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N

Cho duong tron (0; R) vamot diém A cb dinh. Bat 04 = d. Mét duong thang qua A cat duong
tron (0) tai M, N. Khi d6: AM.AN = d? — R? duoc goi la phuong tich cta diém A doi voi
duong tron (O; R), ki hiéu 1a P, (o).

Tinh chat 1: Cho dwong tron (0) va mér diém P nam ngodi (0). Tir P ké mét cat tuyén PDE bat
ki va tiép tuyén PT t6i (0) thi Pp ) = PD.PE = PT?.

Tinh chat 2: Cho hai dwong thang AB va CD khong tring nhau va cat nhau tgi P thi 4 diém
A, B, C, D cung thugc mét dwrong tron khi va chi khi PA.PB = PC.PD.

Tinh chat 3: Cho AB 1a mér dwong kinh bdt Ki cia dwong tron (0), diém P tuy V. Khi do:
PP/(O) == m P—B)

Bo dé co ban: Cho hai duong tron (0) va (0”) cat nhau tai AB. Goi CD latiép tuyén chung ngoai
cua (0) va (0”). Khi do, AB qua trung diém CD. (Chirng minh danh cho ban doc)

Ghi chG: Pé chimg minh hai diém cach déu tdm cua 1 duong tron, ta ¢ thé chimg minh phuong
tich cta 2 diém d6 dén duong tron bang nhau.




Vi du 1: (IMO 2009) Cho ABC la mdt tam giac c6 tdim dudng tron ngoai tiép O . Céc
diém P, Q nam trén cac canh AB, AC tuwong tng. Goi K, L, M lan luot 14 trung diém Cua céac doan
thang BP,CQ, PQ va (T) l1a duong tron di qua ba diém K, L, M. Chirng minh rang néu PQ la tiép
tuyén cua dudng tron (T) thi OP = 00.

Vi du 2: (Iran 2010) Cho duong tron (0) cét dwong tron (0°) tai D, P. V& tiép tuyén chung ngoai
AB cua (0) va QO’) (A thudéc (0) va B thuoc (0’), D gan AB hon so va6i P). AD cat (0’) tai C
va M 1a trung diém BC. Chung minh: 2 DPM = «BDC.

Bai tap coé loi giai:
Bai 1: (Hé thire O-le) Cho tam giac ABC ndi tiép (0, R) ngoai tiép (I,7). Chitng minh rang:
OI?> = R? — 2Rr.

Bai 2: Cho tam gidc ABC c6 BC c{i dinh, A di dong, truc tam H, AH cé:[ (0) tai S, dudng tron
duong kinh AH cat (0) tai E, AE cat BC tai L. Cm: (ALS) di qua diém co dinh.

Bai 3: Cho tam gidc ABC ndi tiép (0). Tiép tuyén tai B, C cua (0) cat nhau tai T. OT cat (0) tai
K, N phén biét (N nam & cung BAC). BC cat AK, AT tai D, X. NX cat (0O) tai Y khac N. YD cat
(0) tai A’ khac Y. Chung minh A4’ || BC.

Bai 4: (IMO 2012) Cho tam giac ABC vudng tai € va D la hinh chiéu cua C 1én AB. X 1a mot
diém trén doan CD va K, L nam trén AX, BX sao cho BK = BC va AL = AC. Goi M la giao
diém cia AL va BK. Chiang minh rang MK = ML.

Bai tap ren luyén:

Bai 1: Cho tam giac ABC can tai B noi tiép duong tron (0). Tiép tuyén tai A va B caa (0) cat
nhau tai D. Goi E la giao cia CD va (0). Ching minh rang: AE qua trung diém BD.

Bai 2: (Balkan Shortlist 2003) Cho duong tron (01,R1) va (0,; R,) tiép xdc ngoai nhau
(R2 > Rl) Tiép tuyén chung ngoai d, cua (0,) va (0) tiép xtc (0,) tai A va (0,) tai D. Mot

tiép tuyén d, caa (0;) song song VO‘I d, cat (0,) tai E, F. Mot duong thang bat ki qua D cat EF
tai B va (0,) tai C. Ching minh rang: d; tiép xtc véi (ABC).

Ghi ch(: Ta c6 thé &p dung Pinh ly Bén Piém dé chimg minh hai duong thang vudng goc. Phat
biéu nhu sau: AB L CD < AC?-AD? = BC?-BD?. Pinh ly bon diém la mot dinh Iy manh
thuong c6 mét trong cac de thi hoc sinh gioi, Olympic... Thong thuong, c6 hai cach dé sir dung
dinh ly bon diém.

Ca4ch 1: Bién doi binh phuong, két hop véi dinh ly Pytago.

Céch 2: Két hop véi phuong tich: Pp oy = OP? — R?.




Ngoai ra, ching t6i mudn dé cap toi mot bo dé va cong cu kha manh va dep, nhung trong chuyén
de nay thi ching t6i s€ khong di sdu vao ching. Phat biéu nhu sau:

Pinh ly Carnot: Cho AABC va 3 diém D, E, F bdtki. Goi d(X,YZ) la dwong thang qua X vudng
goc YZ . Khi dé: d(D,BC),d(E,AC),d(F,AB) dong quy < DB? —DC? + EC*-EA? +
FA>-FB? = 0.

Bo dé vé cuc truc giao: Cho AABC va mét dwong thang d bat ky. Goi D, E, F 1a 3 chan dwong
cao cua A, B, C 1én dwong thang d. Khi dé, d(D, BC), d(E, AC), d(F, AB) déng quy tai mét diém
duroC goi 14 cuc truc giao cia duwong thang d doi véi AABC.

(Ban doc c6 thé chizng minh dya trén dinh 1y vira néu)

Vi du 3: Cho tir gidc 16i ABCD théa AB = AD va £ABC = 2CDA = 90°. Diém F va E nam trén
duong thang BC va CD tuong trng sao cho DF vudng goc vai AE. Chang minh rang AF vuéng géc
véi BE.

Vi du 4: Cho tam giac ABC noi tiép (0). Piém P trén phan gidc goc BAC. Cac duong tron
(PAB), (PAC) cat CA, BA tai E, F khac A. Chitng minh PO vuéng goc EF.

Bai tap co loi giai:
Bai 1: Cho tam giac ABC c6 truc tam H. Diém P nam trong tam giac ABC. L, M, N 1a chan duong

vubng goc ké tir H xudng PA, PB, PC. X, Y, Z 1a giao diém cua HL, HM, HN véi BC, CA, AB. Chiing
minh X, Y, Z thang hang.

Bai 2: Cho t&r gidc ABCD ndi tiép (0). AD cat BC tai P, AC cat BD tai Q. Chang minh rang
Ppj0) + Pos0) = PQ*.

Bai 3: (USA 2016) Cho tam gidc nhon ABC. Goi Ip, I, O lan lugt la tim duong tron bang tiép
goc B, C va tam duong tron ngoai tiép tam giac ABC, Goi E, Y lan lugt la chén duong cao, chan
duong phan giac trong dinh B cua tam giac ABC. Goi F, X lan lugt 1a chan duong cao, chan
duong phan giac trong dinh C cta tam gidc ABC. Puong thang Iz F cat duong thang I-F tai P.
Chang minh OP vubng goc XY.

