TO CHUC THE GIFTED BATTLEFIELD KY THI THU TUYEN SINH LGP 10 THPT CHUYEN

DU AN CHICKEN MINDS NAM HOC 2025 - 2026
HUGNG DAN CHAM THI Mbn thi chuyén: TOAN
D@ thi thir Thoi gian lam bai: 150 phat (khéng ké thai gian phat dé)

Ngay lam bai thi: 23/4/2025 — 05/5/2025
Hudng din chdm thi gém 09 trang

I. Huéng din chung
1. Giam khao chadm ding theo Huéng dan cham ctia Dy 4n Chicken Minds — T6 chitc The Gifted Battlefield.

2. Néu thi sinh c6 cach tra 15i khac dap 4n nhung ding thi giam khéo vAn cham diém theo biéu diém ctia
Huéng dan cham thi.

3. Giam khao khong quy tron diém thanh phan ctia ting cau, diém ctia bai thi.
Il. Dap an va biéu diém
Bai 1. (3,0 diém)
(a) Giai phuong trinh saw: /o +6 + 22 =7 — /r — 1.

(b) Mot ngudi nong dan ¢6 400 m hang rao. Ong ta mudn ding 400 m hang rao dy dé rao lai mot canh dong
hinh chit nhat cé ding 1 canh tiép giap véi mot con song. Ong Ay khong can phai rao canh gidp bd song.
Gia st ring mép ciia dong song 1a mot dudng thing. Hoi ngudi nong dan cé thé rao duge canh dong véi
dién tich 16n nhat 14 bao nhiéu nghin mét vuong?

(c) Ban Phuong va ban Phat lan lugt duge dua ngdu nhién mot s6 nguyen khong am khong vugt qua 4049.
Tinh xac suat dé s6 ctia ban Phuong trir di s6 ctia ban Phét c6 két qua 16n hon hoiic bing 2025.

Cau Huéng dan Diém
a | Giai phuong trinh sau: 2z +6+22=7— vz — 1. 1,25
Diéu kien xac dinh: > 1.
Phuong trinh ban dau tuong duong véi (V2 +6 —2) + (22 —4) + (V2 —1—-1) = 0. 0,25
Nhan céc biéu thiic & ngodic tron thi nhat va thit ba véi biéu thiic lien hgp tuong tng, ta thu | 0,25
dugce
r—2 r—2
+ @ -2)(z+2)+ ————=0.
(x+6)2+2yz+6+4 ( ) ) Ve —1+1
Dt 2 — 2 lam nhan t& chung cho biéu thic & vé trai, ta dugc 0,25
( 2) ! +x+2+ = 0
T — x — | =
(462 +2v/z+6+4 Vr—1+1
Tt day ta chia thanh hai truong hogp. 0,25
Truong hop 1: x — 2 = 0 hay = = 2, théa méan dicu kiéen.
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Trudng hgp 2: 0,25

1 1
, +2+2+ ——=0.
V(x+6)2+2r+6+4 Ve—1+1
. . 1
Tuy nhién, ta dé dang thay ﬁ >0, vaviz>1nénz+2>0va/x+6>0,kéo
x —
1 .
theo > 0. Vay vé trai 16n hon 0, suy ra truong hgp 2 khong xay ra.

V(x+6)2+2¢x+6+4
Vay phuong trinh ban dau c¢6 nghiém duy nhat z = 2.

b Héi ngudi néng dan cé thé rao dudc canh ddng véi dién tich 16n nhit 13 bao nhiéu nghin 1
mét vudng?

Dat = (m) 1a do dai canh tiép gidp v6i con song, va y (m) la do dai canh ké canh tiép giap | 0,25
véi con song (z > 0, y > 0). Theo gia thiét, ta c6 x + 2y = 400, vd S = xy la dién tich cla
canh dong.

Ap dung bat ddng thitc AM-GM cho hai s thue duong @ va 2y, ta thu dugce 0,5
400 = @ + 2y > 21/2ay = 225,

suy ra
1
S < 200%. 5 = 20000 (m?).

