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b)

d)

Yinde nghtio.

Ham so: (,3h0 X,Y la cac tap con cua tap hop s6 thuc R. Ham s f 1a
mot quy tac cho twong trng moi gia tri x € X vo1 mot va chi mot gia tri
yeY,kihiéulay = f(x).Pat f(X) = {f(a)| a € X} goila tip anh
cua tap X.

Don anh, toan anh, song anh:

Pon dnh: Ham s6 f: A —» B duogc goi 1a don anh néu véi moi ay, a, €
Amaa; # a, thi f(ay) # f(a,).

Chay: Haim sb f: A = B don anh néu voi moi f(a,) = f(a,) thi a;
a,.

Toan &nh: Ham s6 f: A = B duoc goi 1a toan 4nh néu véi moi b € B
ma thi ludn ton tai a € A sao cho f(a) = b.

Chay: Ham s6 f: A - B latoan anh & f(4) = B.

Song anh: Ham s f: A = B dugc goi 1a song anh néu ham f vira don
anh, vira toan anh

Chay. Ham s6 f: A - B 1a song anh khi va chi khi véi moi b € B thi
ton tai duy nhat a € 4 sao cho f(a) = b.

Ham s6 ngwoe: Ham s6 f: A - B 1a ham song anh. Khi d6, ham
nguoc cua f, ky hiéu 1a £71, 1a ham xac dinh béi f~1: B - A sao cho
voimdi b € Bma f(a) = b (a € A) thi f~1(b) = a.

Ham s6 chin, ham s6 1é: Xét ham f: X — X:

Ham f goi 1a ham chén néu véi moi x € X thi —x € X va f(—x) =
f(x).

Ham f goi 12 ham 1é néu véi moi x € X thi —x € X va f(—x) =

— ().

Ham s6 tuan hoan: Xét ham f: X — X va T 1a mot sb thuc duong.

Ham f goi la tuan hoan néu thoa man ca 2 diéu kién sau:
i) VxeXthix+TEeELX.
i) vxeXthif(x+T)=/f(x).




1.  Phwong phdp thé:

Phuong phép thé bién c6 18 1a duoc sir dunqg nhiéu nhat trong cac bai toan

phuong trinh ham. Thong thuong, ta co theé:

* Cho x, y... nhan cac gia tri dac bi¢t, thuong 1a 0, +1, £2, —x, —y,y,x ...

= Lam gidm f bang cach 1am cho cac f triét tiéu hodc trd thanh £(s0).

= Tim moi quan hé gitta f(x) va f(—x), néu c6 x? thi thé x - —x.

= Tinh bang hai cdch: Ta tinh biéu thirc A theo 2 cach, rdi cho 2 cach do
bang nhau. Pic biét, ta thuong str dung phép thé d6i xtimg dé tinh cac dai
lugng co x,y dbi xtng bang 2 cach.

Quy wée: Trong bai viét nay (va nhitng bai Viét vé phuong trinh ham sau

nay), ta quy udoc ki hiéu P(1)(x,y) la phep thé x, y vao phuong trinh (1).

bong thot, P(x,y) 1a phép thé x, y vao phuong trinh dé bai.

Vidu 1.1. Tim ham f:R — R thoa:
fy) —fx—y)+flx+y+1)=-3xy—6y—2 Vx,y€ER

Vi du 1.2. (HSG TP HCM 2002 — 2003) Tim tAt c4 ham sb f: R* — R*

: ( 1
thoa: —
f =5

2 2
flxy) = fQOf (—) +fOf <—> vx,y € R*
\ y x
Vidu 1.3. Tim ham f: R — R thoa:

f2=y?) ==+ () Vr,yeR
Vidu 1.4. Tim cac ham f: R — R thoa:

FO)+fx+f0)) =y +f(F@) +F(F)) vx,y €R
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Vidu 1.1. wd‘L11’ 12

fay) = fx-=»+fx+y+1)=-3xy—-6y—-2VxeR (1)

Thay y thanh —> vao (1) : f(-3)=Z+1(2)

2 2
Thay x thanh —2xvao (2): f(x) =-3x+1
Thi lai f(x) = —3x + 1 vao (1), ta thiy thoa mén.

Nhan xét: Cac ban doc gia co thé thay rang loi gidi trén rat dé, nhung néu

cdc ban da thwr lam bai trén thi thuwong sé co xu huong tim cac gia tri dac biét
nhie £(0), f(1) nhung diéu d6 sé lam loi gidi tré nén rat dai dong, trong khi
cdc ban chi can dé ¥y mot chut rc%ng néu triét tiéu dwoc — flx—y)+
f(x+y+1) thi sé ra ngay dap an.

fQ) =

1
Vidu 1.2. fay) = FOOf (s) + FONf G) vx,y € R* (1)

Trong (1) thay y = 1 taduogc: f(x) = f(x)f(2) + %f G) Vx € RT(2)

Trong (2) thay x = 2 ta dugc: £(2) = [f(2)]? + G)Z

slr@-4 =oer@ =1

Tir day thay lai vio (2) ta duge: £(x) =S f(x) +3f (2) vx € R*

2

& f@) =f(3) vxeR",
Khi d6 (1) thanh f(xy) = 2f(x)f(y) ¥x,y € R* (3)

Thayybéi%ta duoc %= 2[f(0)]? vx € R* hay [f(x)]? =i Vx € Rt

Véy ham s6 f duy nhéit thoa dé 1a f(x) = 2vx € R*. /
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TVide1.3, 14

Vidu13. f(x2 =) = x =M@ + f@) Vx,y eR (1)
Thay y thanh x vao (1): f(0) =0

Thay y thanh 0 vao (1): f(x2) = xf(x) 2)
Thay x thanh —x vao (2): f(x?) = —xf (x) (3)
(2);B) = f(—x) =—f(X)Vx ER,x # 0 (4)

=>f(—x)=—f(x)VxeER

Thay y thanh —y vao (1):

fx?> =y = +y)Ff)+ =) =+ - Q)

=> =@ +f)= x+NF® -FO))

=>xf) —yf(x) =—xfQ)+yf(x) = xf(y) =yf(x) (5)
Thay y thanh 1 vao (5): f(x) = xf(1) = ax véia = f(1)

Thir lai £(x) = ax vao (1), ta thdy thoa man.

Vidu 1.4,

FO) +f(x+f3) =y +F(F@) +F(F)) )
Py(F,»): FO) +F(fG) +F) =y + f (FF ) + F(FD))) @
Tatinh £ (F(£()) + F(F()) = F(f() + £ (7)) bing 2 cach:

T (2) = £ (FF@) +F(FO)) = FF@ +f3)) = FO) —y

Py, ) F(FUF@) + F(FO)) = F(FG) + F3)) = F(x) —x

Vivay f(x) —x=f(Q) —y.
Thay y = 0 vao biéu thtc trén = f(x) = x + ¢ (c 1a hing sd) .
Thir lai thay f(x) = x thoa.

Nhdén xét: Bai todn sir dung phép thé doi xirng, ta cé gang thé dé tao
ra 1 dai lwong bdt bién khi x VA y thay doi vai tro.




Bai taye tueong ti

Bai 1.1. Tim ham f:R — Rthoa:
fUA+f0))=fx+»+fx)+y v,y €R
Bai 1.2. (Canada MO 2000) Tim tat ca cac ham sb f: R — R thoa:

2
f(x=»?) =x*=2yf () + (f(»))” Vx,y €R
Bai 1.3. (VMO 2005) Tim tat ca cac ham sé f: R — R thoa:

F(F=M)=FfOfQ) — f) +f(y) —xyVx,y €R

Bai 1.4. Tim tat ca cic cap ham f, g xac dinh trén R thoa:

f)—f)=x*—y?)glx—y) Vx,yeR
Bai 1.5. (DHSP HN) Tim ham f:R > R thoa :

fOfc+y)=fCx+y)—xf(x+y)+x Vx,yeER
Bai 1.6. Tim tat ca ham f: R — R thoa:

f).fy) =f@2xy +3)+3f(x+y)—3f(x) +6x Vx,yeR
Bai 1.7. (VMO 2013): Tim tat ca cac ham sb f: R — R thoa:
f(0)=0,f(1) =2013
= DIFF2E) - F(F2 )] = [F0) — FOIIF2@) — F2 )] vx,y € R
Bai 1.8. (Belarus 1995) Tim tat ca ham f: R — R thoa:
f(fx+y)=fx+y+fOf@) —xy Vry€eR
Bai 1.9. Tim tat ca cac ham s6 f: R — R thoa:
xf(x +xy) =xf() + f(A)f(¥) Vx,y €ER
Bai 1.10. Tim tat ca ham f: R — R thoa :
fr+f-0)=f@D+fO)-x vryeR
Bai 1.11. Tim tat ca ham f: R — R thoa:
fy)+fx—y)+flx+y+1)=xy+2x+1 Vx,yeR

D




P C

2.  Phwong trinh tich:

Trong nhiéu bai toan phuong trinh ham, ta c6 thé dua vé phuong trinh
ham dang tich ( flx) — g(x))( flx) — h(x)) = 0. Ta chua thé suy ra
ngay f(x) = g(x) Vx hoic f(x) = g(x) Vx. Hudng tu duy chi yéu 1a
1an lugt thé timg dap sb vao dé bai. Thong thuong, dap sb bai toan 1a
f(x) = g(x) Vx hoic f(x) = g(x) Vx hoic ca hai déu thoa. Khi do,
ta mudn ching minh d6 1a cac nghiém ham duy nhat. Ta thuong lam
nhu sau:
= Néu c4 hai dap s6 déu thoa, thi gia st ton tai a,b € R (a, b khac
nghiém cua phuong trinh g(x) = h(x)) sao cho f(a) = g(a) va
f(b) = h(b). o ‘
= Tiép tuc thuc hién phép thé dé suy ra diéu vo li.
= Néu chi c6 mot dap sb thoa, & day gia sit f(x) = g(x) khong thoa
thi ta gia sir ton tai a (a khac nghiém cta phuong trinh g(x) =

h(x))

= Tiép tuc thuc hién phép thé dé suy ra diéu vé 1i.

