x3 + x*) khi
chia cho 37.

——

g

Ta chtrng minh: néu a® = b5 (mod 37) thi a = b (mod 37).
Theo dinh 1i Fermat nho thi a3¢ = b3® (mod 37) .
Ma a® = b®> (mod 37) = a3 = b3 (mod 37) vay a = b (mod 37).

Do d6, cac so trong tap {25- 1,3%- 1, ..., — 1} 1a hé thu gon mod 37.

Ap dung Wilson:

37
r (x> —1) = —1 (mod 37)

Lx=2

37 1 37
@1_[ (x—l).—[ (1+x+x%+x3 +x*) = —1 (mod 37)
x=2 4

x=2
Ma ciing theo wilson thi

37
1—[ (x —1) = —1 (mod 37)

xX=2

37
1_[ 1+x+x2+x3 +x*) = 1 (mod 37)

x=2

Nhan thém biéu thuc khi x=1 vao0, ta c6 T=5 (mod 37).

Nhdn xét: Danh gia ddu bai con cé thé phdt biéu dudi dang téng quat :
Cho p la s6 nguyén té c6 dang m.k +2. Khi dé a™ = b™ (mod p) thi a =
b (mod p). Cdch chitrng minh két qud nday hoan toan twong ti.

> . <
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Bai 2: Cho da thirc P(x) hé s6 nguyén thoa P(x;), P(x3), ..., P(x,)
khong chia hét cho n véin € N* va {x4, x5, ..., x,} 1a hé thang du day du
mod n. Khi d6 P(x) c¢6 nghiém nguyén khong?

——

Gia sir P(x) c6 nghiém nguyén (goi la a € Z)
Theo dinh Iy Bézout, khi d6 P(x) = (x — a).Q(x)

Mit khéc, vi {x1, X5, ..., X, } 13 hé thing du day du mod n nén 3i thoa x; =
a(modn) (1<i<n)

= P(x;) in (VO lydo P(x;), P(x3),..., P(x,) khong chia hét cho n véi
n € N¥)

Vay da thuc P(x) khong c6 nghiém nguyén.

Bai 3: Xétn = 20192020 sé nguyén duong phan biét va S 1a tap hop tat
ca cac tong cﬁa timg cap hai s6 trong chung. Hoi s6 du cua céac so trong S
khi chia cho 22=Y ¢ thé doi mot phan biét nhau hay khong?

|

e __— S

Gia str trong cac so ban dau, cé a sé chan, b s6 1€ voi a + b = n. Khi do,
nn-1
( } ) _ ab

viéc tinh tong cac so trong n s6 do s€ sinh ra: ab so 1é va
a’+b?2-a-b
2

sO chan.

) 1a 56 chiin, dé co duoc hé dAy du nhu d& bai thi:

N ~ -1
VI 4|n nén n(nT

a?+b?—a—-b>
ab = 5 o ((a—-b)Y=a+b=n

D& thay n khong 1a s6 chinh phuong vi n chia hét 5 ma khong chia hét 25
nén tur day suy ra di€u kién trén khong thoa.

4
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Bai 4: Cho diy s6 (u,) cOuy, = a (a € N*), u, = u,_; + ulEJ voin €
k

N*, k € N* 12 hing s6. Gia st ton tai x € N* thod Uy, Uy 11, ..., Uyt Chia
k? + k + 1 c¢6 cung s6 du va k? + k + 1 1a s6 nguyén t0, chimg minh c6
v0 80 s6 x € N* thod Uy, Uy s 1, ., Uysk Chia k% + k + 1 c6 cung s6 du.
(la]: phan nguyén cua a).

L —

Gia sir ton tai x € N* 12 50 16n nhat thod ty, Uy 41, -, x4 Chid k2 + k + 1 ¢6
cungsodur (re N, 0<r <k?+k+1).

= Uppeq = Ugyp—g (Mmod k2 + k + 1);

Upy = Upy—1 + Uy = Upy—q + 7 (Mmod k? + k + 1);

Upxs1 = Uy T Uy = Upyg—q + 21 (mod k? + k + 1);

Utk = Upxtk—1 T Ugs1 = Ugg—1 + (kK + D1 (mod k? + k + 1);

Wrsk?+km1 = Wiexsk2—k—2 T Utk = Upx—1 + (K% + D)r (mod k? + k + 1).

Néu 7 = 0 = Upy—1, Ukxr e Upers 24 —1 Chid k2 + k + 1 c6 cung s6 du. (tréi
gia thict)

Néur > 0 = (Upx—1, Ukas o » Uppr 2+ 1—1) 12 MOt hé thing du day di mod
k?+k+1.(doged(r; k2 + k + 1) =1)

= Tontaim € {—1; 0; ...; k2 + k - 1} thod Upysx : K2+ k + 1.

