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. Ly thuyet

a) Ti s6 kép

Pinh nghia 1. Cho ba diém A, B, C thang hang. Ti sé don cua A, B, C 1a
mét sé, ki hiéu 1a (ABC), duwoc xdc dinh: (ABC) = %

Pinh nghia 2. Bé bén diém khdc nhau déi mét, ¢d ké thir tir, ciing nam
trén mér duwong thang duwoc goi la hang diém. Ti so kép cia hang diém

A,B,C,D, kihiéula (ABCD) duwoc xdc dinh nhu sau: (ABCD) = % : %.

Nhu vay, tir dinh nghia trén c6 thé thay ngay cé4c tinh chat co ban ciia mot
ti s6 kép:

(ABCD) = (CDAB) = (BADC) = (DCBA).

1
(ABCD) = s

(ABCD) = 1 — (ACBD) = 1 — (DBCA).
(ABCD) = (ABCD’) thi D' triing D.

Pinh nghia 3. BJ bén dwrong thang déi mét khac nhau, ¢d ké dén thi tue,
cung thugc mét chiim day dii dweong thang dwoc goi la chiim dwrong thang.

Pinh Iy 1. Cho chiim dwong thang a, b, c, d tam S. Mgt dwong thang A
khéng qua S lan lwot cat a, b, ¢, d tai A, B, C, D. Khi @6 (ABCD) khoéng phu
thugc vao cach chon A, sé khéng déi néi trén dwoc goi 1a ti s6 kép cua
chum a, b, ¢, d. Ki hiéu la (ab, cd).




Phép chiéu xuyén tam

Pinh nghia 4. Cho hai dwong thang d, d’ va mét diém S khéng thuge d, d'.
Xét &nh Xa f di tir dwong thang d vao dwong thang d’, xdc dinh nhw sau:
Véi A thuge d, f(A) = A’ sao cho S, A, A’ thang hang. Khi dé f duwoc goi
|a phép chiéu xuyén tam. Diém S dwoc goi 1a tAm chiéu cla f.

Tt d6, dinh 1y 1 ¢6 thé hiéu don gian hon: Phép chiéu xuyén tam bdo toan
ti s6 Kép cia hang diém.
Nhan xet.

1. Trén mat phang, mdi phuong déu c6 mot diém vé cling ang Vai
phuong d6. Vi vay ta c6 thé xem cac duong thang song song dong
quy tai diém vo clng tng véi phuong cua cac duong thang do.

2. Nho nhiing cach chon tam chiéu khac nhau, ta c6 thé thu dugc vo sb
hang diém cé clng ti sé kép voi hang diém A, B, C, D ban dau.

3. Tir do, ta c6 thé quy udc ti s6 don (ABC) = (ABC).

Nhu vy, ta c¢6 dinh ly sau:

Pinh Iy 2. Cho chiim dwong thang a, b, c, d tam 0. Mgt dwong thang A
khéng di qua O lan lwot cat a, b, ¢, d tai A, B, C, D. Mgt dwong thang A'|| d
khi va chi khi (ABCD) = (A'B'C") (= 0(ABCD) = (A'B'C'») =
(A'B'C")).




Ti s6 kép ciia bon diém trén dwong tron
Trudc hét, ta phat biéu mot dinh ly sau:

sin (SC,54)

Pinh ly 3. Vi moi chum S(ABCD), ta co6: S(ABCD) = i (5C35)

sin (SD,S4)

sin (SD,SB)’

Chu y rang trong dinh 1y 3, cac diém A4, B, C, D khdng nhat thiét cing nam
trén mot duong thang.

Pinh Iy 4. Cho bon diém A, B, C, D ¢é dinh trén dwong tron (0) va mét
diém M chuyén dong trén (0). Khi @6 M(ABCD) khéng doi.

M

B

Chung minh. Dé thay dinh ly 4 12 hé qua tryc tiép cua dinh ly 3.

Pinh nghia 5. Ti s6 kép M (ABCD) duwot goi 1a ti sé kép cuia bon diém
A, B, C, D trén duwong tron (0).Do tinh bdt bién cia né khi tam chiéu di
dong trén (0), ta ki hi¢u la (ABCD).

Khao sét vi vi tuong d6i ciia cap C, D va cap 4, B trén (0), ta thay dau cua
sin (M—(:’,m) . sin (m,m)
sin (m,m) " sin (MD,MB)
luén am trong trueong hop con lai. Vay ta cd nhan xét sau.

luén duong khi €, D d6i voi dudng thang AB 1a

Nhan xét. Két hop véi dinh Iy 3, ta c6 thé viét lai (ABCD) dudi dang
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(ABCD) = % : % khi €, D nam clng phia v&i duong thang AB.

CA DA

(ABCD) = ~CB : DB

khi €, D nam khac phia dbi véi duong thang AB.

Nhur vdy, Véi trong hop tam chiéu nam trén dwong tron, ta co thé chiéu tir
duong tron lén dwong thang, dwong thang Ién dwong tron va dwong tron
Ién dwong tron (Néu tam chiéu la giao diém cia hai dwong tron).

Ngoai ra, nhw da biét, phép nghich ddo bdo toan ti so kép nén ta co tinh
chdt sau: Cho dwong tron (0) va diém S khéng nam trén (0). Cho bon
diém A, B, C,D nam trén (0). Khi dé, SA,SB, SC, SD lan luot cdt (0) tai
A',B',C',D’ thi (ABCD) = (A'B'C'D").