Vi du 2.1. (Iran 1999) Tim f: R — R thoa man:

fFE) +y) =fx*-y) +4yf(x) VYx,y ER
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Vidu 2.1.
f@) +y) = f(x*-y) +4yf(x) Vx,y €R (1)
P(x,x%): f(f(x) + x*) = f(0) + 4x*f(x) Vx,y €ER (2)
P, =f(x): f(0) = f(x* + f(x)) = 4f(x)* Vx,y ER (3)
Tur (2) va (3) ta c6 duoc: 4f(x)(x2 — f(x)) =0 Vx,y€ER
Vay véi moi x thudc R ta s& c¢d f(x) = 0 hoic f(x) = x?
Ta s& chimg minh f(x) =0Vx,y € R hodc f(x) = x? Vx,y €R
Pau tién ta c6 duoc £(0) = 0, tir d6 ta thay x = 0 vao dau bai:
= f(y) =f(=y), vy eR.
Giastcoa=0,b = 0ma f(a) =0va f(b) = b2
P(a,=b): = f(=b) = f(a® + b) = f(b) =b?
Néuf(a®?+b)=0=b=0(01y)
Néuf(a?+b)=(a?+b)?=b*=a*+2a*’h=0=20a’+2b=0
P(a,b): f(b) = f(a® — b) = b?
- Néuf(a?2—-b)=0=b=0(voli)
- Néuf(@®-b)=(@*-b)2=b*=2a*-2a’h=0=2a?=2b
Maa?=-2b =2b =0 (vo i)
Vay f(x) =0 Vx € Rhoic f(x) = x? Vx €R.
Th lai ta c6 dugce tit ca cac ham thoa man dé bai la:
f(x) =0, Vx € Rhoic f(x) = x%, Vx ER




Bai taye tueong ti

Bai 2.1. Tim ham f: R — R théa man:
fOfY) +xy =2f(x)y Vvx,y€R
Bai 2.2. (Quang Ninh 2014) Tim ham f: R — R thoa:
fO—f®)=f&*=y»-yf(x) VxyeR

Bai 2.3. (PTNK TST 2020) Cho 2 ham s6 f: R — R va g: R — R thoa
g(2020) >0 va Vx, y € R thi thoa dong thoi:

) f(x—g®) = f(=x+29()) +xg() -6.
i) g(v) = g2f (x) — y).
Chtmg minh g 1a ham hang.

Bai 2.4. (VMO 2002) Tim ham f: R > R théa:

fy = f()) = F(x?°2 = y) — 2001yf(x) Vx,y ER
Bai 2.5. (Czech - Polish - Slovak 2001) Tim ham f: R — R thoa:
fO?+y) + f(fG) —y) = 2f(f(x)) + 2y* Vx,y €R
Bai 2.6. Tim ham f: R = R thoa:
fOOf(Y) +2xy =2xf(x) +yf(y) Vx,yeR
Bai 2.7. Tim ham f: R — R thoa:

f0)=0; f(xf()+f() =f*(x)+y Vxy €R




Phucng ey + Bty

3. Swdung tinh don dnh, toan dnh va song dnh ciia ham so:

Vi du 3.1. (Thuy Si 2010) Tim ham f: R > R thoa:

FFG) + fO)) =2y + f(x — y) Vx,y €R
Vi du 3.2. (Nhat Ban 2004) Tim ham f: R — R thod:

Fxf) + fO) = f2(x) +y Vx,y ER
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Vidu3.1.f(f(x)+ f(y))=2y+f(x—y) Vx,y €R (1)
P(x,x): f(2f(x)) =2x+ f(0) Vx€ER (2)

Lay 2 s6 x4, x, € Rsao cho f(x;) = f(x,)
P(x1,x1): f(zf(xl)) = 2x1 + f(0) (3)
P(2%5): f(2 (x2)) = 2, + £(0) (4)
(3), (4) = 5 = x, = f don anh.

P(x,0): f(flx) + f(0)) = f(x) Vx ER

= f(x)+ f(0)=xVxeR

= f(x)=x—a Vx € R(a € R)

Thé vao (1) :

x+y-2a=2y+x-y-a VxeER=a=0

Vay f(x) =x Vx €R.

Vidu3.2. f(xf()+ fO)) =f2(x)+y Vx,y€R (1)
PO,): f(f»)=f2(0)+y VyeR (2

= f toan &nh = Ton tai a € R sao cho f(a) = 0.

P(a,a): f(0) =a (3)

P1y(0,a):a = a* + a (do (3))=>0¢2 =0=a=0= f(0)=0.

Py(x,0): f(xf(x)) =f2(x) VxeR (4)

@=f(f) =y VyeER (5)
P(f(x),0): f(xf(x)) =x2Vx€R (6) (do (5))
(4), (6) = f*(x) = x* Vx € R

= Véimoi x € R tacd f(x) = x hoac f(x) = —x.

Gia st ton tai a, b # 0 sao cho f(a) = a, f(b) = —b:

Puy(a,b): f(a* —b) =a*+b

Néuf(a?—-b)=a’—-b= a*-b=a’+b=2b=0= b = 0 (tréi
gia thiét).
Néuf(a?—b)=b—a?*=b-a’=ad*’+b=2a*=0=a=0
(trai gia thiét).

jayf(x) =x Vx € Rhoic f(x) = —x Vx € R.

y,
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Bai 3.1. Tim ham f: R — R thoa:
ffG) + xf) =xy+ f() ¥Vx,y ER
Bai 3.2. (Balkan 2000) Tim ham f: R — R thoa:
2
flfG) + ) =(f())" +yvx,y €R
Bai 3.3. (Ba Ria Viing Tau 2013) Tim ham f: R = R thoa:
flxy+ f) + f(x— yf(x)) =2xVx,y €R
Bai 3.4. (IMO 1992) Tim ham f: R — R thoa:
2
f2+f)=(fx) +y vx,y€eR
Bai 3.5. Tim tat ca ham f: R — R thoa mén:
fEC +y) =f(x? =) +4f(x)y VYx,y €R
Bai 3.6. Vi cac sb thuc m, n, gia su tdn tai ham sb f:R — R thoa man:
flx+m.f(xy)) = f(x) + n.xf(y)vx,y € R
Chting minh néu f toan anh va f(1) = 1 thitacé m = n.
Gia st m = n # 0, tim tat c4 ham s6 thoa man d¢ bai.

Bai 3.7. Tim tat ca ham ting thyc sy f: R = R thoa:

f(xf) =yf(2x) vx,y €R
Bai 3.8. (Olympic 16p 10 GGTH) Tim tat ca ham s6 f: R — R thoa man:

fQRf(—x)+y) +3x=f(x+f(¥) Vx,yeR

y,
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Bai 3.9. Tim tat ca ham f: R — R thoa man:

£(2021x3 + y + f(y)) = 2y + 2021x%f(x) Vx,y €R
(Goi y: Néu ham f cong tinh (f(x + ) = f(x) + f(¥)) thoa
F(x3) = x2f(x) thi f(x) = ax, v6i a 1a hang sd)
Bai 3.10. Tim tat ca ham f: R — R thoa man:

fx+y*+2) = f(f()) +yf(x) + f(2) Vx,y,z€R
Bai 3.11. Tim tit ca ham f:Z — Z thoa man:

fx—y+f) =f)+fG)
Bai 3.12. Tim tit ca ham f: R — R thoa min:
FOR20+ FO)) =f) + yvx,y eR

Bai 3.13. Tim tat ca ham f: (0; +00) — (0; +00) thoa mén:

K2[f() + f] = (x +Nf(yf (X)) Vx,y € (0; +0)
Bai 3.14. Tim tat ca ham f: R* - R* thoa mén:

flx+fle+2y) = f(2x) + 2f(y) Vx,y > 0
Bai 3.15. Tim tit ca ham f: R — R thoa mén:
fx+vy2+2)= f(f(x)) + yf(x) + f(z) véi moi x, y, z thudéc R

Bai 3.16. Tim tit ca ham f: R* — R* thoa min:

flx+f®)=flx+y)+f(¥)(xy €RY)




4.  Ngodi tinh toan dnh ciia f(x), ta con cé thé sir dung tinh toan dnh

ciia f(x) — f(y).

Vi du 4.1. (IMO 1999) Tim tat ca ham f: R — R thoa man:
fx=f)=ffO)) +xfM +fx) -1 Vx,y €R

Gidgi. f(x—f()=ffO)+xf) +f(x)—1vxy€R

D& thdy ham f = 0 khong thoa dé bai nén t6n tai a: f(a) # 0

P(x,a):f(x = f(@) = f(x) = f(f (@) + xf (a)

Ma f(a) = 0nén{f(f(a)) +xf(a) | x eR} = R

> Vx €R:3a,b e R:x = f(a) — f(b)

bat (0) = c. P(F (), ):c = f(0) = 2f (f(»)) + f2(y) — 1

Thé x = f(x), ta duoc:

fUF@ = fO)) = FFO) + G- fO) + F(f () — 1

(e -fo»)°
2

_U@-re)" _ <
2 N 2

Véimei x € R: f(x) = f(f(a) — f(b)) = ¢

Thir lai vao gia thiét suy ra ¢ = 1.

2
Vay f(x) =1->Vx€R.

D




Bai 4.1. (PFTNK 2020) Cho hai ham s6 f: R - Rva g: R - R thoa
g(2020) > 0 va dong thoi

fx—g) =f(=x+29) +xg(») —6 (1
g) =gQ2f(x) —y) (2

a) Chimg minh g 1a ham hang.

%Vx,ye R

b) Chtng minh ham sé h(x) = f(x) — x ¢6 truc ddi xtng x = 1.
Bai 4.2. Tim tat ca ham f: R — R thoa man:
f @) +2yf() +f0) = f(y + f(0)) Vx,y €R
Bai 4.3. Tim tat ca ham f: R — R thoa man:
fx+7®)=3f(x) + () —2x Vx,y €R
Bai 4.4. Tim tat ca ham f: R — R thoa mian:
4
fx+f) =f) +(x+f()) —x* vx,yeR
Bai 4.5. Tim tat ca ham f: R — R thoa man:
fF() —y?) = f()* = 2f()y* + f(() VYx,y€R
Bai 4.6. Tim tat ca ham f: R — R thoa mén:
fCO?+2yfD+f) =f(y+fx) VYxy€ER
Bai 4.7. Tim tat ca ham f: R — R thoa f(1) = 1 va
fUFE) +y5) = f(f0)) +yf () Y,y €R
Bai 4.8. Tim tit ca ham f: R — R thoéa man:

FGD+ 2 +2xf ) =2 (x+ () VYx,y€ER
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Bai 1.1

Bai 1L £ (f(y + f(x))) = fx + ) + f(x) + (1)
Thé y thanh f£(y) vao (1):

FFUFO) +£0)) = Flx + FOD) + £ + F ) )

Pbi x va y trong (2): f (f(f(x) + f(y))) =fly+ @)+ )+ )
= flx+ ) =f(y+ f(0) (3)

Doi x va y trong (1):f(f(x+f(y))) =fx+y)+f) +x
Do@3) = fx+y)+f)+y =flx+y)+f(y) +x

= f)=x+fy) -y (4)
Thay y thanh O vao (4): f(x) =x+ f(0) =x +a véia = f(0)
Thé f(x) = x + a vao (1):
x+y+3a=x+y+a+x+a+y=2x+2y+2a\oly)
Vay khong t6n tai ham f thoa dé.