Bai 4: (MTC 2021) Cho AABC noi tiép (0) va diém J trén canh BC. Buong tron (J;JA) cit BC
tai S;,S,. buong thang qua S;, S, vudng goc AS;, AS, cat AB, AC tai Ny, P, va N,, P,. Goi S la
giao diém cua (AN, P,) va (AN, P,). Chung minh rang trung diém D cua AS thuoc (BOC).

Bai tap ren luyén:

Bai 1: Cho AABC ndi tiép duong tron (0), duong kinh BK. Trén céc tia dbi cua tia BA, BC lay
M,N saocho AM = CN = p.Goi I latam duong tron ndi tiep AABC. Ching minh KI L MN.
Bai 2: (China 2001) Cho AABC nhon, O l1atdm (ABC) va ba duong cao AD, BE, CF cat nhau tai

H. Goi M,N lan luot 1a giao diém cua ED véi AB va FD voi AC. Chang minh rang OB L
DF,0C 1L DEvaOH 1 MN.




4 e ding philang

Cho hai duong tron khong dong tam
(0,) va (0,). Tap hop cac diém P c6 .
phuong tich d6i v6i hai duong tron bang
nhau 12 mot duong thang, dudng thang
nay duoc goi la truc dang phuong cua hai
duong tron (0,) va (0,).

Phwong phdp xdc dinh truc ding
phwong ciua hai dwong tron:

+) Hai duong tron cit nhau tai hai diém
phan biét A, B. Khi do, AB la truc dang
phuong cua hai duong tron.

+) Hai duong tron tiép xtc nhau tai T. Khi do, tiép tuyén chung tai T chinh Ia truc dang phuong
cua hai duong tron.

+) Hai duong tron khong ¢6 diém chung. Dyng duong tron (03) cat ca hai duong tron (04, 0,, 03
khong thang hang). Truc dang phuong cta Cac cip duong tron (0,) va (0s); (0,) va(03) cit
nhau tai K. Buong thang qua K vudng goc 0,0, la truc dang phuong cua (0,) va (0,) (K con
duoc goi 1a tim dang phuong cua ba dudng tron).

+) R, = 0. Néu 0, nam ngoai (0,), ké tiép tuyén 0,4 va 0,B dén (0,). Khi d6, duong trung
binh tam giac 0,AB la truc dang phuong cua (0) va (0,) (Puong tron (0,) duoc goi 1a duong
tron diém). Néu 0, nam trong (0,), ké dudng thang qua 0, vudng goc 0,0, cit (0,) tai M, N.
Tiép tuyén tai M, N cua (0,) cat nhau tai B. Khi d6, truc dang phuong ctia (0,) va (0,) 1a dudng
thang néi trung diém BM va BN.

Tinh chat 1: Truc dang phwong ciia hai dwong tron vudng goc Vdi dwong noi tam ciia hai dwong
tron do.

Tinh chat 2: Truc dang phwong cia (04; R,) va (04; R,) cdt 0,0, tai H; I la trung diém 0,0,.
Khi do:
—  R? —R?
H=—_2
20,0,

Vi du 5: Cho tam giac ABC c6 tryc tdm H va trong tdm G. BH cat AC tai E, CH cat AB tai F,
BG cat AC tai M, CG cat AB tai N, EF cat MN tai D. Chirtng minh AD L HG.




Vi du 6: Cho tam giac ABC nhon, M la trung diém doan thang BC V& E, F lan luot 1a chan duong
caotr BvacC. Goi‘K, L lan Iuot 1a trung diém ciaa ME, MF. Goi T 1a diém trén KL sao cho TA ||
BC. Ching minhrang TA = TM.

Bai tap cé loi giai:
Bai 1: Cho AABC noi tiép (0), cac dudng cao AA’, BB’, CC’ giao nhau tai H. E 1a trung diém OH.
A’B’ cat CH tai X, A’C’ giao BH tai Y. Chiung minh rang AE 1 XY.

Bai 2: Cho AABC noi tiep (0), ¢6 AD 1a dudng cao, M la trung diem BC. OD cit AM tai P.
Chang minh rang P thudc truc dang phuong cua duong tron Euler AABC va (OBC).

Bai 3: Cho AABC véi K 1a 1 diém nam trén trung truc BC. (K)di qua A cit CA, AB tai E, F khéac
A. Gol M 1a trung diém BC. ME, MF cat (K) tai Q, P khac E, F. Chang minh PQ, BC va tiep
tuyen tai A cua (K) dong quy.

Bai 4: Cho ti gidc ABCD ¢6 £A = £B = £C. Chting minh D nam trén duong thang Euler cua
AABC.

Bai 5: (Ngé Quang Dwong) Cho AABC noi tiép (0), va I la mot duong thang bat ki. D, E, F la
chan duong vudng goc ké tir A, B, C xudng 1. I, 1a truc dang phuong cua (ABE), (ACF), 1, 1a truc
dang phuong cua (BAD), (BCF), va I, 1a truc dang phuong ctia (CBE), (CAD). Ching minh rang
l,,1,, 1. ddng quy.

Bai 6: (China MO 2009) Cho AABC va D € BC sao cho 2CAD = £ABC. (0) la mot duong
tron bat ki cat doan AB, AD tai E,F. Goi G = BF n DE, M la trung diém AG. Chaing minh rang
CM 1 AO.

Bai 7: (1GO 2020) Cho tam gi4c ABC. Puong tron bat ky tdm J di qua B, C cat canh AC, AB lan
luot tai E, F. Goi X 1a diém sao cho AXBF ~ AJCE (X, C cung phia so véi AB), goi Y 1a diém sao
cho AJBF ~ AYCE (Y, B cung phia so véi AC). Chang minh rang duong thang XY luén di qua
truc tdm tam giac ABC.

Bai 8: Cho tam gi4c ABC c6 truc thm H va trong tdm G. BH cat AC tai E, CH cat AB tai F, BG
cat AC tai M, CG cat AB tai N, EF cat MN tai D. Ching minh AD 1 HG.

Bai 9: Cho tam giac ABC c6 M la trung diém BC. Puong thang qua M vudng goc véi phan giac
trong £BAC cat AB tai K. Tinh AK theo AB, AC.

Bai 10: Cho AABC cé truc tdm H. Puong tron di qua B, C cit AB, AC tai D, E. Goi F Ia tryc tam
tam giac ADE va I 1a giao diém cua BE va CD. Chieng minh rang I, H, F thang hang.

Bai 11: (PTNK 2015) Cho tam giac ABC nhon néi tiép duong tron tam 0. Pudng tron tam [ qua
B, C lan luot cat AB, AC tai E, F.

a) Gia st hai tia BF, CE cat nhau tai D, T 1a tim (AEF). Chang minh rang OT || ID.



b) Trén BF, CE lan luot lay G, H sao cho AG L CE va AH 1 BF. Céc duong tron (ABF), (ACE)
cat BC tai M, N khéac B, C va cat EF tai P,Q khac E, F. K 1a giao diém cua MP va NQ. Ching
minh DK L GH.

Bai 12: Cho tam giac ABC nhon, céc duong cao AD, BE, CF dong quy tai H. K 1a mot diém tly
y trén canh BC sao cho K # B, C. Ké duong kinh KP cta duong tron ngoai tiep tam giac KBF
va duong kinh KQ ciua duong tron ngoai tiép tam giac KCE. Chuang minh rang P, H, Q thang
hang.