= Up2yypem = UnZerkm-1 T Wex+m = U2yppm-1 (Mod k2 +k +1);
Up2x+km+1 = UkZxtrkm T Ukxem = Ug2yipm (Mod k2 +k +1);

U2y s kemak—1 — Uk2x+km+k—2 T Ukx+m = Uk2x+km+k—2 (mod k_2 +k+ 1),
baty = k’x+km—1=y € N,y > xvau,, ty;q, ..., Uy4x Chia k2 + k +

c6 cung s6 du. (trai gia thiét)
o <
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Bai 5: Chon € N*. Tén tai hoan vi {a;a5;..;a,}cua{l; 2;..; n}
sao cho {a; + 1; a, + 2; ...; a,+n} 1a hé thang du day da mod n.
Chung minh rang n 1€.

—

Ta co:
nn + 1)
2
>@+D+@+2)++(a,+n)=nn+1)
Mait khac, do {aq + 1; a, + 2; ...; a, + n} 1a hé thang du day dt mod

a1+a2+"'+an=

nnén(a; +1)+(a, +2)+ -+ (a, +n) = n("2+ 2, (modn) (1)

nn+1) ., « A1
( ):n=>nlasole.

(L=
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Bai 6: Cho 2 hé thing du day du theo mod n: A = {ay;a,; ..;a,} VAB =
{by; by ; ...; by }. Chung minh réng néu n chén thi tap C = {a, + by;a, +
by;..;a, + bn} khong l1a h¢ thang du day du mod n.

Xét 1 tap X bat ky gdm n phan tir x,, X, ..., Xy, la 1 h¢ thang du day du theo

mod n.
Khi @6, vi {0; 1; 2; ...; n — 1} cling 1a hé thing du day du theo mod n,
nén.
-1
$ S - nn-1)
z X; = j= > (mod n)
=1 Jj=

Neunchan datn = 2k, k € N*, khi do

n(n — 1)

———— = k.(2k = 1) # 0 (mod 2k) (1)
ViAd = {a; ay ..; a,}vaB = {by; b,; ...; by} 132 hé thing du day du
theo mod n, nén: Y%, a; = Y, b; = "(" D (mod n)

Giasit C = {a, + by; a,+ by ...; ap + b )} 12 hé thang du day di mod n
v6in chin, taco: Y, a; + Y, b; 32 0 (mod n) (theo (1)).

Nhung })iv; a; + Xie, b; = 2. n(n =n(n—1) = 0 (mod n) (Vo li),
vay diéu gia st 1 sai, suy ra diéu phai chirng minh.

Nhdn xét: Vi nhitng bai todn vé hé thing dw c¢é gid thiét mang tinh “mo
hé” nhu vdy, viéc tim nhitng yéu té bat bién la diéu quan trong givp ta cé

co s6 dé suy ludn.
®
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Bai 7 (IMO 2005): Cho 1 diy cac sd nguyén ay, ay, ..., a, thoa méin 2 diéu
kién:

a) {a;,a,, ..., a,} 12 1 hé thing du diy dt mod n véin > 1.

b) C6 vo s6 s6 hang dwong va vo s6 s6 han 4m xuat hién trong day.

Chtng minh rang mdi s6 nguyén xuat hién ding 1 1an trong day.

Ta s& dua vé ching minh 13 moi diy ay, a,, ..., a, 13 cac s6 nguyén lién

tiép voi moi n > 1.

Ta sé& ching minh diéu nay bang quy nap.

Véin = 1, diéu trén 1a hién nhién.

Vi budce quy nap, ta gia st ddy ay, dy, ..., a,, 13 cic s6 nguyén lién tiép tic

lda;,a;+1,...,a;, +n—1= aj voil<i,j<n.

= R0 rang a,, ., khong thé 1a 1 trong céac sb ctia aq, a,, ..., a,, (vi nguoc lai

thi a;, a, ..., a4, khong 1a hé thing du ddy da mod n + 1).

+ Néua,;q >a;+n:Khidotadat N = a,q —a; = n+ 1.
Khi d6 do a1 = a; (mod N) nén a4, a,, ..., ay khong phai la 1 hé
thing du day dt mod N (v Ii).

+ Tuong tynéu a,,; < a; — 1: Khi dé ta dat N = aj—apyp=n+1va
an+1 = aj (mod N), cling vo 1i.

= apy41 phdilaa; —1hoaca; +n=a; + 1.

Tir ca 2 truong hop nay ta thdy rang a,, d,, ..., @, 12 1 hé thing du day

du mod n + 1.