Nhin xét: Phép thé y thanh f(y) la mét y twong rdt quan trong trong phirong trinh
ham dé la Poi xieng hod. Ta sé tao ra sw doi ximg trong 1 vé ciia phirong trinh, roi tir
dé ta sé doi vi tri cuia x va y thi vé con lai sé bdng nhau.

D
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Bai 1.2

Bai 1.2. f((x —y)?) = x2 = 2yf(x) + (f(y))2 vx,y € R (1)

Trong (1) thay x =y = 0 taduge £(0) = (£(0))°

f0)=0
f(0) =1

® Tiuong hopl: f(0) =0

Suy ra

Trong (1) thay y — x ta dugc (x — f(x))2 =0VxeR
Hay f(x) =x Vx € R
® Truong hop?2: f(0) =1

Trong (1) thay y — x ta dugc (x — f(x))2 =1VxeR

fx)=x+1
fx)=x-1

Néu Ja saocho f(a) =a—1

Suy raVx € R thi

Thay x = a,y = 0 vao (1) ta dugc f(a?) = a? + 1
Thay x = 0,y = a vao (1) ta duogc
f@®>)=-2a+f(a)?=-2a+(@*—-2a+1)=a*—4a+1
>a’+1=a’—4a+1

oSa=0=1=f(0)=-1Woly)

Vay f(x) = x + 1Vx € Rva f(x) = x Vx € R 1a tt ca cac ham s6 thoa
man d¢ bai.




0 gidi + Whin it
Pai 1.3

ai 1.3 f(f(x =) = fQOf ) = f) + fO) —xy (1)
Thay x = y = 0 vao (1) ta dugc £(£(0)) = £2(0)
Thay y = 0 vao (1) ta duoc
fFf(0) = fCOf(0) = f(x) + f(0) VxER (2)
Thay x = 0,y = —x vao (1) ta duoc
F(FG)) = FDf () + f(-2) ~ f(O) Vx ER (3)
Tu (2) va (3) ta duoc
fOIfC) = f] =[G+ f(=0)]+2f(0) =0 (%)
Thay x = y vao (1) ta duoc f2(x) = x% + f2(0) Vx € R (4)
Trong (4) thay x » —x ta duoc f?(—x) = x% + f2(0) vx € R (5)
T (4) va (5) ta duoc
f2(x) =f?(—x) vx ER= |[f(x)| = |[f(-x)| Vx ER

Néu ton tai x, # 0 sao cho f(x,) = f(—x,) thi trong (%) thay x = x, ta c6

f(xo) = f(0) = £2(0) = f?(x0) = x§ + f?(0) = xo = 0 (mau thuan)
Vay f(=x) = —f(x) Vx €R
Ap dung vao (*) tacé F(O)[f(x) +1] =0 Vx € R
Néu £(0) # 0 thi f(x) = —1, diéu nay 1a vo Iy néu f 1a ham 1é.
Vay f(0) =0
T day, ta thay y = x vao (1) thi ta dugc f2(x) = x? Vx € R

Néu ton tai x, # 0sao cho f(xy) = x, thi ap dung (2) vdi x = x, va két hop
f(0) = 0 ta duoc:

xo = f(xo) = =f(f(x0)) = —f (xp) = —=x¢ = %, = 0 (mAu thuin)

jl‘r day ta co f(x) = —x Vx € R 1a ham s duy nhat thoa dé bai



&P&Lgidi+ WNhan ét
Pai 1.4

Bai 1.4. f(x) — f(y) = (x* —y*)g(x — y)Vx,y €R (1)
Thay y thanh 0 vao (1): f(x) — f(0) = x%g(x)
= f) = f@) =(f) = f0) - (fO») = £(0)) = x*g(x) — y*9(¥)
= x? g(x) —y?g(¥) = (x* —y*)g(x — y) (2)
Thay x thanh 0 vao (2): —y?g(y) = —y?g(-y)
= g(y) =g(=y) Vy#0
Mit khac, f(x) = x2g(x) + £(0)
= f(=x) =x*g(—x) + f(0) =x*g(x) + f(0) = f(x) Vx=#0
Thay y thanh —y vao (1): f(x) — f(=y) = (x* =y )glx +y) = f(x) = f ()
= (x?—y)glx —y) = (x* —yHglx +y)
= g(x —y) = g(x + y) (v6i didu kién |x| # |y])

Vi cac gia tri x, y chon cac gia tri u, v théa x = uT-I-v ;Y = % (x + 1y)

= g(u) = g(v) = glahamhangnén g(x) =a Vx € R\{0}
= f(x) = ax?* + f(0) Vx € R\{0}

Vay, cac ham sb thoa dé la:

gx) =akhix +0; glx) =tkhix =0 (véia,t tuy y thuoc R)
f(x) = ax?+ b (voib tuy y thudc R)

Thur lai, ta thay thoa mén.

D




&P&Lgidi+ WNhin vit
Bai 1.5, 1.6

Bai 15 . f(x)f(x+y)=fQRx+y)—xf(x+y)+x(1)
Thé x thanh 0 vao (1): f(0)f(y) = f(y) = f(¥) = 0 hoic f(0) =1
Truong hop 1. f(y) =0
Thay ham f(y) = 0vao (1): x = 0 (vO ly)
Truong hop 2: f(0) =1
Thé y thanh —2x vao (1):
fOf(=x) = f(0) —xf(=x) +x =1—xf(—x) +x (2)
Thé x thanh —x vao (1): f(—=x)f(x) = 1+ xf(x) —x (3)
(2),B)=>f(=x)=2—-f(x)Vx#0.Maf(0)=1f(-0)=2—-f(0)
=>f(—x)=2—-f(x) Vx e R(4)
(3, (@)= f)(2-f(x) =1+xf(x) —x
= (f)-DFx)+x-1)=0

Giasttontaiu,v # 0thoa f(w) =1, fwW)=1—-v

Thay x thanh v; y thanhu —vvao (1): flu+v) =1—-v
=>1=1—-vhoicl—(u+v)=1—-v

= v =0hoacu =0 (Vo ly)

Vay f(x) =1—x Vx € R hodc f(x) =1 Vx € R. Thir lai, ta nhan ca hai
ham.

Bai 1.6. f(x).f(y) = fQRxy+3)+3f(x+y) —3f(x) + 6x (1)
Py, x): f). f(y) = f2xy +3) + 3f(x + y) = 3f(y) + 6y (2)
Tu (1), 2) = =3f(x) + 6x = =3f(y) + 6y

Thay y = 0 vao biéu thtic trén suy ra f(x) = x + ¢ (v6i ¢ 1 hang sd)

Thay f(x) vao biéu thirc (1) = ¢ = 3 hay f(x) = x + 3.

D

'/




&P&Lgidi+ WNhan ét
Bai 1.7

£(0) = 0, f(1) = 2013
= WF(F2@) = F(FPM)] = [Fx) = FOILF2) = F2(0)]
Thay y = 0 vao (1) ta duge xf(f2(x)) = f3(x) vx€R (2)
Nhan xy vao 2 vé cta (1) va ap dung (2), khi d6 véi moi x,y € R, ta c6:

= |y (xf(F2@)) - x (yr(£2))]
= xy[f3(0) = fFOOf2) — FOf2(x) + 2 ()]
e xyf3(x) = x*f3() —y*f3 () + xyf3 )
= xyf3(x) = xyf () f?(y) —xyf ) f*(x) + xyf3(y)
= xyfOf2) +xyf () —x*f3 () —y*f3(x) = 0
< [xf) —yfOIxf?() —yf2@)] =0 (3)
Trong (3) thay y = 1 ta duogc
[2013x — f(x)][2013%x — f2(x)] = 0Vx E R (4)
Trong (4) thay x = —1 ta duoc [-2013 — f(—1)][-2013%2 — f2(-1)] = 0
Do —20132 — f2(—1) < 0 nén f(—1) = —2013
Trong (3) tathay y = —1 ta duoc
[—2013x + f(x)][2013%x + f2(x)] = 0 Vx € R(5)
Vé trir vé (4) va (5) ta dugc 2013%x[2013x — f(x)] = 0 Vx €R
Suyra f(x) =2013x Vx #0.Ma f(0) =0nén f(x) =2013xVx € R
Vay f(x) = 2013x Vx € R 12 ham s6 duy nhat thoa dé bai.

D

Bai 1.7. {
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Pai 1.8

Bai 1.8. f(f(x +¥)) = f(x + ) + fF(Of ) —xy (1)
Pay(x,0): f(f(x)) = f(x) + F)f(0) (2)
Tatinh £(f(x + y)) bang 2 cach:
Thay x +y vao x & 2): f(f(x +y)) = flx +y) + fFx +)f(0) (3)
Tu (D),R) = f)f(y) —xy = flx+y)f(0) (4)
bit £(0) = a. Gia sir a khéac 0. Ta tinh f(a) bang 2 cach:
P(0): f(a) = a+a® (%)
Py(a,—a): f(—a)f(a) + a* = a* = f(—a) = 0 hodc f(a) = 0.
Xét f(—a) = 0:
Py(2a,—a): fRa)f(—a) + 2a* = f(a).a = f(a) = 2a (*x)
T () va (**) = a%? + a = 2a = a = 1 (nhan) hodc a = 0 (loai)
= f(-1)=0vaf(0)=1
Py, —1):f(x).0+x=f(x—-1)=>f(x)=x+1

Thir lai thay khong thoa .
Xét f(a) = 0 (xxx):
Tu () va (***) = a?+ a = 0 > a = —1 (nhan) hoic a = 0 (loai)
= f(-1)=0vaf(0)=-1

Piy(x,—1): f(x).0+x=—-f(x—-1) =>f(x) = —x—1
Thir lai thiy khong thoa.
Giasta=0= f(x)f(y) —xy=0
Thay y = 1 vao biéu thtrc: f(x) = cx (c 1a hang sd) .
Thir lai thay f(x) = x.
Nhin xét: Luu y cach dua tie f(f(x + y)) véf(f(x)) réi lai tiép tuc ndng lén

f(f(x + ) lai, dy la 1 ki thudt thuong gdp. Bai toan c6 thé néi phan khé nhat la
tinh £(0), can sw kién nhdn dé tim va cach danh gid tot dé tinh.
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Pai 1.9

Bai 1.9. xf(x + xy) = xf(x) + f(x*)f(y) Vx,y €ER

Taco: P(0,0) = f(0)2=0=f(0)=0.Pat f(1) =a

® Truong hop 1: a=0 thi P(1,x —1) = f(x) = 0Vx € R, thr lai
thay thoa.