Diang thitc xay ra khi v& chi khi z = 2y = 200, hay = = 200 va y = 100. 0,25
Vay dien tich 16n nhéat ctia canh dong la 20 000 m?.

c | Tinh xac suit dé sb clia ban Phuong trir di sé chia ban Phat c6 két qua 16n hon hodc | 0,75
bang 2025.

Goi P va @ lan lugt 1a s6 ctia ban Phuong va ban Phat (0 < P,Q < 4049). Theo dé bai thi | 0,25
P—Q > 2025.

Goi A 1a bién cb “sd ciia ban Phuong trit di s6 cia ban Phat c¢6 két qua 16n hon hoic biang
20257, C6 tong cong 4050 - 4050 = 40502 cap s6 (P, Q) ma Phuong va Phat nhan dugc, nén
khong gian mau ciia phép thit c6 n(2) = 40502 phan ti.

Trude hét ta cht ¥ rang néu Q > 2025 thi khong ton tai P théa man yéu cau deé bai, suy ra | 0,25
0<Q <2024.

V6i méi gia tri @ nidm trong khodng nay, dé P — @ > 2025 thi P phai thoéa man diéu kién
Q + 2025 < P < 4049. Diéu d6 c6 nghia 1a véi moi Q théa man 0 < Q < 2024, s6 lugng gia
tri P théa man bang

4049 — (Q +2025) + 1 = 2025 — Q.

Vay s6 két qué thuan 1gi cho bién c6 A bing 0,25
2024 2024
2026 - 2025
A) = 2025 — = 2025 x 2024 — =
n(4) ;f Q) x QE_jOQ 5

Vay xac suat ctia bién c6 A bang

1
520252026 103

n(A
play = 1A _ 7l
n(Q) 4050 8100
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Bai 2. (1,0 diém)

Cho hé phuong trinh trén tap so thuc:

1 1 1
at+b+c=—+ -4+ -
a b ¢
1 1 1
2 2 2 __
a +b +c —?—f‘bﬁ"‘cﬁ

N P N 1
Chitng minh riang moi bo ba so thuc (a, b, ¢) théa man hé phuong trinh déu c6 dang (il, x, ) v6i moi x € R,
T
x # 0.

Huéng dan Diém
Datp=a+b+c, ¢ =ab+ ac+ bc, r = abe. Hé phuong trinh ban dau tuong duong véi 0,25

{pr =q (1)
r’(p* —2¢) =q¢* —2pr (2).

Thay phuong trinh (1) vio phuong trinh (2), ta thu duge r2(p? — 2pr) = p?r? — 2pr, hay 0,25

2pr(r* — 1) = 0. (3)

Via,b,c# 0 nén r # 0, tic la p=0, r =1 hoac r = —1.

Trudng hgp 1: Néu p = 0 thi theo phuong trinh (1), ¢ = 0. Theo dinh 1i Vieta dao, a,b,c la ba
nghiém ctia phuong trinh (an z) 2® —r = 0, hay

(o~ )

<x+;%)2+i\3/77] =0. (4)

L 1.\* 3
Cé6 the thay, vi r # 0 nén (z + 2\3/77) + Z\?’/ﬁ > 0, tic la phuong trinh (4) chi ¢6 mot nghiém
thue z = v/r2, vo 1i. Vay p # 0.

Trudng hgp 2: Néu r = 1 thi theo phuong trinh (3), p = ¢. Khi nay, theo dinh i Vieta déo, a,b,c | 0,5
1 cic nghiem clia phuong trinh (an z) 23 — p2? + pr — 1 = 0, hay

(2= Da® — (p— D+ 1] = 0. (5)
Theo bat dang thitc AM-GM,
pPP=2p=p>—2¢=0a’+0*+c
> 3va2b2c2
=3Vr2 =3,
hay (p — 1) — 4 > 0. Day ciing chinh la diéu kién dé phuong trinh bac hai trong ngodac vuong c6
hai nghiém. Vay phuong trinh (5) c6 ba nghiém: mot nghiém = = 1, va hai nghiém con lai ¢6 tich
s 1
bang 1, suy ra (a,b,c) = [ 1,—,x | v cac hoan vi.
x
Trudng hgp 3: Néu r = —1 thi p = —¢. Tuong tu, theo dinh li Vieta ddo, a, b, ¢ 13 cac nghiém cla
phuong trinh #3 — p2? — pr +1 = 0, hay (z + 1)[z? — (p — 1)z + 1] = 0. Lap luan tuong ti trudng