Bai 13: (VMO 2014) Cho tam giac ABC nhon ni tiép dudong tron (0), trong d6 B, € ¢b dinh va
A thay doi trén (0). Trén tia AB, AC lan luot lay cac diém M, N sao cho MA = Mc vaNA =
NB. Cac duong tron (AMN) va (ABC) cat nhau tai P (P # A). buong thang MN cat duong BC
thang tai Q.

a) Chuang minh rang 4, P, Q thang hang.

b) D la trung diém BC. Cac duong tron (M, MA), (N, NA) cat nhau tai K (K # A). Buong thing
qua A4 vudng géc vai AK cat BC tai E. Duong tron (ADE) cat (0) tai F(F + A). Chang minh
rang duong thang AF di qua mét diém co dinh.

Bai 14: Cho tam giac ABC nhon noi tiép dudng tron (0), D 1a trung diém BC, AD cat (0) tai E.
Tiep tuyén tai E cua (0) cat duong thang qua D va vubng géc vai A0 tai X. Y, Z duge xac dinh
tuwong tu. Chitng minh X, Y, Z thang hang.

Bai 15: Cho AABC va D,E,F € BC,CA,AB. Goi w,, wp, W, lan luot 13 céc duong tron

(AEF), (BDF), (CDE). Doan AD cit w, , wp, @, lan luot tai X, Y, Z. Ching minh ring % = %

Bai 16: Cho tam giac ABC noi tiép(0)co H la truc tam, M la trung diém BC. Tiép tuyén tai A
cua (0) cat BC tai P, Q la anh doi xung cua H qua P, chithg minh 2QAM = 90°.

Bai 17: Cho tam giac ABC ndi tiép (0) véi P 1a diém bat ki nam trong tam giac ABC. AP giao

(0) tai D khéc A; DE, AF 1a cac duong kinh cia (0). EP, FP lan lugt cat (0) tai G, H khéc E, F.
AH giao DG tai K. L la hinh chiéu cua K 1én duong thang OP. Ching minh A4, L, K, D dong vién.



Cho 3 dudng tron (0,), (0,), (05). Khi d6, néu
ba dudng tron nay c6 tdm khong thang hang thi
tryc dang phuong cua ting cip hai trong ba
duong tron ddng quy tai mot diém. Piém nay
duoc goi 13 tAm dang phuong ctia ba dudng tron
noi trén.

Tinh chat 1: Néu ba truc ding phirong song song hodc tring nhau thi tdm ba dwrong tron thang
hang.

Tinh chét 2: Néu ba duong tron cung di qua mgt diém va c6 cac tam thang hang thi cac truc
dang phuong trung nhau.

Tinh chat 3: Ba dwong tron c6 Cac truc dang phwong trimg nhau dieoc goi la ba dwong tron dong
truc.

Vi du 7: (APMO 2020) Cho tam gidc ABC noi tiep (0) ¢6 D nam trén canh BC. Tiép tuyén cua
(0) tai A cat duong thang qua D song song AB tai E. Duong thang CE cat (0) tai F. Gia su
B, D, F, E dong vién. Ching minh AC, BF, DE dong quy.

Bai tap coé loi giai:
Bai 1: Cho tam giac ABC c6 I 1a tam ndi tiép. Mot dudng tron di qua B, € cit IC, IB lan luot tai
E,F.Goi P, Q lan luot la tdm ngoai tiep tam giac ABF, ACE. Chang minh PQ || EF.

Bai 2: (Canada 2015) Cho w;, w, la hai duong tron ngoai nhau. 4, C trén w; va B, D trén w,
thoa AB, CD lan luot 1a tlep tuyén chung ngoal va trong cua hai duong tron. AC cat BD tai E. F
1a diém trén w,. Tiép tuyén tai F cia w, cat duong trung truc EF tai M. MG 14 tiép tuyén w, tai
G. Chung minh MF = MG.

Bai 3: (IMO Shortlist 2014) Cho tam gi4c ABC (AB > BC) ¢6 O la tdm ngoai tiép. Phan giac
£ABC cit (0) tai diém thir hai 13 M. Puong tron duong kinh BM (ky hiéu (BM)) giao phan giac
cua hai g6c £AOB va £BOC lan luot tai P, Q. R thudc duong thang PQ thoa BR = MR. Ching
minh BR || AC.

Bai 4: (IMO Shortlist 2009) Cho tam giac ABC. Buong tron noi tlep (D) cua tam giac ABC tiép
xUc véi cac canh AB va AC theo thir ty tai Z va Y. Goi G 1a giao diém cua cac duong thang BY




va CZ; Rvas lacac diém sao cho hai ti giac BCYR va BCSZ 14 c&c hinh binh hanh. Chang minh
ring GR = GS.

Bai 5: (IMO 2008) Cho AABC c6 truc tdm H. Lay cac diém M,, M,, M5 lan luot 13 trung diém
BC,CA, AB. (My; M;H) cat BC tai Ay, A,, (M,, M,H) cét CA tai By, B,; (M3, M3H) cit AB tai
C;, C,. Chtrtng minh A4, A,, B, B,, C;, C, @ong vién.

Bg‘:li 6: Cho AABC V(')’i‘ ba canh c6 d6 dai phan biét va co6 cac du:(‘)’ng\ cao AD, BE, CF va tam ngoai
tiep 0. Chiang minh rang cac duong tron (A0D), (BOE), (COF) dong quy tai diém X khac 0.

Bai 7: (China 2008) Liy AB la day cung cua dudng tron tdm 0, M 1a diém chinh giita cung AB
va C 1a diém nam ngoai dudng tron (0). Tir € V& 2 tiép tuyén dén (0) tai tiép diém S va T. Goi
E 1a giao diém cua MS va AB, F 1a giao diém caa MT va AB. Tu E, F Vé cac dudng thang vudng
goc voi AB, cat 0S va OT lan luot tai X va Y. Mot duong thang qua C cat (0) tai P va Q, MP
cit AB tai R. Chung minh XY di qua tim duong tron ngoai tiép APQR

Bai 8: Cho tam giac ABC c6 (I) noi tiep, ¢ (0) ngoai tiep. (I) lan luot tiép xic BC, CA, AB tai
D, E, F. Ching minh tdm dang phuong cua (4, AD), (B, BE), (C, CF) la truc tdm tam gidc DEF.

Bai 9: Cho tam giac ABC khong can c6 3 duong cao AD, BE, CF dong quy tai truc tam H, ba
trung tuyén 1a AM, BN, CP. X, Y, Z lan luot 1a hinh chiéu cua H 1én EF, FD, DE. Lan luot goi anh
dbi xang cua X,Y,Z qua M, N, P 1a T, U, V. Ching minh tim dang phuong cta (T, TM), (U, UN)
va (V, VP) nam trén duong thang Euler cia tam giac ABC.
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Vidu 1:

Tacd: ZMKL = £ PML = £QPA

Tuong tu: £ZMLK = £QMK = £APQ

= AMLK ~ AAQP

AQ _ ML _ PC
AP MK QB

= R?2-0P? = R2- 0(?
= 0P = 00Q.

= AQ.QB = AP.PC

Vidu 2:

LAy N la giao caa DP va AB = N la trung diém A.
= £BPD = £BCD = £BMN

= BMPN nai tiép.

= «NPM = 180° — 24NBM

= £LBAC + 4BCA = 4BDC

= Biéu phai chitng minh.