® Truong hop2:a =1hay f(1) = 1 thi
P(Lx)=f(x+1)=f(x)+1VxeR
= fx+n)=fk+n—-1)+1==f(x)+nvxeRneN
= 0=f(0)=f(-1+1) = f(-D+1= f(-1) = -1
P(x,—1) = xf(x) + f(x*)f(=1) =0 = f(x*) = xf(x) Vx €
R (2)
Thay (2) vao (1) ta duoc
xfx+xy) =xfQ)[1+fM]=xf()f(y+1) Vx,yeR
Véimoix + 0,y € Rtaco f(x(y + 1)) =f)fiy+1)
Thay y bang y — 1 va két hop véi 0 = £(0) = £(0). f(y) = £(0.y)
ta co

fly) = f)f(y) vx,y €R
Khi d6 (2) tré thanh f(x)?= xf(x) Vx € R
= f(x)(f(x) —x) =0vx € R (3)
Néu ton tai a # 0 sao cho f(a) = 0 thi ta co:

fa+1)=fl@+1=0=1=1
fla+1D)(fa+1)—a—-1)=0

{ fla+1) =1
fla+1)=a+1
Vay f(x) #0 Vx #0,néntir (3)tacod f(x) =xVx # 0, ma f(0) =
0, suy ra:

) f(x) =xVx€eR /

= a=0(Voly)
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Bai 1.9

® Truonghop3:a # 0,1

Véi s6 nguyén duong n
P(lL,n)=f(n+1)=a+af(n)

(:)f(n+1)+%=af(n)+(a+%)

<=>f(n+1)+%=a[f(n)+%]

a a
= f(n) + m = gq"1 [f(l) + m]
n+1 __

a
ﬁf(n)zﬁ\mel\l*

Vé6i 2 sb nguyén duong m, n,
P(m,n) = mf(m + mn) = mf(m) + f(m?)f(n)

m(am+mn+1 —a) m(am+1 —a) am2+1 —a a"tl —q

= = .
a—1 a—1 T a—1 a—1
m(am+mn+1 . am+1) (am2+1 _ a)(an+1 —a)
> =
a—1 (a—1)2

= m(amtmtl — gt (g - 1) = (am2+1 —a)(@*t —a) (4)
Chon m = n = 2 trong (4) ta duogc
2(a’” —a®)(a—1) =(a®* —a)(a® —a)
—2a@ -1Da-1)=(a*-1D@®-1)=2a=a+1oa=1 (v0
y)
Vay tat ca cc ham thoa yéu cau bai toan 1a f(x) = 0 va f(x) = x.
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Bai 1.10, 1.1

Bai 1.10. f(x + f(y —0) = f) +f —x (D)

P(1)(0, x): f(f(x)) = £(x) + £(0) (2)
Py x+y):  fx+f))=f)+flx+y) —x (3)
Pay(f (%), ¥): fUA@+ ) =) + fFFx) +y) = f(x)
Téi dy ta ding (2) = f(f(x) + f()) = F(F () +y) + £(0) (4)
Tatinh f(f(x) + f(y)) theo 2 cach:

Py x): fF)+f) =fFG) +x)+f(0) (5)

Tu@@vaS) = f(f) +y) = fFB) +x)

Téidaytadung(3) = f(x) —x = f(y)—y

Thay y = 0 vao biéu thtc trén = f(x) = x + ¢ (¢ 1a sb thuc)

Th lai thay thoa.

Nhdén xét: lwu y cach dat y thanh x + y dé dwa vé dang quen thuéc, khién bai todn dé
dang hon.

Bai L11. f(xy) + f(x —y) + f(x+y+1) =xy+2x+1Vx,y ER (1)
P, 1):f()+f(x—1D+f(x+2)=3x+1 (2)
P(x,0):f(O)+f(x)+f(x+1)=2x+1 (3)

Pay(x—1):f(x -1+ f(x) =2x -1 - f(0) (4)
Tr@)vaQR)=>2x—1—f(0)+ flx+2) =3x + 1
=>f(x+2)=x+2+ f(0)

= f(x) = x + a (véi a 1a s6 thuc). Thu lai = f(x) = x

D
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Bai2.1.2.2

Bai 2.1.

fCOf) +xy =2f(x)y

P(x,x): f(x)? + x2 = 2f(x)x, Vx €R

= (f(x)—x)>=0VXxeER= f(x) =x VXER
Thur lai thdy thoa man dé bai.

Vay tat ca cac ham can tim 1a (x) = x Vx € R

Bai 2.2.

fly—f) =f&*-y) —yf(x) v,y €R (1)
P(x, f(x)): f(0) = f(x* = f(x)) = fP(x) VX ER ()
PCt,x?): f(x® = f(x)) = f(0) —x*f(x) VX ER  (3)
(2), )= f2(x) +x*f(x) =0VxeER

= fxX)f(x)+x?) =0 VxER

= Véimoi x € Rtacod f(x) = 0 hodc (x) = —x? = f(0) = 0.
Gia str ton tai a # 0 sao cho f(a) = —a?

Py(a,—a*): 0 = f(2a*) — a*

Néu f(2a?) = 0 = a* = 0 = a = 0 (trai gia thiét).
Néu f(2a?) = —4a* = a = 0 (trai gia thiét).

Vay f(x) =0 vx € R.

D




&P&Lgia’i + Nhinwét
Pai 2.3

Bai 2.3.

) f(x—90)) = f(=x+29) +xg(»)-6 (1)

i) g(y) =g2fx)—y) (2

Thuce hién P4y (g(¥), y) va P(1)(2g(y), y)

= f(0) = f(g) + gB»)*~6vaf(g(y)) = f(0) + 29(y)* 6.
=3g(y)?=12=>Véimdiy € R, g(y) = 2 hoic g(y) = —2.

Ta sé& gia st nguoc lai rang ¢ a # b sao cho g(a) = 2 va g(b) = —2.
Thé y = 2020 vao (1):

= f(x—c)—f(—x+2c)=cx—6 (c = g(2020) >0)

= f(u) — f(v) toan anh trén R véi Vu, v € R,

O (2), thay y lan luot bdi a, b, ta co:

ga) = g2f(x)-a) =2;g(b) = g2f(x)-b) = -2

Lai do tinh toan anh, chon u, v: f(u) — f(v) = aT_b .

=2f(w)—a=2f(w) -b=>2=ygQ2f(w-a) = g2f(w)-b) = -2
(vo 1i).

Vay g(x) =2,Vx € R (do g(2020) > 0nén g(x) = —2 Vx € R khdng
thé xdy ra)

Vay ta c6 dpem.

Nhin xét: Pdy la 1 bai todn khd khé can dimg linh hoat tinh toan dnh ciia hiéu
f(x) = f(y) va dwa vé 2 truong hop g(y) nhi trén (luu y khong dwoe két ludn
ngay g hang).
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Bai24, 25

Bai 2.4. f(y — f(x)) = f(x2992 —y) — 2001y. f(x) Vx,y € R (1)

P(l) (x’ f(x)+2x2002) :f (x20022_f(x)) _ f (xZOOZZ_f(x)) . 2001 (f(x)_;xZOOZ) f(x)

suy ra: (F2252) f () = 0 (2)

Vi vay v6i moi x thuc thi f(x) = 0 hoac f(x) = —x
P2)(0): f(0) = 0, P(1y(0,y): f(y) = f(—y) = f 1a ham chan.

Gia str ton tai a, b khac 0 dé f(a) = 0, f(b) = —b?902

P1y(a,b): f(b) = f(a*°%? — b) = —p*°%

Do b khac 0 nén f(b) = f(a?°9? — p) = —p2002= (2002 _ })2002

a2002

Suyraa =0hodachb = -

2002

Vi vay voi moi x khong duong thi f(x) = 0.

Do f 1a ham chan nén f(x) = 0 Vx (VO li vi f(b) # 0)

Vay c6 hai nghiém ham 1 f(x) = 0 véi moi x hodc f(x) = —x?2002

Thir lai. Vay nhan f(x) = 0 véi moi x thuec.

Bai 2.5 f(x2 +y) + f(f(x) —y) = 2f(f(x)) + 2y? Vx,y € R (1)

P(x,0): f(x*) = f(f(x)), P(0,0): £ (0) = f(f(0))

P(0, £(0)): F(£(0)) + £(0) = 2£(0) +2(F(0))" suyra f(0) = 0

P(0,y):f) + f(=y) = 2y* (¥)

P(x, f(0): f(x? + f(0) = 2 (f () +2(F () ()

P(x,—x®): f(f(x) + x?) = 2f(f(x)) + 2x* (3)

Tir ) va (3) suy ra (FG0)) = x4

O (), binh phuong hai vé ta thu dugc: 2y* + 2f (y) f(—y) = 4y*
> W) =y =fO(2* - D)) = FO) —y*) =0

Tirc 1a f(x) = x? véi moi x. Thir lai, thod va nhan ham.

/
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Bai 2.6, 2.7

Bai 2.6. f(x)f(¥) + 2xy = 2xf(x) + yf(y) Vx,y €R (1)
Bai nay c6 kha nhiéu cach lam, tuy nhién & day sé trinh bay bai nay bang

cach dua vé phuong trinh tich.

Pay(x,x): f(x)? + 2x% = 3xf (x).

= (f(x) —x)(f(x) — 2x) = 0.

= f(x) = x hoac f(x) = 2x,Vx € R.