Vay khang dinh cling dung v6i n + 1.

Viy theo nguyén li quy nap toan hoc, ta c¢6 diéu phai ching minh.

Nhan xét: Ddy la mot bai kha kho khi cach dat N cho 2 truvong hop la

khéng qud tw nhién va ta can quan sdt nhiéu hon dé c6 thé cam nhdn bai

todn va viéc dwa bai todn vé 1 gia thiét khdc dé dang hon givip ta dé xir Ii

I bai todn hon rdt nhiéu tir mét bdi todn twéng ching nhw rdt khé gidi dwoc.

e o o 32




® 6 o 0 o

Bai 8 (Balkan 1999): Cho sb nguyén t6 p > 2 thoa p chia 3 du 2. Chtng
minh tip hop A = {y?-x3-1|x,y € Z ,x < p,y < p} c6 nhiéu nhat p- 1
phan tir chia hét cho p.

Giastrtontai2sdba,b € Z*,a,b <p,a# bthoaa® —b3ip=a’ =
b3 (mod p) va a £ b (mod p).

Ap dung d6ng nhat Bezout, ton tai 2 s6 k,n € Z thoa ka + np = 1. (Do
a < p, p 1a s6 nguyén té nén ged(a; p) = 1) = ka = 1 (mod p) =
(ka)® = 1 (mod p) = (kb)3 = 1 (mod p).

Ap dung dinh li Fermat nho: (kb)P~! = 1 (mod p). (Do b < p, ka +
np = 1, p 1a s6 nguyén t6 nén ged(kb; p) = 1)

Goih =ord,(kb) >3 ihvap—1ih=>he{l; 3}vap—1:h.
Mapchia3du2=p—-1chia3dul= h=1= kb =1= ka (mod p)
=>k(b—a)ip=b—a:p. (tréi gia thiét)

Vay khong ton tai 2 s6 a, b thoa gia st trén = {13,23, ..., (p - 1)3}1a hé
thing du thu gon mod p = V&i mdi gia tri y, c6 nhiéu nhat 1 gia tri x thoa
y2—x3—1:p.(Do0 < x < p)

Ma trong tap hop A c6 p — 1 gié tri ciia y = Téap hop A4 ¢6 nhiéu nhat p —
1 phan tr chia hét cho p. (diéu phai chimg minh)

Nhin xét: Ta thday véi truong hopy = 1vay =p —1thiy2—1: p nén
s€ khong ton tai x < p thoa y?> — x3 — 1 i p. Vivdy ta co thé lam chat bai
toan hon thanh tap A co nhiéu nhat p — 3 phdn tw chia hét cho p.

> . <
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Bai 9: Cho da thic P(x) = x3 — 11x2 — 87x + m. Chtng minh rang véi
moi s6 nguyén m, ton tai s6 nguyén n sao cho P(n) chia hét cho 191.

‘»

>

L ___g— —

D@ thay véi x, y nguyén ma x3 = y3 (mod 191) = x = y (mod 191).

Tro lai bai todn, ta s€ chimg minh P(n,) = P(n,) (mod 191) véiny; n, €

Z thi n, = n, (mod 191).

That vay, vi :
27P(ny) = (3n; —11)3 - 18.191.n, + 1331 4+ 27m
27P(n,) = (3n,—11)3—-18.191.n, + 1331 4+ 27m

P(n,) = P(n,) (mod 191)
< 27P(ny) = 27 P(n,) (mod 191)
& (3n,—11)3 = (3n, — 11)3 (mod 191)
= 3n, — 11 = 3n, — 11 (mod 191)

& ny = n, (mod 191)

Véimoin,n, € A={1; 2; 3; ..; 191} (4 1a mot hé ddy du mod 191),

n, # nytaco P(n,) # P(n,) (mod 191).

= {P(1); P(2); ...; P(191)} 1a mot hé day du mod 191.
Toedosuyraan e A ={1;2;3;...; 191} sao cho:
P(n) = 191 (mod 191) & 191 | P(n).

A
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.- . . z n a2 +b%2+c? . X
Bai 10: Goi a, b, ¢ 1a cac so6 nguyén duong sao cho ————1a 1 so
ab + bc + ca

nguyén. Chimg minh s6 nay khong bao gid 13 boi cta 3.

—

Ta gia str a2 + b2 + c2 = 3n(ab + bc + ca) véi n 13 s6 nguyén
duong.

= (a+ b+ )2 = (3n + 2)(ab + bc + ca).

Ta chia a, b, c cho (a, b, ¢) nén ta co thé gia st (a, b,c) = 1.
bat3n+ 2 = pfl.pgz p;k 1a phan tich tiéu chuan cta sb 3n + 2.