Bai 1:

Goi M la giao cua phan gi’éc goc B voi §0).

Ké duong kinh qua 0, I cat (0) tai 2 diemla N, P.
TacO R?—0I? =IN.IP = BI.IM (D

Tamgiac ICM cantaiM => MC = MI.

Ké duong kinh MK cua (O)vakéID 1 BC.

= AIDB ~AMCK

= MK.ID = IB.MC = IB.MI

= 2Rr = IB.IM (2)
Tur (1) va (2), ta c¢6 diéu phai ching minh.




Bai 2:

Ta chung minh (ALS) ludn di qua diém M la
trung diém BC:

That vay: Goi D la giao cua BC va AS

Bai toan quen thuoc = M, H, E thang hang va
ME vudng gbc AL

= AEDM noi tiép = LE.LA = LD.LM
MaLE.LA = LB.LC = LD.LM = LB.LC

LD LC LD LC LC—-LD CcDh
— s === =

LB LM BD CM CM-BD MD

Bai 3:
V& tiép tuyén tai A cit BC tai E, KY cat BC

tai E’, ta cO:

AT 1a duodng ddi trung tam gidc ABC = % r
AB?

AC?’

N la diém chinh giira cung BAC = YN la
2
phan giac trong £BYC = % = % = j—lzz.
K la chinh gitra cung BYC = YE’ la phén
E'B _YB _ AB?

giac ngoai £BYC = —=—=—.
EIC  YC AC?

Xét AEAB va AECA, ta cO:

ZEAB = /ECA = AEAB ~ AECA = % =

EB.EA _ AB?> _EIB

=—=—>SF = E.
EAEC AC? EIC

K la chinh gitra cung nhé BC = AK la phén giac trong £BAC = £DAE = £BAD + £BAE =
£CAD + £ACB = £ADE = AADE cantai E = ED? = EA* = Py = EY. EK = BC tiep x(c

(DKY) tai D = sdKA' = 2¢KYA’ = 22CDK = sdAB + sdCK = sdAB + sdBK = sdKA =

KO 1 AA.
MaKO L BC = AA’ || BC (dpem)



Bai 4:

V& ¢’ doi ximg C qua D, AK cit (B; BK) tai
K’ khac K, BL cat (A; AL) tai L’ khéc L, ta co:
AC’ = AC = C’ € (A),BC’ = BC = C’ € (B).
XK. XK' = Py =XC. XC" = Py a)

=XL.XL' = K, L, K’, L’ ddng vién.
£ACB =90° = BC latiép tuyén (A) > BK? =
BC? =BL . BL' = BK latiép tuyén (KLK’).

Chung minh tuong tu = AL la tiép tuyén
(KLK’) = MK = ML (dpcm).

Vidu 3:

Ta cé AE 1 l?F = AD? — DE? = AF? — EF?
(dinh ly bon diém)

Xét cac tam giac vudng sau: AADE vubng tai D,
AABF vubng tai B, 4p dung dinh ly Pitago ta cé:

AD? + DE? = AE? va AB? + BF? = AF?.
Tur cac dang thuc trén, két hop véi AB = AD suy
ra.
FE? — FB? = FE? — FA? + BA?
= FE? — FA%? + AD? = DE?
= AE? — AD? = AE? — AB?

= BE 1 AF.




Vidu 4:
Goi BC cit lai (PCA) tai X, (PAB) tai Y

£PXY = £PAC = £4PAB = £PYX = £PFC =
2PCF = «PBE = ¢PEB.

Vivay PB = PE,PC = PF.Laico
£PFB = £PCA,2LPBA = £PEC

Nén APFB = APCE , BF = CE va APXY, APFC,
APBE cén tai P. V& PD vuodng BC thi D 1a trung diém
XY

Co

PE? — PF? = PB? — PC? = DB? — DC? = (DB + DC)(DB — DC) = CB(XB + YC)
= BC.BX—CY.CB) = BF.BA— CE.CA = BF? + BF.FA — CE? — CE.EA

Vi vay, theo dinh ly bén diém thi OP vudng goc XY.

Bai 1:

Ap dung dinh ly bdn diém:

+XH L AP > XA? — HA? = XP? — HP?
+YH L BP = YB? — HB? =YP? — HP?
+CH 1L AB > HA? — HB? = CA? — CB?
+AH 1L XC = AX? — AC? = HX? — HC?
+BH L YC = BY? —BC? = HY? — HC?

Ta s& chimg minh XY L PH bang dinh ly
bon diém ket hop vai nhitng dang thirc trén.

Ta cO0: XP2—YP2=XA2-—HA?2+ X*“
HP? — (YB? — HB? + HP?)

= XA% — HA? — YB? + HB?
= XA? —YB? + CB? — CA?
= (XA? — CA?*) — (YB? — CB?)




= HX?2 — HC? — (YH? — CH?)
= HX? — YH?

Vay, tacé XY 1 PH.Hoan toan tuwong tu, ta cling c6 YZ 1
PH

= X,Y, Z thang hang.

Bai 2:

Dung tiép tuyén PE, PF cta duong tron (0). Khi d6 Q
thuoc duong doi cuc cua P qua (0) va EF la duong doi
cuc cua P qua (0) nén E, Q, F thang hang

Do PE, PF la tiép tuyén cta (0) nén OP vubng goc EF
Pp0) + Pgs0) = PE* + 0Q* — R* = PE? — OE* +

0Q?% = PQ? — 0Q? + 0Q? = PQ? (do OP vudng goc
Véi EF)

Bai 3:

Str dung dinh ly Ceva dang sin, ta co
Sin EIcA _ sin EAI¢c sin EBA (1)
SinEIcB  sin EAB’ sin EBI

Sin FIgC _ sin FClg sin FAC (2)
sinFIgA  sin FCA' sin FAlg

Sin0I4B _ sin0OBl4 sin OCB (3)

Sin0I4C  sin OBC ' sin OCly
T (1), (2), (3) vado

sin OBC = sin OCB

sin EAl; = sin FAlg

sin EAB = sin FAC

sin FCA=sin EBA

sin EBI, = sin OBly

sin 0OCl, = sin FClp
Nén theo dinh ly Ceva dang sin, ta c6 01,, El., FIz dong quy tai P.
Ta chiing minh: [,Y? — [,X? = 0Y? — 0X2



Z.NA VD VYA VO — 2 2 —
C6: YA.YB — XA.XC = Py, ) — PX/Z(O) - gY — 0X2 =Py a1y — Pryany = Praig —
Py T Pryag) — Pyyaig) = 1aY° —1aX

Str dung bo dé 4 diém, ta c6 OP vudng goc véi XY.

Bai 4:

V¢ duong kinh AT cua (0).

Goi(U) va (V) lan luot 1a dudng tron ngoai tiép AN, EN, va AP,EP,.
Dé dang ching minh: ASN; N,~ASP, P,

= ASN,P,~ASN,P;.

= T giac N, ESN, noi tiép va ta giac ESP, P, ndi tiép.

Ta ching minh T thuoc ES ©Pr/wy = Prjw)-

& BU%?-R? = CV?-R3

© TB? + TU? — UNZ = TC? + TV?-P,V?