Mit khéac thé x = y = 0 vao dau bai ta cling c6 duoc £(0) = 0

= Ta s€ chirng minh f(x) = x, VX € R hodc f(x) = 2x, Vx € R.

Gia st diéu nguoc lai, ton tai a # b sao cho f(a) = a va f(b) = 2b.
Thyc hién P(;y(a, b): 4ab = 2a* 4+ 2b* = 2(a —b)* =0 = a = b (VO i)
Vay f(x) = x, Vx € Rhoac f(x) = 2x, Vx € R.

Tuy nhién khi thir lai thi ta thdy khong ton tai ham nao théa min dé ba.
Vay khong ton tai ham s6 ndo thoa man dé bai.

Bai 2.7. (0) = 0; f(xf () +f()) = f2() +y VxyeR ()
Thay x thanh 0 vao (1): f(f(¥)) =f2(0)+y =y

Thay y thanh 0 vao (1): f(xf(x)) = f2(x) (2)

Thay x thanh £ (x) vao (2): f (F)f(f()) = F2(f ()
= f(f(x)x) = x* (do fF(f(¥)) =)
Ma f(xf(x)) = f2(x) = fF2(x) =x% = (f(x) = x)(fx) +x) =0
= f(x) = x hodc f(x) = —x (3)
Gia str ton tai a, b thoa f(a) = a; f(b) = —b (ab # 0)
Thay x thanh a, y thanh b vao (1):
flaf(@+f(b)) =f*(@+b=f(a>~b)=a*+b
Matheo (3):a?+b=a?—-bhoica’?+b=—-a’+b
= b = 0hodaca =0 (Voly)
Vay f(x) =x Vx € Rhoidc f(x) = —x Vx ER
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Bai 3.1, 3.2

Bai 3.1 f(f(x) + xf(») =xy+ f(x) Vx,y€ER (1)
P(l,y):’f(f(l) + f))=y+f(1) VyeR (2)
Lay 250 y;,y, € Rsao cho f(y;) = f(y2)

Py(1, }’1)3f(f(1) + f()ﬁ)) =y +f(1) (3)
Py y2): f(f(D + f(r2)) =y + f(1) (4)

(3), (4) = y, = y, = f don anh.

Pay(x, 0): f(f(x) + xf(0)) = f(x) VXER

= f(x) + xf(0) =x = f(x) =x(1-f(0)) VxeR

= f(x) =ax Vx€R(a€R)

Thir lai vao (1), nhan nghiém ham. Vay f(x) = x Vx €R

Bai 3.2. f(xf(x) + f() = (f()) +y(x,y €R) (1)

Dé thay la f song anh. Vi vy ton tai a sao cho f(a) = 0.

P(ay):f(f) =y

Tir (1), thém f vao hai vé ta thu dugc:
F(FGFe +£0)) = £ ((F)* +)

Suy raxf () + f0) = £ ((F0)* +) @)

Py ©0.9):f0) = £ ((F@) +y) suyra £(0) = 0
Do fsonganhnén f(x) =0 x=0
P(F(x), 0): f(xf (X)) = %2 (*)
Py (F(0),0): F(xf () = (F)) suyra (f())* =x2 (3)
Binh phuong 2 vé cua (1), ta thu dugc:
x2(F(0) + (FO))” + 2xf ) f ) = (F()) +y2 + 2y(F ()
=>x*+y? +2xfO)f ) = x* + y* + 2yx* = xf (O f(y) = yx* (4)
Puy(ay): FAOf() =y

2 -
P (1,%):(f(1))” = 1suyraf(1) = 1 hodc f(1) = —1.
Vay c6 2 nghiém ham 1a f(x) = x hoac f(x) = —x. Thir lai, thoa.

//
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Bai 3.3, 34

Bai 3.3. f(xy + f(x)) +f(x - yf(x)) =2x Vx,y € R(1)

P(x, 0):f(f(x)) + f(x) =2x Vx€eER (2)
Lay 2 s6 x1,x, € R sao cho f(x;) = f(x,)

P(xpo):f(f(xﬂ) + f(x1) = 2x4 (3)
P(x1,0): f(f (x2)) + f(x2) = 2x, (4)

(3), (4) = x; = x, = f don anh.

P(x,1): f(x+ f(x) + f(x— f(x)) = 2x VvxeR (5
P(x,—1): f(—x+ f))+f(x+ f(x)) = 2x¥Vx€R (6)
6).60)= f(x— f®) = f(-x + f®)  VxeR

=x— f(x)=—x+ f(x) VxER

= f(x) =x Vx€R

Thévao (1):xy + x + x- xy = 2x Vx € R (ding)

Vay f(x) =x Vx €R.

Bai3.4. f(x2+ f(y)) = (f(x))2 +y Vx,yER (1)

Dé chtrng minh f song &nh. Vi vay ton tai duy nhat a sao cho f(a) = 0.

P(ay): f(f0)) = (F®)* +y (@)

P(r,f3):f (22 +y + (F@)) = (F@)" +F&) 3)

Pay(aa): f(a? +a+ (F(0))°) = 0= f(a)

Do f song anh nénsuy ra a? + a + (£(0))" = a

Suyra a? + (£(0))* = 0. Tac laa = £(0) = 0

P(x,0): F(x?) = (f(0))*(4)

Tu (3)suyra f(x* +y) = f(x*) + f(y) (5)

P (x,—x2):0 = f(x2) + f(~x?)

Vi vay f 1a ham 1¢ va tir (5) suy ra f cong tinh, lai c6 (4) nén f(x) >

0Vx >0 nén f(x) = ax voi moi x thuc (a 12 hang s6). Thur lai vao (1).
ax?+ a’y = a’*x*+y Vx,y €R

Suyraa=a?vaa?=1.Vivaya = 1. Vay f(x) = x véi moi x thyec.

D

/
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Bai 3.5

Bai 5. (f(x) +y) = f(x* —y) + 4f (x)y (1)

Ta nhan ham f = 0. Bay gio ta chi xét ham f khong dong nhat 0, hay

dc € R sao cho f(c) # 0.

Xéta,b € Rsaocho f(a) = f(b)

Tu P(a,y) & P(b,y) tadugc f(a® —y) = f(b* —y).

Néu a? # b? thi f 12 ham tuan hoan chu ki T = a? — b?

Te P(x,y) & P(x,y + T) tadugc 4f (x)y = 4f(x)(y + T) suy ra duoc la
4f(x)T =0V x € R. Thay x = c taco diéu vo Iy do T # 0.

Vay néu f(a) = f(b) thi a® = b2.

— A2
P(x,0): f(f(x)) = f(x?) = f(x)? =x*> fig):__xxz

Gia str ton tai d sao cho f(d) = —d?.

P(d,y): f(=d* +y) = f(d* —y) — 4yd?

= 4yd? = m(y — d?)? vy € Rvéim € {—2;0;2}

Trong ca ba truong hop ctia m, vé phai biéu thuc 12 biéu thirc hang hay 1a
da thtrc bac 2 theo y, trong khi d6 vé trai 1a ham bac 1 theo y, nén ta co
diéu vo ly. Vay f(x) = x? V x € R. Thu lai thdy thoa nén ta nhan ham.
Két luan: Vay tat ca nghiém ham cua (1) 1a f(x) = x2.

Nhdn xét: Trong mét sé truong hop nghiém ham khéng don anh nhuw bai nay thi viée
chitng minh tinh don &nh ciia ham 1a khong khd thi, tir @6 xudt hién mét kiéu chirng

.....

nhue Khi chieng minh don anh, ciing | ki thudt dwa vé ham tuan hoan.




&P&Lgidi + Nhinwét
Bai 3.6

Bai 3.6. f(x + m.f(xy)) =f(x)+nxf(y) Vx,y ER
a) Chitng minh néu f toan &nhva f(1) = 1 thitacé m = n.

D@ nhén thay rang f(x) % 0 vi f 1a ham toan anh, boi thé ton tai gia trj

Xo thudc R sao cho f (xo) # 0.

Néum = 0, thay vao (1), ta duoc: n.xf(y) = 0,thayx = 1,y = x, vao
biéu thirc trén, ta dugc n = Ohay m = n = 0.

Néun = 0, thay vao (1), ta dugc:

f(x +m. f(xy)) = f(x) véi moi x,y thuoc R. (2)

Gia st rang m # 0, v6i moi x # 0, Vi f 1a ham toan 4nh nén ton tai y,
thude Rsao cho f(y,) = _—x

Thay y b0’1 % vao (2), ta du:oc f(x) = £(0) v6i moi x thuoc R\{0}, diéu

nay vo ly vi f toan anh trén R, do d6 diéu gia str1a vo Iy hay m = 0, dan
dénm=n=20.

Néumn # 0, thay x = 1 vao (1), két hop véi f(1) = 1, ta duoc:
f(1+m.f(y) =1+ n f(y) véimoi y thuoc R, vi f toan anh trén R
nén:

f(1+my) =1+ ny véi moi y thuoc R, hay f 13 ham tuyén tinh trén R,
ma f(0) =0, f(1) = 1nén f(x) = x v6i moi x thudc R.

Thir lai vao (1), ta dugc m = n, ta hoan tat chiing minh.

b)  Gidsirm =n # 0. Tim tdt cd ham théa dé bai.

Vim = n, thay vao (1), ta duoc:

f(x + m. f(xy)) = f(x) + m.xf(y) v&éi moi x,y thuéc R.  (3)
Thayx—y—_—vao (3), ta duoc: f( f( ))ZO,Vayténtaiu
thudc R sao cho f(u) =0.

Thay y = 1, x = u vao (3), ta dugc m.uf (1) = 0, ta xét 2 truong hop (vi
m # 0).

y,
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Pai 3.6

Truong hop 1: £(1) = 0, thay x = %Véo (3) két hop véi (1) = 0, ta
duogc f(y) = 0 voi moi y thude R\{0}
Thay x = 0, y = 1 vao (3), ta dugc: £(0) = f(m. £(0)).