= Ton tai p, dé p, = 2 (mod 3), va a; 1¢ (do nguoc lai thipia b=

1 (mod 3) v&i moi i chay tir 1 dénn nén 3n + 2 = 1 (mod 3) (V0 Ii))

Tacd dinh i ¢ trén = a + b + ¢ chia hét p; ma lily thtra cua p, trong
phan tich ti€u chuan cta a + b + ¢ 1a chan nhung phan tich ti€u chuan
cuap;trong3n+21alé

= ab + bc + ca chia hét p,.

>ab+bc+ca=ab+c(a+b)=ab—(a+b)?=—(a*+ab+
b?) = 0 (mod p)

=a:pb:ipnénc :p\blido(ab,c) = 1).

Vay ta c6 diéu phai chimg minh.

’ o
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Bai 11: Cho sd nguyén té p > 3 vam,n la 2 s6 nguyén t6 cung nhau thoa

~ -11 , . N . Z
man % = Zi 11 = Churng minh rang m chia hét cho p.

Trude khi giai bai toan, ta can hiéu vé khai niém sd hitu ti dong du:

Cho sb nguyén duong n, ta dinh nghia tap con Ly cua Q nhu sau: Zg,y =
E1aber bn)=1}

Hai s6 hitu ti x, y thudc Lny g0i la d6ng du theo mod n néu x — y = n.z voi
z1a 1 s6 hitu ti ndo d6 thudc Zyy, ki hiéu 1a x = y (mod n) trong Z).
Quay trd lai bai toan, véi {0; 1; 2; 3; ...; p — 1} 1a hé thing du day du theo
mod p, xét 2 s6 i, j bat ki thudc {1; 2; 3; ... ;p — 1} saocho i.j =

1 (mod p).

Khi d6 theo khai niém vé sb hiru ti ddng du, ta ¢ thé viét thanh i =

]i (mod p).

Kéo theo { ,%, %, . pj} cling 12 hé thiang du day du theo mod p, vi thé:
p-1 p-1
1 2 _ Pl —1@p — 1)
1—2 i c = 0 (mod p)

(Vip >3 nen (p, 6) = 1) (*)

Véi (p — 1! 21 1 2 L1a1sé tur nhién, ta c6 (p — 1)!2. Z i— chia hét cho p.
= (p— 1)'2 = : p, theo dinh 1y Wilson, (p — 1)!2 = (—1)%2 = 1 (mod p), do
vay m chia het cho p.

Nhan xe’t:? ’ ‘ , ,

- Ta co the thay Sé 2 trong dé va c'{dnh gia (*) t}fc‘mh 1 sé!c bat ki thoa 1 <

k <p—1, co thé chung minh diéu nay bang so hitu ti dong duw va can nguyén
thuy.

- P6i véi nhitng bdi todn chira biéu thirc tong ciia cdc phan so( Z?;lliiz la 1 vi

du), viéc sir dung hé thang dw dé dwa vé dang danh gid trén sé nguyén ciing la

’ [ huéng thuwong nghi dén.
@ <
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Bai 12: Cho s nguyén t6 p > 3. Chung minh rang sé du ctia phép chia
P-1Gi? + 1) cho p chi co thé 1a 0 hodc 4.

Xét cac 16p thang du Z, va m¢ rdng truong Z, thanh trudng Z, (a) voi
a?=—1.

Taco: [T_,G* + D =11_,G — O.IT,G + ) (¥

Xét da thie £(x) = [Tj-,(x + j) va da thie G(x) = xP — x — f(x),
nhan xét rang degG(x) < p-1 (1)

Theo dinh 1y Fermat nhd, ta c6 x? — x : p v6i moi x thudc 1, p, déng
thoi f(x) = p! = 0 (mod p) v6i moi x thudc 1, p.

Do vay, phuong trinh dong du G (x) = 0 (mod p) c0 p nghiém

1,2, ...,p, cung v&i nhan xét (1), ta co: G(x) = 0 (mod p), hay f(x) =
[, + ) = x"p—x (modp) ()

Tur danh gia (), ta co:

p b1 2
1_[02 + 1) = (a?r — a)((—a)P + a) = ((—1)T — 1) (mod p)
j=1

Vay s6 du cia phép chia H?zl(i 2 + 1) cho p chi c6 thé 13 0 hoic 4.
Nhan xét:

Viéc danh gid bang so phire ciing la 1 céng cu hitu hiéu givip ta gidm
thiéu nhitng sai sé khi danh gid cdc bai todn vé hé thing duw, bén canh
cong cu dong dw da thirc nhw danh gia (+).
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