1
hgp 2, ta thu duge (a,b,c) = <—1, ,x) va cac hoan vi.
T

P N 1
Vay moi bo ba so thuc (a, b, c) théoa man hé phuong trinh deu c¢6 dang <i1, -, x> véi moi x # 0.
z
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Bai 3. (2,0 diém)

V6i k 1a s6 nguyéen duong, xét phuong trinh nghiém nguyéen duong véi an a, b, c:

ab—c)+b3(c—a)+c3(a—b) =k

(a) Chitng minh ring véi k = 20252°%4, phuong trinh vo nghiem.

(b) Tim s6 gi4 tri k < 2024 sao cho phuong trinh c¢6 nghiém nguyén duong.

Cau

Huéng dan

a

Chirng minh rang véi k = 20252924, phuong trinh vé nghiém.

Ta co

ad(b—c)+b(c—a)+c(a—b) =

3(b—c)+b3(c—a+b—b)+c*(a—D)
b—c)(a® —b*) — (a = b)(V* — )
b—c)(a—b)(a® +ab+b* —b? —be —c?)
b—c)(a—Db)[(a—c)(a+b+c)+ (a—b)(b—0c)
a—"b)(b—c)(a—c)(a+b+c).

S}

)

—~ ~ —~

Trong cac s a, b, ¢, phai c6 hai s6 ciing tinh chén 1&. Vi vay, mot trong cac hieu a — b, b — ¢,
a — c phai chin, dan dén biéu thitc (a — b)(b — ¢)(a — ¢)(a + b+ ¢) luon chin. Do d6, phuong
trinh a3(b — ¢) + b3(c — a) + c3(a — b) = 2025%°%4 v6 nghiem vi vé phai la s6 1é.

0,5

Tim sb gia tri k£ < 2024 sao cho phuong trinh c6 nghiém nguyén duong.

Ta sé chiing minh réng a®(b —¢) +b3(c — a) + c¢*(a — b) = (a — b)(b— c)(a — ¢)(a+ b+ c) luon
chia hét cho 3 véi moi sd nguyén duong a, b, c. That vay,

— Néu hai s6 trong ba s6 a, b, c c6 cing s6 du khi chia cho 3 thi hiéu ciia hai s6 dé6 chia
hét cho 3.

— Néu céac s6 du clia cd ba sd khi chia cho 3 khac nhau, thia+b+c=0+1+2
(mod 3).

Il
o

Lai chu y rang theo cau a, (a — b)(b— ¢)(c — a)(a + b+ ¢) luon chia hét cho 2, va (2,3)
nén biéu thic nay luén chia hét cho 6.

I
—_

0,5

Ngoai ra, khong mat tinh tdng quat, gid sit ¢ = min{a, b, ¢}, kéo theo a > b > ¢ (néu khong
thi k < 0). Khi d6,

a—b>1, b—c>1, a—c>2, a+b+c>3c+3>6.

Vivay, k> 1-1-2-6 = 12. Diéu kién can 1a k chia hét cho 6 va k > 12.

0,25

Ta sé chitng minh riang day ciing chinh 1a diéu kién da. Dt k = 6m v6i m 14 s6 nguyén duong
16n hon hodic bang 2. Chon a,b,csao choa—b=1,b—c=1thia—c=2vaha+b+c = 3c+3.
Thay vao phuong trinh ban dau, ta thu dugc:

1-1-2-(3¢+3) =6m,

hay ¢ = m — 1. Do d6, phuong trinh luon c6 nghiém nguyén duong la (m + 1, m,m — 1) va
cac hoan vi.

0,25

Vay s6 gia tri k can tim la:

2024
|~ 1 = 336.

0,25
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Bai 4. (3,0 diém)

Cho tam gidc ABC nhon noi tiép duong tron tam O, ban kinh R. Goi K la tam dudng tron ngoai tiép tam
gidc BOC, P la mot diém nam trén tia AK, va E, F lan lugt 1a diém doi xing clia P qua cac canh AB, AC.
PE cit AB tai D, PF cat AC tai G. Goi M la trung diém EF.