Néu f(0) # 0, din dén £(0) = f(m.£(0)) =0 (vd 1Y), vay £(0) = 0 suy
ra f(x) = 0 véi moi x thude R.
1

Truong hop 2: u = o, hay £(0) = 0 vaf(#) -1

m2’

Thay x bcn Y = —2 vao (3), két hop voi f (#) = #, ta duoc:

f( +m. f (y mz)) f(Z) + 5, véi moi x thuse R , y thude R\{0}
Véimoi x thuoc R,y # 0,datz =x +my. f (y,me)’ suy ra: f (i) =
FG)* o

Thay x béi y, y boi %, ta duoc: f(y +m.f(x)) = f(y) + m.yf (5)
Thay x boi y, y béi i, ta duoc:

Fy+mf@) = F&) +m.yf (;) —FO) +myf (g) i

=fly+m.f(x))+xVxeRy#0 (4)
Thay y boi - m. f(x) vao (4), ta duoc: f(m. f(z2)-m. f(x)) = x, hay f
toan anh trén R, thay x = 1 vao (3), ta duoc: f(1+m.f(y)) = f(1) +
m. f(y), vi f toan anh nén f(x) = x + f(1) — 1, tht lai, ta duoc: f(x) =
x vo1 moi x thudc R.
Vay ¢6 2 ham s6 thoa 1a f(x) = 0 véi moi x thudc R hay f(x) = x véi
mo1 x thudc R.
Nhin xét: ’ 7
+ Oy 1, ta da sir dung 1 tinh chat quan trong cia ham toan dnh la doi f(y) sang y
néuv biéu thure khong co bién y dung I minh. , ,
+ O y 2 ta hoan toan khong co de kzen Vi the viéc thay the va tinh toan cdc gia tri

.....

bal toan
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Bai3.7, 3.8

Bai 3.7. f(xf(y)) =yf(2x) Vx,yER

Gia sir ton tai ham f thoa min yéu cau bai toan.

Néu f(x) = 0 voi moi x thudc R, thir lai vao (1), ta nhan.

Xét truong hop ton tai x, thudc R sao cho f(2x,) # 0, xét 2 gia tri
Y1, Y2 thuc R thoa man: f(y1) = f(y2). (*)

Thay x = xg, y lan luot béi y4, y, vao (1), két hop voi (*), ta dugc:
y1f 2xy) = v, f(2x0), hay y; = y,, khi d6 f don anh trén R.
Thay x = 1, y = 1 vao (1), ta duoc: f(f(1)) = f(2)

Ma f donanhtrén R= f(1) = 2,suyra f(2) > f(1) =2>0(vif la
ham tang thuc su trén R).

Thay x = 1,y boi f(y) vao (1), ta dugc:

f(F(f))) = FG)F (@) véi moi y thude R. (2)

Thay x = 1vao (1), ta duge: f(f(¥)) = y£(2) véi moi y thudc R. (3)
Thay x bdiy,y = 2 vao (1), ta dugc:

f(yf(2)) = 2f(2y) véimoi y thuoc R. (4)

Tu (2), (3) va (4) , taduoc 2 (2y) = f(y)f(2) véi moi y thudc R.
Gia str ton tai xo dé f(xy) > 2x,, do f 13 ham ting thuc su nén
f(f(x0)) > f(2x0).= 2f (f (x0)) > 2f (2x), dan dén 2x,f(2) >
f(x0)- f(2) = 2x0 > f(x0) (VO ly)

Hoan toan tuong tu ta co: f(x) < 2x v6i moi x thude R (vO 1y), vay
f(x) = 2x véi moi x thudc R, thir lai ta nhan.

Vay c6 2 ham s6 thoa man dé bai 1a f(x) = 0 véi moi x thudc R hay
f(x) = 2x v6i moi x thude R.

Bai 3.8. f(2f(—x) +y) + 3x = f(x +f(y)) vx,y € R (1)
Gia st ton tai ham f thoa dé.
P(x,=2f(=x): f(0) + 3x = f(x + f(=2f (=x))
Vi 3x + f(0) nhan moi gia tri trén R nén f toan &nh = Ja: f(a) = 0.
P(-a,y): f2f(a) +y) —3a=f(-a+f(»))
= f() —3a=f(-a+f)

aftoananh=>y—3a=f(—a+y) (2)

Thay yboiy + atrong (2) = f(y) =y — 2a

Thirlai= f(x) =x Vx €R
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Bai 3.9. f(2021x3 + y + f(y)) = 2y + 2021x%f(x) Vx,y € R (1)
P(0,0): £(f(0)) = 0.
bat f(0) = athi f(a) = 0.
P(0,a): f(a+ f(a)) =2a=0néna=0,f(0) =0.
Pay(O,0):f(y + fF) = 2y (2)
Vi vay f toan anh.
P(x,0): f(2021x3) = 2021x2f (x).
Thay lai vao dé, ta c6 :
f(2021x3 + y + f(y)) = 2y + f(2021x3)

Do 2021x3 toan anh trén R, ta thay 2021x3 thanh x:

flx+y+fG)) =2y + f()(3)
O day, thay 2y thanh y + f(y) thi :

fx+y+fO))=fy+f)+ ) @
Gia str ton tai a, b & f(a) = f(b).
Piy(a,b): f(a+ b+ f(b))=2b+ f(a)
P3(b, a): f(a + b +f(a)) = 2a + f(b)
Do @6 a = b, f don anh, suy ra f song anh (f toan anh da chirng minh
trén) nén f c6 ham nguoc 1a £~ va ham nay song anh,
Tir (2), tac dong £~ 1én hai vé ta thu duoc :
y+f) =112y
Vivay y + f(y) song anh.
Thay y + f(y) thanh y trong (4) thi suy ra f cong tinh. Lai c6 :
£(2021x3) = 2021f(x3) = 2021x2f(x)

Suy ra f(x*) = x?f(x). Két hop v6i f cong tinh thi f(x) = ax (a 12 hing
s0).
Thur lai vao (2) thi (a®? + a —2)y =0 véimoi y néna = 1 hoic a = —2.
Thir lai vao (1), nhan ca hai TH.
Vay f(x) = x v6imoi x hoac 1a f(x) = —2x v6i moi x.
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Bai3.10. f(x+y2+2)=f(f(x)) +yf(x) + f(2) Vx,y,ze€R (1)
Gia st ton tai ham f thoa man dé bai.

D@ thay rang f(x) = 0 1a ham s6 thoa man dé bai, xét f(x) # 0, nghia 1a
ton tai u thudc R sao cho f(u) # 0.

Thay z = 0,x = u vao (1), ta dugc:

fu+y?) = f(fw) + yf () + £(0) véi moi y thuoc R.  (2)

. Y=f(f(W)— f(0)
Thay y boi I
flu + (y—f(f(u)—f(O)

fw)
Thay y = z = 0 vao (1), ta dugc: f(x) = f(f(x)) + £(0), vi f toan anh
trén R nén f(x) = x-C, C 1a 1 hang s6 bat ki.
Thu lai vao (1), ta duge € = 0 hay f(x) = x v6i moi x thudc R.
Vay ¢6 2 ham so thtaman 1a f(x) = 0Vx € Rhay f(x) = x Vx € R.
Bai 3.1 f(x —y + F() = F(x) + F(¥)
Trudc hét ta nhan nghiém ham f = 0.
Ta chirg minh néu f khong dong nhat 0 thi f don 4nh. Gia st nguoc lai,
hay ton tai a > b sao cho f(a) = f(b).
Tir 2 phép thé P(x, a), P(x,b) ta duoc f(x —a + ¢) = f(x — b + c) hay
f tuan hoan véichukiT = a — b > 1.
Khi @6 f(x) = f(i) véi i 1a s6 du cua phép chia x cho T, do d6 i €
{0,1,...,T — 1}
Do d6 tap gia tri cua f(x) chinh 1a tap f(0), ..., f(T — 1). Tap nay hiru
han nén ta chon duoc d sao cho |f(d)| 16n nhat.
Khi d6 tir P(d, d) ta duoc |f(f(d))| = 21f (@) < |f(d)] do cach chon d,
va do d6 f(d) = 0. Ciing tir cach chon d ta duoc f = 0. (trai gia thiét)
Vay ta dugc f don anh.
Tu P(x,y) va P(y, x) ta dugc

fx=y+f)=f+ 1) =f(y—x+fx)
Suyrax —y+ f(y) =y—x+ f(x). Thay y = 0 ta lai dugc f(x) =
2x + £(0). Thir lai vao phwong trinh ham dé bai ta nhan £(0) = 0.
Két luan: Vay tat ca nghiém ham cta phuong trinh nay 13

f(x)=0vaf(x) =2x

vao (2), ta dugc:

)2) = y Vy € R, hay f la ham toan anh trén R.
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Bai 3.12. f(x3f3(x) + f(»)) =f°(x) + yVx,y €R (1)

P(0,y): f(f(»)) = f(0) +y VyeR (2)
= f toan 4nh = Ton tai a € R sao cho f(a) = 0.

P(a,a): f(0) = a (3)
P(0,a):a=a®+a(do(B)= a®=0 = a=0 = f(0) = 0.
P(x,0): f(x3f3(x)) = f6(x) (4)

2.8 =f(f) =y (%)

P(f(x),0): f(x3f3(x)) = x° (6) (do (5))

4), 6) = f°(x) =x°
= Vx ER taco f(x) = x, f(x) = —x hoac {f(;c)_=0 0 = f(0)=0

Gia str ton tai a, b # 0 sao cho f(a) = a, f(b) = —b:
P(a,b): f(a®— b)=a®+b
f@a®—=b)=a®-b=>a’—-b=a®+b=>2b=0=>b=0(O0Iy)
fa®—b)=b—a®>b—-a®=a®+b=>2a°=0=>a=0(0ly)
Vay f(x) =x Vx € Rhodc f(x) =-x Vx € R.
Bai 3.13. x2[f(x) + f(M] = (x + M f(yf(x)) Vx,y € (0;+0) (x)
Ta ching minh f don anh.
Gia str ton tai 2 s6 a, b > 0 sao cho f(a) = f(b).
¥ ff)
, x+y fO)+f»)
Thé x > a,y > bvax - b,y - b vao (), ta duoc:
a2 fbf@) _ f(bf®) b
a+b fla)+fb) fb)+fb) 2b
Suy ra 2a?b = b?(a+b) > b(2a+b)(a—b)=0 =a=b>b(a,b > 0)
Do do, f 1a ham don anh.
P(L1): 2f(1) = 2f(f (1)) = f(1) =1
P(1,x):1+f(x) = (x + Df (x), suyraf(x) =~ Vx>0

DThfI lai vao (*), ta nhan nghiém ham duy nhat f (x) = % Vx >

(x) & Vx,y € (0; +0)
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Bai 3.14. f(x+ f(x +2y)) = f(2x) + 2f(y) véi moix,y > 0

Gia st ton tai ham f thoa man yéu cau dé bai.