@TBZ‘l'BNlBNz :TC2+CP1(:P2 (1)
Taco: 22 = 21— 4% BN, BN, = AB? )
AB BS, BN,

Cmtt ta c6: CP,.CP, = AC? (3)
Tir (2), (3) = (1) ding va Pryy = TE.TS = TA,.

Nén 0, ], D thang hang va 0J.0D = 0A? = OB? = 0CZ.
Nén D thuoc (BOC). (dpcm)



Vidu 5:
Goi 0 latdm (ABC), I, 0’ lan luot 14 trung

/
A
diém AH, AO ta co:
2AEH = £AFH =90° = A,E,F, H thuoc 1
(I; 14). o
! D / M

LAMO = £ANO = 90° = A,M,N,0 —_ N

v H~
."

E,F,M,N thuéc duong tron Euler tam

&)
gi4c ABC = Pp,;y = DE . DF = DM . \
C

DN = Pp 0y = AD la truc dang phuong B

cua (1) va (0’) = AD L 10 a4 \ ~
I, 0’ lan luot 13 trung diém AH, A0 = 10’
la duong trung binh tam giac AHO = 10’ || HO = AD 1 OH.

Ma H, G, 0 thudc duong thang Euler tam giac ABC = AD L OH. (dpcm).
Vi du 6:

Goi H la tryc tm cia tam giac ABC,
goi G la trung diém AH . Ta chung
minh dugc tir gi4ac AEHF noi tiép
duong tron tam G, va ME,MF |a tiép
tuyén cua (G).




Xét duong tron diém M va dudng tron (G), ta cd ME,MF 1a céc tiép tuyén cia M dén (G), ma
K,L lan luot 1a trung diém ME,MF nén ta cd KL la truc dang phuong cua dudng tron diém M
va duong tron (G).

Ma ta cO T eKL va TA la tiép tuyén cua (G) dong thoi T™M 14 tiép tuyén cua T dén duodng tron
diém M nén TA=TM (dpcm)

Bai 1:

Goi J la tdm (BHC) thi ta c6 duoc A,E,]
thang hang. Mat khac ta cd XY la truc dang
phuong (A’B’C) va (BHC) (do YA.YC =
YH.YB va XA XB’ = XH.XC (vi CCHA'B
va HB’CA’ la c&c tk giac ndi tiep)

= XY 1 EJ (do tdm Euler cua AABC la tam
ngoai tiep cua AA’B’C’) (dpcm)

Bai 2:
Gol wg la duong tron Euler AABC. Cho OD
cat (OBC) tai E khéc 0.

AM cit wg tai K khac M. Ké duong cao CF
cua AABC.

Ta can chiing minh: P thudc truc dang phuong cta dudng tron Euler AABC va (OBC) (1)
& PM.PK = PO.PE & t& giAc OMEK nji tiép & 20EK = 2OMK = 2KAD

< KAEDnt & £0EA = £MKD = 2ZMFD (2)

Ma O chinh giita cung BOC nén OD.OE = 0B? = 0A*

= LOEA = £OAD = £BAC — 2(90° — £LABC) = £ABC — £ACB

Déng thoi: £DFM = «£BFM — #«£BFD = £ABC — £ACB

Nhu vay: (2) dung dan dén (1) dung (dpem).



Huwong khac:
Con c6 cach giai khac dua vao Bé dé ¢ bai 15 phia dudi 1a ching
minh Pp . coBc) = 0 (1)

. X 2. ,- PA PAwg,(0BC
Bién ddi, ta duoc (1) twong duong voi — = —2EOBO (9
PM PM,wg,(0BC)

Diéu nay c6 thé chitng minh truc tiép qua 3 canh AABC,
sin, cos cua cac goc £A, £B, £C va kiém chang rang:
4S4pc-tanA

VT(2) = =2

= VP(2)

Tt d6 suy ra dpcem.

Bai 3:
Goi AM cit (0) tai R khac A. Ta thay rang M

1a trung diém BC va BC L KM. Ap dung bai
toan con budm cho tir giac AERQ:

= RQ di qua B. Tuong tu RP di qua C. Goi
(AQB) cat BC tai N khac B. Goi tiep tuyen tai
A cua (K) cat BC tai T. Ta thay rang:

£2ANB = 180° — £AQR = £APR = £TAR

= £AMT = £TAN hay TA tiép xic (AMN).
Ta lai co:

£QNB = £QAB = £QPM.

T

= T giac PQNM noi tiép =
TM.TN = TA? nén T thudc truc diang
phuong cua (K) va (PQNM) = T

thuoc PQ (dpcm) H

Bai 4:

Gol E la giao cua AB va CD, F la giao Y <
(6]

cua AC va BC. Khi d6 cac AFAB va
AEAC lan luot can tai F va E. Goi M, N
lan luot 1a trung diém cua AB, AC

= FM giao EN tai tdm ngoai tiép O cua
AABC. D




Goi K, L lan luot 12 hinh chiéu cua B trén AC, C trén AB. BK giao CL tai truc tim H cua AABC.

TacO HK - HB = HL - HC nén Pwer) = Price) ((BF) ¢ day 1a duong tron duong kinh BF).

Do tir giac FMNE noi tiép duong tron (EF) nén OF . OM = OE . ON = Poyer) = Poce).
Ta cé £FBE = £FCE nén FBCE ndi tiép.

= DB .DF =DC .DE hay PD/(BF): PD/(CE)-

Vay H, 0, D cing nam trén truc dang phuong cua (CE) va (BF) hay D nim trén dudng thang
Euler cua AABC (dpcm).

Bai 5:
Goi G la cuc tryc giao cua duong thang I doi
V61 AABC.

Ta chang minh: I, 1, I, dong quy tai G.
dg,dy Cit (ACF), (ABE) lan luot tai H,1. G €
l, © GF.GI = GE.GH < IHFE ndi tiép
Taco: £IAH = 2IAC + £HAB — £BAC =
£IFC+ £4HEB — 2zBAC=180°=[,A,H

Do d6: £IHE = £ABE = ZIFE =
IHFE noi tiép = G € 1,. Chimg minh twong
tu: G € lg, I

Vay 1, 1,, 1, ddng quy tai G (dpcm).

Bai 6:
Goi AX, AY 1 hai tiép tuyén ké tir A
dén (0).

G € dbi cuc cua A véi (0), XY 1a doi
cuc cua A voi (O) nén G € XY

Nhu vay, M € duong trung binh
AAXY la truc dang phuong cua
(4;0), (0).

Mat khac:



Do 2CAD = 2£ABC nén CA tiép xuc (ABD) = CA? = CB.CD = C thudc truc dang phuong
cua (4;0),(0).

Vay: CM la truc ding phuong cua (4; 0), (0) nén CM L AO (dpcm).

Bai 7:

V& EP, CQ lan luot vudng géc BX, FX véi P, Q
trén BX, FX.

Co

LCFQ = £CFB — £BFX = «CFB — £JCE =
£LCFB —90° + £CJM = £«CFB —90° +
LCFE = £BFE —90° =90° — £LAFE

FQ = CF.cos CFQ = CF.sin AFE

LEBP = £FBX — £FBE = £JEC — LFBE =
90° — LEJM — £FBE = 90° — LEFC —
LFCE = 90° — £AEF

BP = BE.cos EBP = BE.sin AEF

BE.sin AEF _ AE.sin AEF
CF.sin AFE  AF.sin AFE

Viviay XF = XB,BP = FQ nén XQ = XP
Px/eE) = XB.XP = XF.XQ = Px/(cr)

=1 (theo Binh ly ham sin)

Vi vay X nam trén truc dang phuong cua (BE) va (CF), tuong ty Y ciing nam trén truc dang
phuong cua (BE) va (CF) (1)

V& BB’, CC’ vubng goc voi AC, AB theo
tha tu va B’, C’ nam trén AC, AB. Vi

vay H la giao cia BB’ va CC’.
C6 Py gy = HB.HB' = HC.HC' = 1
Ph/ccp !’