(a) Chiing minh AM L EF va MADB = PAC.
(b) Goi L la diém dbi xiing ctia O qua BC. Chitng minh OK - OL = R2.
(c) Chitng minh ba diém A, M, L thang hang.

(d) Goi Q 1a diém dbi xting ctia P qua M. Chiing minh AQ | BC.

Cau Huéng dan Diém
a Chdng minh AM 1 EF va MAB = PAC.
Xét thé hinh nhu hinh vé; cac truong hop khac chitng minh tuong ti.

Vi E va F lan lugt déi xing v6i P qua AB vi AC nén AE = AF = AP, hay AAEF can. | 0,25
Lai c6 M la trung diém EF nén AM 1 EF.
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Nhan thdy D va G lan lugt 1 trung diém ciia PE va PF nén DG la duong trung binh ctia | 0,75
APEF, suy ra DG || EF. Ngoal ra, tit gidc AMDE ndi tiép vi AME = ADE = 90°, va tw
giac ADPG nai tiép vi ADP = AGP = 90°. Vi vay, ta c6 bién déi goc
MAB = PEF (t gisc AMDE noi tiép)
— PDG (DG || EF)
— PAC  (t gisc ADPG noi tiép).
Ching minh OK - OL = R2. 0,5
— — —  — oC  OK
Vi OKC =20BC = 20CB = OCL nén AOCK ~ AOLC (g — g), suy ra 0L — OC hay | 0,5
OL-OK = 0C? = R?.
Chitng minh ba diém A, M, L thing hang. 0,75
Vi OK - OL = R? = OA? nen AOAL ~ AOK A, suy ra OAL = OK A. 0,25
Goi H la tryc tam AABC. Vi AH || OK (cung vudng goc BC) nén HAK = AKO = OAL. 0,25
. = 1 =l S L iz
Lai cha § rang OAB = 5(180o —2A0B) =90° — BCA = CAH, nén ta c6 bién doi goc 0,25
CAH + HAP = OAB + OAL
PAC = LAB
MAC = LAB. (cau a)
Vay A, M, L thing hang.
Chding minh AQ 1 BC. 0,75
Goi N 1a giao diém thit hai ctia AK va (O) (N khéc A). Tacé NBC = NAC = MAB = PEF. | 025
Tuong tw, NCB = PFE nén ANBC ~ APEF (g — g).
Vi M la trung diém ctia c hai dudng chéo PQ, EF clia tit gihc PEQF nén ti gidc PEQF
ciing chinh Ia hinh binh hanh, suy ra APEF = AQFE. Vay ANBC ~ AQFE, suy ra
NC  BC (1)
QE EF’
Hai tam giac AEF va LCB lan lugt can tai A va L ¢6 EAF = Q(m + P/AE) — 2BAC = 0,25
2BLC nén dong dang v6i nhau, suy ra
LC BC
Lo be P
AE EF 2)
Tu hai cap tam gidc dong dang trén, ta ciing thu dugc NCB = QEF va LOB = AEF nén
LCB -~ NCB = AEF — QEF hay
NCL = AEQ. (3)
— 1 —
Tu (1), (2) va (3) ta thu dugc ANLC ~ AQAE (c —g — ¢). V6i chu y OLC = §BLC =
%F/AE — MAE, ta c6 bién déi géc
NLC = QAE
NLC — OLC = QAE — MAE
NLO = QAL.
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Cubi cling, chi ¥ rang OLA = OAK = ONA nen tt giac AOLN noi tiép, suy ra 0,25

QAL =NLO = NAO = ONA = OLA,

kéo theo AQ || OL. Ma OL L BC nen AQ L BC. 0
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Bai 5. (1,0 diém)
Trén ban ¢6 m (m € ZT) hinh vudéng c6 do dai canh bing 1. Ta c¢6 thé thao tdc nhu sau: bo khdi ban 1 hinh

. s
vuong c6 do dai canh la s va thém vao ban 2 hinh vudéng c¢6 do dai canh lan lugt 1a 3 va 3

V6i s6 nguyén khong am k bat ki, ta goi mot hinh vuong 1a loai k& néu can k lan thao tac dé thu dudc né tit
hinh vuong ban dau (chidng han, cic hinh vuong ban dau I loai 0).