Tu (1), ta co: f(x + f(x + Zy)) + f(2x) hay f(x) #x -2y Vx,y > 0
@

Gia str ton tai x Sao cho f(xg) < xq, dat ¢ = xy- f(xy) > 0, thay x =
Xo, Y = %, ta dugc: 0 = 0 (vO ly).

Vay f(x) = x voi moi x > 0.

Tiép theo ta ching minh f 13 ham don 4nh trén R+.

Gia sir ton tai 2 gia tri a, b thudc R+, a # b sao cho f(a) = f(b).Khdng
mat tinh tong quat, giasit b > a > 0,thaylanluoty = a,y = b vao
(1), két hop voi f(a) = f(b), ta duoc:

flx+ f(x+2a) = f(x+ f(x +2b)). (3)

Thay lan luot y boi f(x;rza), f(x;er)

(x+2 2b
FEE2) = p(FE22) yae > 0. (4)
Thay x béi x - 2b vao (4), ta duogc:

vao (1), két hop voi (3), ta thu dugc:

f(X2) = f (HX*22229) y65 moi x > 2a, cho a > 0 dii nho, vy didu

nay dang v&i moi x > 0.

Suy ra f (@) =f (f (”22“’_@)) > x+2n§b_a) , v6i moi n thude N*,
x > 0.
Co dinh x > 0, chon = +0, Vi b -a > 0 nén ta thu dugc diéu vo 1y.

Vay diéu gia str 13 sai, hay noi cach khac a = b, khi d6 f don anh trén R+.
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Tu (1) taco: (x + f(x +2y)) + 2f(2) = f(2x) + 2f (¥) + 2f(2)
Vx,y,z > 0.

= 1 £ ( +22)) = f@20) +2f ) +
2f(z)Vx,y,z > 0(5)Thay y boi 2,z boi y vao (5), két hop véi (5), ta co:

:>f(x+f(x+2y)+f(x+f(92c+2y)+zz)) =f(x+f(azc+22)_*_

x+f(x+2y) x+f(x+2y)

f (w + Zy)) Vi f don anh trén R* nén:

= 2f (x+f(x+2y) n ZZ) +f(x +2y) = 2f (x+f(x+2z) + Zy) +
Flc+22).5 f <x+2y +f (x+2y +x+ f(x+2y) + 42)) f (x+222 N
f (x+22 +x+ f(x+22)+ 4y)) Vi f don anh trén R* nén:
x+2y+f(x+2y+x+f(x+ 29) +4Z) x+22+f(x+22 4+

flx+2z) + 4y)Hay f(s)-f(t) = z-y v6imoi s,t,y,z > 0.

Véi z- y bat ki thudc R, ton tai s, > 05sao f(s) = f(¢) + 2021, ta
hoan tat ching minh.

Nhin xét:

+ Déi véi nhitng ham R* ma 2 bén ham déu c6 f , viéc suy nghi dén bat phirong
trinh dang f(x) = cx, ¢ > 0 la 1 hudng tiép cdn dé dang nghi dén. Sir dung bdt
phuong trinh nay.

+ Phuwong phdp thém bién la hwéng tiép cdn phé bién trong cdc bai todn R bdi ta

6 thé loi dung tinh doi xirng dé dwa vé don dnh, tir d6 gidi quyét yéu cau bai todn.




&P&Lgia’i + Whan vt
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Bai 3.15. f(x + y? + z) = f(f(x)) + yf(x) + f(z) Vx,y,z € R (1)
Gia st ton tai ham f thoa man dé bai.

D@ thay rang f(x) = 0 1a ham s6 thoa man dé bai, xét f(x) # 0, nghia 1a
ton tai u thudc R sao cho f(u) # 0 .

Thay z = 0,x = u vao (1), ta dugc:

fu+y?) = f(f@) +yf W) + £(0) véi moi y thuoc R.  (2)
. y=f(f(w)-£(0))

Thay y béi I vao (2), ta duoc:

2
f (u + (y wils ;2)_ ! (O))) ) = y véi moi y thudc R, hay f la ham toan anh
trén R.

Thay y = z = 0 vao (1), ta duge: f(x) = f(f(x)) + £(0), vi f toan anh

trén R nén f(x) = x-C, C 1a 1 hang s bat ki.

Thur lai vao (1), ta dugc € = 0 hay f(x) = x v6i moi x thudc R.

Vay ¢6 2 ham s0 thoa man 1a f(x) = 0 v4i moi x thuéc R hay f(x) = x

v61 moi x thude R.

Bai 3.16. f(x + f()) = f(x + ¥) + f(¥) Vx,y € RT (1)

Poy(F ), »): F(FO) + 7)) = FF) + ) + () (2)

Py x): f(y+f(x) = flx +y) + f(x)

Thay vao (2), ta co f(f(x) +fM) =fx+y»)+ )+ B3)

Tac dong f 1én hai vé & (1), ta co
FFlx+10))) =F(FG+y) +FO))
=fx+2y)+flx+y)+ () (4)

P(4)(f(x),x):

FF(FOO +FO))) = FFG) +29) + FFG) +3) + F )

=fx+2y)+fx)+ fx+y)+ f(x)
=fRx+y)+fQ@)+flx+y)+ f(x)
(Thé doi xtng)

3 =>fx+2)+f0)=fCx+y)+ 1) (*)
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Xét (1): Gia str ton tai a d¢ f(a) < a
Pawy(a—f(a),a): f(a) = f(2a—f(@) + f(a)
:»f(Za—f(a)) =0va2a— f(a) € R* (vO ly)
Vay v6i moi x € RY thi f(x) = x

Xét (1): Gia st ton tai a, b thuc duong dé f(a) = f(b) (b > a)
Pay(x,@): f(x + f(@) = f(x + a) + f(a)
Pay(x,@): f(x + f(b)) = f(x + b) + f(b)

Suyra: f(x+a) =f(x+b) (x e RY) (5)
Psy(t—a): f(t)=f(t+b—a) (tERT,t>a)
=>c=f(a)=f(b)=-°-=f(a+n(b—a))Vn€N
=>c=>2a+nlb—a) VneN

Pay n ra vo cing thi vo Iy (vi c 12 hang s6). Vi vay f don anh

Pay(2x,y): f(2x + f(0) = f(2x + y) + f ()

Pay(2y,%): f(2y + f(x)) = fQ2y + x) + f(x)

Ap dung (*), taco f(2x + f(3)) = f(2y + f(x))

Do f don anh nén 2x + f(y) = 2y + f(x)
=>f)-2y=f)-2x=f1)-2=c

= f(x) = 2x + ¢ (c 1a hang s6)

Thulai 2x + 2y +3c =VT =VP =2x+ 2y +2c.Dodoc =0

Vay f(x) = 2x Vx € R

D




&P&Lgidi+ WNhan ét
Bai 4.1

. fx—g®) =f(-x+29)) +xg(») -6 (1
s {g(y) = 42/ ()~ y) ORE
a) P(l)(x; 2020):

f(x —g(2020)) = f(—x + 29(2020)) + xg(2020) — 6

= f(x — g(2020)) — f(—x + 2g(2020)) = xg(2020) — 6 1a ham bac
nhat theo x (do g(2020) > 0).
Vay véimoi t € R,3a, b sao cho f(a) — f(b) = t. (¥)
Piy(2,y):92f(2) —y) = g(y) = g(2f(x) — ).
Thay y thanh 2f (x) — y ta dugc (2f(z) — 2f(x) + y) = g(v).
Tir (*) suy ra g(y) = g(y + 2t) Yy, t € R, tir ddy dé dang suy ra g la
ham hang.
b) Ta suy ra dugc g(x) = ¢ Vx € R véi c 1a s6 thuc duong nio d6 (do
g(2021) > 0)
Thé vao (1) ta dugc f(x —¢) = f(—x + 2¢) + cx — 6

3c 3c?
Thay x = —>ta duoc - = 6 hay ¢ = 2 (do c duong).

Vaytaco f(x —2) = f(—x + 4) + 2x — 6. Thay x thanh x + 3 ta dugc
fx+1) =f(—x+1)+2x

Hay f(x+1)—(x+ 1) =f(—x+1)—(—x+ 1) hay h(1 + x) =

h(1 — x) tic 1a diéu phai chtirmg minh.

Nhdén xét: Néu biét phirong phdp thi viéc chirng minh f (x) — f (y) todn anh roi
thém bien vao (2) la kha ty nhién (Vi nhu cau tgo f(x) — f(y) ma khong anh huong
den bién y dang kha tu do trong biéu thuc) tir do co loi gidi trén. Cdu a) co mot cdch
gidi khdc bang viéc thay x = %g(y) vao (1) réi logi truong hop g(y) = —2, ban doc

cé thé thir.

y,




0 gidi + Whin it
Pai4.2

Bai 4.2. f2(x) + 2yf(x) + f(y) = f(y + f(x)) v6i moi x, y thude R (1)
Gia sir ton tai ham f thoa man dé bai.

Néu f(x) = 0 voi moi x thudc R, thir lai vao (1), ta nhan.

Gia str ton tai gia tri x, thudc R sao cho f(x,) # 0, thay x bdi x, vao (1), ta

dugc: f2(xo) +2yf (xo) + () = f(y + f(xo)) VY ER.  (2)

y—f%(xg) s ) y - f2(x0)\ _ y — f%(xo)
Thayybm—f( ) vao(2).y+f(—2f(x0) )—f( TN +f(x)>

- 2( ) - f? & : A
Suyra f (yszTox)o + f(x0)> - f (%}SO)) = y v&i moi y thude R.

Vi vé phai ctia biéu thtrc trén 1a 1 ham bac nhat nén f(x)- f(y) toan anh véi
moi x, y thuoc R.

Thay y bdoi —f (x) vao (1), ta duogc:

f(=f) = f2(x) = f(0) hay f(—=f(x)) = f2(x) + f(0) Vx € R

Thay y voi —f (y) vao (1), ta dugc:

F(F) = FO) = F200)-2f OF D) + F(—=F )
= F2(0)-2f ) f @) + F2() + F(0) = (fx) — FO))” + £(0)

Vi f(x)- f(y) toan anh v&i moi x,y thudc R nén f(x) = x% + ¢ v&i moi x
thuoc R, ¢ = f(0), thir lai ta nhan.