‘ | >
Vi vay H nam trén truc dang phuong ~ X\ 0
cua (BE) va (CF 2 DS "
( ) " q ( )\ TN A
Tu (1) va (2) suy ra H, X, Y thang hang P

hay XY di qua H. '\§
B . C

Bai 8: / \




Goi 0 latdm (4BC), I, 0’ lan luot 14 trung diém AH, AO ta c6:

¢AEH = £AFH =90° = A,E, F, H thudc (I; 1A).

£AMO = £ANO =90°= A, M, N, O thuoc (0’; 0’A).

E,F,M, N thudc duong tron Euler tam giac ABC

= Pp ) =DE . DF =DM . DN = Py o = AD la tryc dang phuong ciia (1) va (0")

=AD 1 10

I, 0’ 1an luot 14 trung diém AH, AO = 10’ 1a duong trung binh tam giac AHO
=10’ | HO = AD 1 OH.

Ma H, G, 0 thudc duong thang Euler tam gidc ABC = AD L OH. (dpcm)

Bai 9:

V& (1), (J) lan luot 12 tam noi tiép, tam bang tiép goc A tam
giac ABC. (I) tiép xuc BC, AB lan luot tai D, E. (]) tiep
xUc BC, AB lan luot tai X,Y. Ta co:

BD =225 — ox = MD = MX = P,y = MD? =
2 /(D

Ma MK 1 I] = MK latryc dang phuong cua (1), (J) =
KE® = Py/ay = Py = KF*

AB+AC—-BC+EY _ AB+AC—BC+EB+BY _

=>AK = AE + EK = >
AB+AC—BC+BD+BX _ AB+AC—BC+CX+BX _ AB+AC
2 2 2

2
(dpcm).




Bai 10:
Ké duong cao BB,, CC, cua tam gidc ABC va
duong cao DD,, EE, cuatam giac ADE.

180° = Tu giac BB, EE; ndi tiép dudng tron
(€.

Tuong tu, ta cling co t& gidc CC,DD; noi tiép |
duong tron (C,). \
90° = T gidc BCB,C, noi tiép

= HB.HB, = HC.HC,.

Tuong ty, ta cO FE;.FE = FD,.FD va ~ y,
ID.IC = IE.IB (do t& giac BCED ndi tiep A P
duong tron (0). ~— -

Taco: HB.HB; = HC.HC; = Py ¢,y = Puyc, = H thudc truc dang phuong cua (C;) va
(C).
Tuong tu, I VA F ciing thudc truc dang phuong cta (C;) va (C,).

= H, I, F thang hang.



Bai 11:

Goi H 1a giao diém cua (0) va (T).
Do AH,EF,BC la cé&c truc dang
phuong ctua 3 duong tron (T),(0),(1)
nén AH,EF,BC ddng quy tai tam
dang phuong J .

Xét tir giac noi tiép BCFE, ¢ A,J
la cac giao diém cua hai cap canh
bén, D la giao diém hai duong Chféo
va | la tim dudng tron ngoai tiep.
Ap dung dinh ly Brocard, ta co
IDLAJ. ()

Matalai c6 AJ latruc dang phuong
cua 2 duong tron (0) va (T), nén
OT LAJ. (2

T (1) va (2) suy ra OT || ID (dpcm).

Bai 12: Goi 1a giao diém cua (KBF)
va (KCE). Tacd

Z/PJIK + ZQJK =90°+90° =180° nén
P,J,Q thang hang.

TacO AF.AB = AE.AC hay

T aker) = 7 ni(kec) nén A thugc truc
dang phuong cta (KBF) va (KCE),
vay taco A J,K thang hang.

Tur d6 ta c6 AJ.AK = AE.AC = AH.AD

nén t& giac JHDK nai tiép, lai co

ZHDK =90° nén /HJK =90°, suy ra

HJ L AK, ma JP L AK VA JQ L AK nén P,H,J,Q thang hang.



Bai 13:
ZNBA=/NAB

a) Taco
ZMCA = ZMAC

= /ABN = ZACM
Suy ra tir giac MBNC noi tiép

= QB.QC =QM.QN
= %/(AMN) = %/(ABC)

Suy ra Q thudc truc dang phuong cua
(AMN) va (ABC).

— A,P,Q thang hang (dpcm).

b) Ta c6 £ZAMN = ZACB ( MBNC noi
tiép)

= Z/AMN + ZMAO = Z/ACB + Z/BAO

= ZAMN + ZMAO =90°

— AO L MN
— A0,K thang hang. (AK L MN)

TacO £OAE = £0ODC =90°

Nén t& gidc OAED ndi tiép

— O < (ADE)

Xét dudng tron (0) va dudng tron (ODC), ta thay (0) tiép xuc véi (ODC) nén truc dang phuong
cia (ODC) va (0) la tiép tuyén tai C cua (0).()

Xét duong tron (O) va duong tron (ADE), ta thay A va F 1a hai giao diém cta hai duong tron
nén AF la truc dang phuong ctia (O) Va (ADE).(2)

Xét duong tron (ODC) va duong trdn (ADE), tathay O va D 1a hai giao diém cua hai duong tron
nén oD la truc ding phuong ctia (ODC) Va (ADE). (3)

Tir (1),(2) Va (3) suy ra AF,0OD Va tiép tuyén tai ¢ dong quy tai diém G 1a giao diém cua tiép
tuyén tai B va C cua (0). D& thiy day 1a mot diém cd dinh khi B,C cd dinh.

Vay AF ludn di qua diém cb dinh (dpcm).



Bai 14:

Ghi_chu: c6 thé thdy néu vé
hinh theo ding yéu cau dé thi
hinh vé sé rat phirc tap (nhuw
hinh bén dudi). Vi vay, voi yéu
cau bai toan 1a chizng minh cac
diém c6 cdch xdc dinh twong tu
thang hang thi ta sé ching minh
cdc diém ay nam trén ciing mat
duwong thang cu thé nao ds, ma
¢ ddy la truc dang phirong cua
(0) va dwong tron Euler cua
tam giac ABC.

Goi H Ia truc tim cta tam giac <
ABC va | la trung diém AH, ta da biét DI
la duong kinh cua duong tron Euler cua
tam giac ABC.

Al :%AH =0D
Taco LAllIOD(LBC)

AIDO 13 hinh binh hanh.

— ID|| AO

Ma AO L XD

Suy ra XD la tiép tuyén cua duong tron
Euler tam giac ABC.

Ma ta co
Z/XDE =90°— /DAO = /ACE = Z/AEX

Suy ra AXDE la tam giac can.

= XD =XE
= /X/Euler (ABC) — ?PX/(O)

Vay X thudc truc dang phuong ctia (0) va duong tron Euler cua tam gidc ABC.