(a) Chitng minh ring: v6i moi k € N, ¢6 thé chon dugc t6i da k + 1 hinh vuong loai k trén ban sao cho do
dai ctia chiung doi mot phan biét.

(b) Tim tat cA m € Z" théa man: khi thyc hién cac thao téac, trén ban luon ton tai 2 hinh vudong ma chiing
c6 cung do dai canh tai moi thoi diém.

Cau Huéng dan Diém

a Chitng minh ring: véi moi k € N, c6 thé chon dudc tbi da & + 1 hinh vudng loai k trén | 0,25
ban sao cho d6 dai chia ching d6i mét phan biét.

N ] _ 1 2 N B e 1.
Vi moi lan thao tac, do dai canh sé duge nhan véi 3 hoac 3 nén sau k lan thao tac thi do dai | 0,25

canh ctia hinh vuong loai k sé bang

1t . 2k~t 2k:—t

B 3k

- 1 .
voi t (0 <t < k) la s6 lan thao tédc véi hinh vudng canh 3 Co6 toi da k + 1 gia tri cua t, nén

c6 toi da k + 1 hinh vuong loai k£ trén ban sao cho do dai ciia chiing doi mot phan biét.

b | Tim tit ca m € Z* théa man: khi thuc hién cac thao téc, trén ban luén tén tai 2 hinh | 0,75
vuong ma chiing cé cung do dai canh tai moi thoi diém.

V6i 1 < m < 3, ta thao tac nhu sau: 0,25

e Hinh vuong tht nhat ta giit nguyen: {1}.

2
3
. ~ / L. . 1 2 12
e Hinh vuong thi ba (néu c¢6) ta thao tac nhu sau: {1} — {, } — { g’

12 2 4 4

9°9'27°27°9 "
Sau khi thuc hién thao tac thi ta dugc mot thoi diém ma khong c6 bat ky cap hinh vuong
nao c6 do dai canh bang nhau.

Ta chitng minh rang tat ci cic gia tri m € Z* théa man 1a m > 4. 0,25
Sau k lan thao tac, ta gan cho hinh vuong loai ¢ gia tri bang 5 Goi T, 1a tong cliia tat ca cac
gia tri duge gan trén tat ci cic hinh vuong tai thoi diém sau k lan thao tac (chdng han, néu
sau 1 1an thao tac ta c6 1 hinh vuong loai 0 va 2 hinh vuong loai 1 thi 73 =1-1+ 3 2=2).
Ta c¢6 nhan xét sau:

Nhan xét. T}, la mot dai luong bat bién.
. . . o1 .
That vay, neu ta thyc hién thém mot thao tac 1én mot hinh vudng loai ¢ ¢6 gié tri 50 ta sé

thu dugc hai hinh vuong loai i + 1 c6 tdng gia tri bing 2+ —— nghia la gia tri T}, truéce

it — 20
va sau thao tac khong doi. Vay m =Ty =Ty = ... = T}, = Tj41 v6i moi k € N.
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Gia sit ton tai thoi diém sau k lan thao tac ma khong 2 hinh vudéng nio cé cting do dai canh. | 0,25
Goi j (j > 1) la gia tri 16n nhat clia loai hinh vuong. Theo cau a), vi s6 hinh vuong loai j c6
do dai canh khac nhau déi mot khong vugt qué j + 1, va khong 2 hinh vudng cé cing do dai
canh neén c6 t6i da j + 1 hinh vuong loai j. Diéu d6 c6 nghia
it
4§m:Tk§Z > (1)
i=0
Tuy nhién, ta cht § rang
Ty = 2T, — Tk
j—1 . j—1 . .
1+ 2 t+1  j+1
i=0 i=0
-1 . . .
_2_j (i+2)—(@+1) j+1
B 2 2
=0
Jj—1 1
i=0
N
N
ma
N=2N-—-N
j—2 =2
1 1 1
i=0 i=0
=2- 53
<2
nén Ty, < 2+ 2 = 4, mau thuan véi (1). Vay diéu gia st sai, hay tai moi thsi diém, trén ban
luon ¢6 2 hinh vuong ¢6 do dai canh bang nhau.
- HET -
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