Vay c6 duy nhat 1 ham sb thoa dé bai 1a f(x) = x? + ¢ voi moi x thudc R,
c 12 hang s6 bat ki.

/




PDei gidi + Mhan it
Bai4.3,44

Bai 4.3.f(x+f(y)) =3f(x)+ f(y) —2x Vx,y ER
bat f(0) = a.

P(O,x):f(f(x)) = 3a + f(x)

P(x,0):f(x+a)=3f(x)+a—-2x = f(x+a) — 3f(x) =a—2x
> Vx € R:da,b e R:x = f(a) —3f(b) (%)

P(—f(x),x): a=f(—f()+f(x)=3f(—f(0) + f(x) + 2f (x)

= f(~f@) = ~f() +2

P(=2f(x),x): =f () +5 = f(=f(0) = 3f(=2f () + f(x) + 4f (x)

= F(~2f () = —2f(x) +2

P(=3f(0),x): =2f () +2 = f(=2f(0)) = 3f(=3f(®)) + f(x) +

6f(x) = f(=3f(x)) = =3f(x) + -

P(=3f(x), y): f(f ) = 3f(0)) = 3f(=3f(x)) + f(¥) + 6f(x)

= F(FO) = 3F(0) = F() = 3f () + 2

Ma co () nén f(x) = x +% Vx € R. Thir lai vao gia thiét: a = 0.

Vay f(x) = x Vx € R.

Bai4.4. f(x+f(y) =f(x)+ (x +f(y))4 —x* vx,y R

N¢éu f hang: suy ra f = 0, thir lai thoa dé bai.

Xét f khac hang: ton tai a € R: f(a) # 0.

P(x,a): f(x + f(@) = f() = (x + f(@))" —x* (1)

Vé phai (1) 1a 1 da thirc bac 3 theo an x (do f(a) # 0) nén nhan moi gia tri
trenR=>VvVx e R:dag,beRix =f(a)—f(b) (%)

P(—f(x),x):f(0) = f(—f(x)) + 0* — f*(x)
P(—f(O,): F(FO) = F@) = F(=f @) + (FO) = F))" = F4(x)
> F(f3) = @) = FO) + (FG&) — F0)*

Maco (x) nén f(x) = x* + c véimoi x € R
Thir lai nhan vé1 moi ¢ € R.

DVély co62nghiémhimla f=0vaf(x) =x*+cvéictuyy.

/




&P&Lgidi + Nhinwét
PBai 4.5

Bai 45 f(f(x) —y*) = f()?* = 2f()y* + f(f(»)) Vx,yeR (1)
Dé thdy ham f = 0 thoa man phuong trinh ham. Ta xét cac ham f khong
d6ng nhat 0, hay 3a: f(a) # 0
P(0;0): £(f(0)) = f(0)* + £(f(0)) = f(0) =0.

P(x;0): f(f(x)) = f(x)2 Thay y = a ta dugc f(f(a)) = f(a)? > 0.
P0;¥): f(=y®) = fF(f ).

P(a;y): f(f(@) —y») — f(f®)) = f(@)? — f(a)y? 1a ham bac nhat theo
y? co6 hé s6 bac nhéat am, hé sd tu do duong (do cach chon a) nén toan anh
trén R.y. (%)

P Y): f(f@) ~y?) = f(@)? —2f@y* + F(fB) ()

Lay (1) trtr (2) vé theo vé ta dugc

fU@) =y?) = f(f(@) —y?) = f(x)? = 2f(0)y* — (f(2)* = 2f (2)y?)

= (f() —y*)? = (f(2) —y*)?
Thay x thanh f(a) — x?2, z thanh f(x) trong phuong trinh trén ta duoc
fES @ —x2) —yH) = fF(fF(f) — ¥?)
= (f(f(@ —x®) —y?? = (F(f(0)) —¥?)" Vxy €R
Do f(f(x)) = f(x)? = 0 v6i moi x thyc nén ta c6 thé thay y? thanh y? +
f?(x) trong phuong trinh trén, duoc
fFF@ =2 = f(f) = ¥%) = f(=¥?)
= (f(f@ —x®) = f(f () = ¥?)" = (=y?)?

Do (*) nén ta c6 thé thay f(f(a) — x%) — f(f(x)) thanh —t2 , ta duoc
f(=t?=y?) = f(=y*) = (=t? = y*)? = (=y*)? Vy,t thuc.

Thay y = 0 vao ta dugc f(—t?) = t* hay f(x) = x? Vx khong duong .
Ma f(f(x)) = f(x)? nén f(x?) = x* Vx khong duong hay f(x) = x2 Vx
khong am. Vay f(x) = x? Vx thyc.

Két luan: Cac nghiém ham ctia phuong trinh (1) 1a f = 0 va f(x) = x2.
Nhén xet Cau nay cé phdan phirc tap hon cdc cdu trude do x? khong toan anh trén R,

do do can cdan thdn trong viéc nhdn xét vé su toan dnh ciia f(x) — f (y) tuy nhién néu
da nam dwoc y twéng ciia phu’O'ng phap nay, cung VGi cdc tinh chdt vé dau ciia biéu

thitc trong bai thi chi can sw can thdn dé cé thé xir Iy diéu kién mot
cdach on thoa.




PDei gidi + Mhan it
Bai4.6,4.7

Bai 4.6. f(x)> +2yf(x) + f(y) = f(y + f(x))
Ta nhan ham f = 0. Bay gio ta xét ham s6 f khong dong nhét 0, hay
dc: f(c) # 0.

P(c;y): f(y + f(©)) — f(y) = 2yf(c) + f(c)? 1a ham bac nhat theo y
(do f(c) #+ 0) nén toan anh. (1)

P(x; —f(x)): —=f)? + fF(—f(x)) = f(0)
= f(=f(x) = f(0) + f(x)? vx € R.

P(x; =f3): )2 = 2f () f ) + f?* + £(0) = fF(f(x) — F()).
Do (1) néntacd f(x) = x2 + f(0) = x%2 + a Va € R. Thir lai ta nhan
ham.

Vay tat ca ham thoa mén phuong trinh ham trén 1a f(x) = x% + a, véia la
s6 thuc bat ki.

Bai4.7. f(f(x) +y?) = f(f(x)) + yf(¥) Vx,y €R
P(0,x): f(f(0) + x2) = F(f(0)) + xf(x)
P(0,—x): f(f(0) + x2) = f(f(0)) — xf(—x)

P(0,x) = P(0,—x) = f(x) = —f(=x) = f(0) = 0= P(0,x): f(x?) =
xf (x)

= () +y2) =f(fx) + F&?) (1)
P(—x,y): f(f(=x) +y*) = fF(f(=x)) + yf ()

> (@) -y =f(f) = yfO) = fF(f)) - FO?
(2)

Tu (1), @) suyra f(f(x) +¥) = f(f(x)) + f() Vx,y ER (3)

D




&P&Lgia’i + Nhinwét
Baid.7

Ki hiéu Q(x,y) 1a phép thé vao (3)
Q(L,x):f(x+1)=f(x)+1
P(0,x + 1):
fx?4+2x+ D) =+Dfx+ D =x(Fx)+ 1)+ f(x+1)
=f(x>)D+flx+1)+x
>x=f(x?+2x+1) + f(—x>)+ f(—x—1)

= Vx € Ri3a,b,c € Rix = f(a) + f(b) + f(c) (%)
Qe fO) +f@): f(f) + fFON + (@) = F(F ) + F(F&) +
f@)=ff@))+ M) +r(f@) (4)

QLo fO) +f@+: ff) + f) + f(2) +0) = f(f(x)) +
AW+ @+ =)+ D) +f(f@D)+f®)  (5)
Lay 5) - @): fF@ + fO) +f@ +8) = f(f) +fO) + f(2)) +

f(@®)
Macod (x) nén f(x +t) = f(x) + f(t) hay f cong tinh trén R.

Tatinh f((x + 1)?) bang 2 céch:
flx+ D)=+ Dfx+1D = +DF +1)
F(e+D?)=fOD +f0)+ (1) = (x+2)f(x) + 1
Tedd: x+ D)+ =Gx+2)f(x))+1=f(x) =x
Vay f(x) =xVx €R.
Nhdn xét: Bai nay tong quat y tuong toan anh theo f(x) — f(y) thanh
toan anh theo 1 ham g(f) (6 day g(f) = f(a) + f(b) + f(c)).

D




&P&Lgia’i + Nhinwét
Pai 4.8

Bai4.8. f(x?) + f(y?) + 2xf(y) = f2(x + fB)) Vx,y ER

D& thdy ham f = 0 thoa dé bai.

Xét f # 0: ton tai a € R: f(a) # 0. Pat £(0) = b.

P(b,x): f(b?) + f(x?) + 2bf (x) = f2(b + f(x))

P(f(x),0): f(f?(x)) + b+ 2f(x).b = f2(f (x) + b)

= f(f2(0) = f(x®) = b+ f(b?) = f(x?) + ¢ (voic = —b+ f(b?))
P(—=f(x),x): f(f2(x0)+ f(x®) = 2f (). f(x) = f2(=f(x) + f(x)) = b?

> fGD) + o+ f(&D) —2f2(x) = b2 > () = £200 +d (véid = 225)

P(x,0): f(:) + £(@?) + 2 (@) = f2(x + (@) = f ((x + f(@)) ~ d

= £((x+F@)) = F&?) = f(a®) +2xf(@) + d

= /() ~fO) 1%y €R} =R (do{f(a?) +2xf(@) + d | x €R} =
R) (4

P(=fQ).2): f(f2(0)) + ) = 2f(f @) = F2(=f () + f()

:>f2(x)+c+d+f2(Y)+d—2f(x)'f(y):f((f(y)_f(x))2>_d
= (f0) = f@) +e+3d = £((F0) - f)’)

Mado (x)nén f(x?) =x?>+evéie = c + 3d=>f(x)=x+e Vx>0
Thé lai x,y > 0 vao gia thiét, taduoce = 0= f(x) =x Vx>0
Lai co: f2(x) = f(x*) —d = f?(—x) nén f(—x) = £f (x)
Thir lai truc tiép vao gia thiét ta nhan nghiém ham f nhu sau:
f(x) =x Vx =0, f(x) =i(x).x vx <0
v6i i(x): (—o,0) - {1, —1} bat ki.

D \/
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