Chtng minh tuong tu, ta cd Y,z ciing thudc truc dang phuong cua (0) va duong tron Euler cua

tam giac ABC.
Vay X,Y,Z thang hang (dpcm).



Bai 15:
Dau tién, xin phét biéu va khéng chitng minh bo dé
sau:

BG de: Dt P, x),v) = Puycx) = Puycry thi Pa,co,m)
la 1 ham bac nhat theo M

(Bat M(x, ), X (x1, 1), Y({Cz;J’z), Rx =r,Ry =1,
va chiing minh ham bac nhat theo x, y.)

Tur d6: néu M chia doan AB theo ti s6 k thi:

Py = kPaw),oy + (1 — K)Pp ),

Tro lai bai toan:

Goi (4) = (4;0) la duong tron diém A. Dat — = k thi 4p dung bd dé ta c6:
DA.AX = DA?> — DA.DX = PD,(A)’wa = kPB,(A),wa + (1 - k)PC,A,a)a

= k(BA? — BF.BA) + (1 — k)(CA? — CA.CE)

= k(BA.AF) + (1 — k)(CA. AE)

= k(BA.AF — CA.AE) + CA.AE

, DA.AX - CAAE _ DAAX —AD.AZ _ AX—-AZ _ XZ BD _ XY
Do d6: k = = = = — = — = — (dpcm).
BAAF — CAAE ~ AD.AY —ADAZ ~ AY—AZ  YZ cD  XZ

Bai 16:
Goi D 1a trung diém AH, E, F lan

luot 1a chan duong cao dinh B, C
cua tam giac ABC.

= D latdm (AH) va DM la duong
kinh duong tron Euler cua tam giac
ABC.

= DA = DE = DF va £DEM =
£DFM = 900 nén DE, DF latiep
tuyén te D dén (BC).




— PD/(A,O) == DA2 == DEZ - PD/(BC)'
= D thudc truc dang phuong cua (BC) va (4, 0).

Ta cling c6 Pp/a0) = PA? = PB.PC = Pp,scy NéN P cling thudc truc dang phuong cua (BC)
va (4, 0).

Vay DP la truc dang phuong cia (BC) va A
(A,0) = DPLAM

Pang thoi do gia thiét nén P 1a trung diém !
HQ, mataco D 1a trung diém AH nén PD
la duong trung binh dinh H tam giac
HAQ.

= PD || AQ ma DP L AM nén ta co
dieéu phai chtiing minh.

E

Bai 17:

Ta thdy cac ti gidc HADG va KHPG nai tiép nén: ZKPG = ZKHG = ZKDA

= « KPD =90°. Goi KL giao AD tai Q. Ta thay KL chinh Ia truc dang phuong ctia (0) va
duong tron diém P.

= QA.QD = QP2 = QL.QK = T giac ALKD ndi tiép (dpcm)

Vidu7:

Ta co:

2EAC = £ABC = £EDC (do AB || DE)
= T gidc AECD 14 t& giac ndi tiép.

=

Theo tinh chit tim dang phuong vai bo
ba duong tron (ABCF), (AECD),
(BDFE) thi BF, AC, DE dong quy.
(dpem)

Bai 1:
Goi EF giao AC tai X va (ABF) giao
(ACE) tai D.

Ta co:



ZIAX + ZEXA = S+ ZXEC+ £XCE= 2+ 224+ 5°=90° = Al L EF (1)
Theo tinh chét tim dang phuong v6i bo ba dwong tron (BFEC), (ABFD), (ADEC) tac6 AD,
BF,CE dong quy tai I. (2)

Ma do AD la day cung chung cua hai duong tron
(ABFD) va (ADEC) c6 P, Q lan luot 1a tim dudng
tron.

= AD 1 PQ (3)
(1) (2) (3) = EF//PQ. (dpcm)

Bai 2:
Goi X, Y lan luot 13 trung diém canh AB, CD.
Goi K 1a giao diém cua CD va AB.
Taco:
£DCE = £ACK = £BAE; «CDE = £ABE

= «CED = £AEB = 90°

= XA? = XB? = XE? va YC? =
YD? = YE?

= w;, w, va dudng tron diém E

c6 truc dang phwong chung la
XY.

Mit khéc, do MF 1a tiép tuyén
cia w; va ME = MF nén M
cling thudc truc dang phuong cua
w4, W, va duong tron diém E.

= MF? = MG? = MF = MG
(dpcm).

Bai 3:

Goi D, E, F lan luot 13 trung diém doan thang MB, AB, BC.

Tacé: D, F, R thiang hang do cung thudc dudng trung truc caa doan thing MB. (1)
O,F,B, E, D cung thuoc duong tron duong kinh OB (do 2OFB = 20DB = £0FB = 90°) (2)



£BOC | £BOA _
2 2
va £DOP = £DOE = % = £R0OQ = 0D la phén giac ngoai £POQ. Mat khac, PD = DQ

£A0C
£POQ = £BOQ + £BOP = 80° — —— = 180° — £B

= Q, 0, P, D cung thudc duong tron.
Ma R 14 giao diém OD va PQ nén RO.RD = RQ .RP
= R 1a tAm dang phuong ctia ba dudng tron (BM), (0DPQ), (OB).

= B, R, T thang hang véi T 1a giao diém thu hai cua
duong tron (OB) va (BM)

Ta co:

20TB = 90°; «MTB = 90° => M, 0, T thang
hang va MO L BR ma MO L AC (do M la diém
gitra cung AC) = BR || AC (dpcm).

Bai 4:

Goi A 1a duong tron bang tiép goc A cua AABC,
tiep xic BC; CA; AB lan luot tai T; Q; P.
VoiY; Z lan luot la 2 tiep diém caa duong tron 1
vGi AC; AB,tacO: CY = BT = BPvaBZ =

CT = CQ.
= 7P = BC= YQ = YR = ZS (Vi 2 tt gi4c
BCYR va BCSZ 14 cac hinh binh hanh). /

Vi YQ = YRvVaBR = CY = BT, ta co: PY/(R;O): Pys va PB/(R;Q): Psi, do Vﬁy BY la truc déng
phuong ctia dudng tron A va dudng tron diém (R; 0), hoan toan twong tu CZ 14 truc dang
phuong ciia duong tron A va dudng tron diém (S; 0).

Véi G 1a giao diém cua BY va CZ, ta cd G 1a tim dang phuong ctia duong tron A va 2 dudng
tron diém (R; 0) va (S; 0).

Do d6: G thudc truc dang phuong cua 2 duong tron diém (R; 0) va (S; 0), suy ra GR? = GS?
hay GR = GS.






Bai 5:
Ta c6 nhan xét rat hién nhién sau day: H 1a tm
dang phuong cta 3 duong tron (My; MiH), (My;
MzH), (Mg; MgH);

Khi d6: duong thang qua H vudng goc vaoi
M:My, MaMs, MsM; lan luot 14 truc dang
phuong cua 3 cap duong tron theo thir tu (My;
MlH), (Mz; MzH)), ((Mz; MZH), (M3; M3H)),
((M3; M3H), (M1; M:H)). 7

Véi My, Mz, M3 lan luot 1a trung diem BC; CA;
AB, ta c6: MiM, || AB, M>Ms || BC, M3My || CA,
hay noi cach khéc truc dang phuong cua 3 cap
duong tron theo tha tu ((Mg; MiH), (M2; M2H)),
((M2; MaH), (Ms; M3H)), ((M3; M3H), (My;
M1H)) lan luot 1a duwong cao ké tur dinh A, B, C
cua AABC.

Ta c6 C thudc truc dang phuong cua 2
duong tron (My; M1H), (M2; MzH),
Vi Al, Ao tth)C (Ml, MlH), Bl, B>
thuoc (M2; M2H), A1A; giao B1B; tai
C, ta c6: CA;.CA,= CB;1.CBy, hay Ay,
A,, By, B, ddng vién, tuong tu: A, Ay,
C1, Co d@)ng Vién va C1, Cz, B1, B>
ddng vién.

Gia st 3 duong tron (A1A2B1B>),
(A1A2C1C2), (B]_BZC]_CZ) doi mc}t phén
biét, khi d6 truc dang phuong cua 3
Cﬁp du(‘)’ng tron (Chl’nh la AA,, B1By,
C1C») dong quy tai 1 diém, nhung
A1A;, B1B,, C,C, d6i mot cit nhau tai
3 diém A, B, C phan biét (vo Iy).

Do d6: ton tai 2 trong sb 3 duong tron
(A1A:B1B>), (A1A.C1Cy), (B1B2C1Cy),
noi cach khac A, Az, By, B2, Cy, C;
ddng vién.

Bai 6:

Goi H la tryc tdm AABC.

Khi d6: H thude ba duong thang
AD, BE, CF nén s¢ thudc truc dang




phuong cua 3 cap duong tron ((A0D), (BOE)), (BOE), (COF)), ((COF), (A0D)).

Vi H khac 0 nén 3 duong tron (A0OD), (BOE), (COF) dong truc OH, do vay ton tai diém X
khac O va thuoc OH sao cho X thugc ca 3 duong tron (AOD), (BOE), (COF), hay noi cach
khac 3 duong tron (A0D), (BOE), (COF) ddng quy tai diém X khac O.

Bai 7:

Goi U 1a giao diém MQ véi AB
Véi M 1a diém chinh gitta cung
AB, theo b6 dé vé diém chinh
giira cung, ta thu dugc dang
thac sau:

MA? = MB? = ME.MS =
MD.MQ = MU.MQ =
MR.MP = MF.MT.

= 4 diém P, Q, R, U ddng vién,
hay (PQR) diquaU.

Véi tiép tuyén CS clng cét
tuyén CPQ, ta co: CS2 =

CP.COQ.

ViOM 1 ABnénOM || XE,vi AOMS can tai O nén AXES can tai X, dat XE = XS = a.
ViCS L1 XS tai S nén CS latiep tuyén cia (X; a) tai S, suy ra P cx,q) = CS? = CP.CQ =
Pc/pary:

Vi ME.MS = MP.MR nén Pucx;a) = Pumypor) kéo theo CM la truc drfmg phuong cua (X; a)
va (PQR), tuong tu CM 14 truc dang phuong cua (PQR) va (Y; b) véi b = YF.

Do d6: 3 duong tron (X; a), (Y; b), (PQR) dong truc, hay XY di qua tim (PQR).

Bai 8:
Goi truc tm tam giac DEF 1a H. Lan luot goi giao diém cua DH va (A, AD) la D’, cia EH va
(B, BE) 1A E’'va (C,CF) A F.

DD’ L EF maAl L EF nén DD’//AI, dan dén DD’ vudng goc phan giac ngoai goc A, ma
AD = AD’ nén D’ la anh doi xirng cua D qua phan giac ngoai goc A, tur d6 suy ra AD, AD’ dang
giac trong £BAC.

Goi X 1a trung diém cung BAC cua (0),Y 1a trung diém cung nho BC cua (0), T 1a giao cia DX
va Ol.

=lIS

ID//0X (cung vudng BC) nén p dung dinh ly Thales ta c6 % =



Goi giao AI,DX la M. Ta cé
(DT,MX) = 1(DO,YX) = —1. M
AX1AY nén Al phan giac 2DAT
hay AD, AT dang giac trong £BAC
= D’,A, T thang hang. Do ti 1
%= —~ khong phu thuoc vao
A, B, € nén ching minh tuong tu ta
¢ E',B,T thang hang, F',C,T
thang hang.

Xét phép vi tu tdm T bién I thanh
H. D& thay phép vi ty nay bién A
thanh D, bién B thanh E, bién C
thanh F’ nén D’E’//AB.

Goi chan duong cao dinh D, E cua
tam giac DEF 1a Dy, E; . Bién doi
goctaco D;E;, L FI nén D, E; |l
AB || DE. Tt day dé ching minh
EDE’D’ ni tiép, dan dén
Py/aapy=HD" .HD = HE.HE =
Py (8,BE), twong ty ta cling co

p H/(A,AD) — p H/(B,BE) =P H/(C,CF)
nén H la tam dang phuong cua 3
duong tron.

Bai 9:
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Ta c6 H la thm noi tiép tam gidc DEF = DH 1 YZ = YZ//BC. Tuong tu ta c6

XY//AB,XZ//AC.

Ta ciing c6 PN//BC,MP//AC,MN//AB (do lan luot 1a dudng trung binh dinh A4, B, C cua tam

giac ABC).

Theo gia thiét, P, N lan luot 1a trung diém VZ, UY nén 2NP = UV + YZ, ma NP, YZ déu song
song BC nén UV //BC. Tuong tutaco UT//AB,VT//AC.



Vay ta c6 VT//PM//
ZX,TU//MN//XY,UV//

NP//YZ nén ba duong thang

ZV,YN, MX dong quy tai mot 5

diém I, chinh 1a tim cua phép

vi tu bién tam giac XY Z thanh

tam gidc MNP, phép vi tu nay

bién H (tdm ngoai tiép tam

giac XYZ) thanh tdm Euler A
(tdm ngoai tiép tam giac

MNP) nén I nam trén duong .
thang Euler cua tam giac ’
ABC. D& thay tdm ngoai tiép

tam giac TUV (goi la G) cling ¢
nam trén duong thang nay.
Bay gio ta chitng minh tam
dang phuong cua
(T, TM), (U, UN), (V,VP)
nam trén GI.

Xét diém K trén GI, ton i s6
thuc k sao cho KG = kGI
Tacd KV?=(KG+ GV)? = (KGI + GV)? = k?GI? + GV? + 2kGI. GV
Valv? =(IG + GV)? = GI? + GV? — 2GL.GV
Nén KV? + k.IV? = (k? + k)GI? + (k + 1)GV?
Do GV = GU = GT néntac6 KV? + k.IV? = KT? + k.IT? = KU? + kIU*?
Do ton tai phép vi tu tam I bién tam gidc MNP thanh tam giac TUV nén ton tai s6 thuc I:
VP _ ™ _ UN _
Vi TI Ul
Chon k = —1% ta ¢6 KV? —VP? = KT? — TM? = KU? — UN? hay phuong tich tir K dén ba

duong tron (T, TM), (U, UN), (V,VP) bang nhau nén K 1a tim dang phuong cua 3 duong tron.
Theo cach dung K, ta c6 dieu phai ching minh.

Tinh chat khac: G ciing 1a tim cua (ABC).
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loi leu tham khao:
- Tham khao tai liéu cia mot s thay cd khéc.

- Art of Problem Solving
- “Pinh huéng bdi dudng hoc sinh ning khiéu toan” — Thay L& Anh Vinh.