Tinh chat co ban cia ti s6 kép

Tinh chat 1. Cho hai dwong thang d va d’ cat nhau tgi 0. Cdc diém
A, B, C trén d va cdc diéem A', B, C' trén d'. Khi d6 AA', BB', CC' dong quy
hodc doi mot song song khi (OABC) = (OA'B'C').

Tinh chat 2. Cho ba diém A, B, C trén mdt phang va hai diém 0,0'. Khi
dé A, B, C thang hang & 0(0'ABC) = 0'(0ABC).

Tinh chat 3. Néu hai chim O0(ABCD) va 0'(A’B'C'D") c6 OA 1L 0'A’, OB
1L O0'B',0C L0'C’',0D L 0'D’ thi 0(ABCD) = 0'(A'B'C’'D") (Tinh chat
vé chum truc giao).

Tinh chat 4. Cac phép bién hinh théng thuwong (cac phép doi hinh, dong
dang, phép nghich ddo) déu bdo toan ti sé kép.




b) Hang diém diéu hoa, chum diéu hoa

Pinh nghia 6. Néu (ABCD) = —1thi 4, B, C, D duwoc goi la mét hang
diém diéu hda. Noi cach khac A, B, C, D 1a mét hang diém diéu hda <
CA_ _D4

CB DB

Nhan xét. Néu (ABCD) = —1 thi (BACD) = (BADC) = (ABDC) =
(CDBA) = (CDAB) = (DCAB) = (DCBA) = —1.

Pinh Iy 5. Cho hang diém (ABCD) Véi I la trung diém cua AB. Khi dé cdc
diéu sau twong dwong.
i) (ABCD) = —1
_2 _
i) IA = IC.ID (hé thizc Newton)
iii) CI.CD = CA.CB (hé thizc Maclaurin)
. 2 1

v) ===+ = (h¢ thurc Descartes)
AB AC AD

Cac chum diéu hoa co ban

Pinh ly 6. Cho tam giac ABC véi AD, AE lan lwot 14 phan giéc trong,
ngoai cua goc A (D, E € BC).Khi do (DEBC) = —1.

Pinh Iy 7. Cho diém P bat ki khdng nam trén canh cuia tam giac ABC.
AP, BP, CP cat cac canh déi dién tai D, E, F. EF cat BC tai K. Goi L 1a
giao diém cia AD va EF. Khi d6 (BCDK) = (EFLK) = (APLD) = —1.

Pinh ly 8. Cho diém P nam ngoai dwong tron (0). Tir P ké cac tiép tuyén
PA, PB va cat tuyén PCD t4i (0); Q la giao CD véi AB. Khi do
(PQCD) = —1.




CA4c tinh chat co ban ciia hang diém diéu hoa, chum diéu hoa

Tinh chat 5. Cho chim a, b, ¢, d va mér dwong thang A. Khi dé néu c6 2
trén 3 tinh chdt sau thi sé ¢é tinh chat con lai:

i) (ab,cd) = —1
i) A song song vdi mgt dwong cua chum
iii) A dinh ra trén 3 dwong cia chiim 2 doan thang bang nhau

Tinh chat 6. Cho chium diéu hda a, b, ¢, d. Cdc diéu kién sau day la twong
duong:

) cld

i) ¢ laphan giac cua goc tgo boi a, b

i) d la phan giac cua goc tao bai a, b




¢) T giac diéu hoa

Pinh nghia 7. Tit gidc ABCD duwoc goi la diéu hda néu (ACBD) = —1 hay
AB.CD = AD.BC.

Pinh Iy 9. Cho tiz giac ABCD ngi tiép (0). Cdc diéu Kién sau la twong
duong:

)  (ACBD) = —1

ii) AC la déi trung cua tam giac BAD va BCD
iii) BD la ddi trung cia tam giac ABC va ADC
iv)  Tiép tuyén tgi A va C cat nhau trén BD

v)  Tiép tuyén tai B va D cat nhau trén AC

Tiép theo, ta sé di t4i phan chitng minh cdc dinh ly quen thugc va quan
trong sau:

Pinh ly Pappus: Cho 4, B, C nam trén cung 1 duong thang va A’, B, C’
nam trén cung 1 duong thang
khéc. BC' cat CB' tai X, CA’
cat AC' tai Y, AB’ cat BA' tai
Z.XKhi d6 X,Y, Z thang hang.

Chirng minh.

V& AB cit A'B’ tai 0, BC' cat
CA'tai E, AC' cit BA' tai F.

Ta co0:

(BEXC") = C(BEXC) = C(OA'B'C’) = A(OA'B’C") = A(BA’ZF) =
(BA’ZF)

= EA',XZ,C'F dong quy = X, Y, Z thang hang.

Mot cach tuong tu ta thu dugc dinh ly Pascal:

Cho 6 diém 4, B, C,A’, B’, C' cung thudoc mot duong tron. Khi d6 giao
iém cac cap duong thang (AB’, BA"), (AC’,CA"), (BC', B'C) thang hang.

ranh bi ngd nhan ngudi ta thuong i higu 6 diém nhu sau (4 2, ).
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Trong trudng hop 2 diém A = B’, ta ¢d thé coi duong thang AB’ 14 tiép
tuyén caa duong tron tai A.

Pinh ly Desargues: Cho tam gi4c ABC va tam giadc A'B’C’. BC cat B'C’ tai
X, CAcat C'A’ tai Y, AB cat A'B’ tai Z. Chang minh X, Y, Z thang hang khi
va chi khi AA’, BB', CC' @6ng quy hoic d6i mdt song song.

V& AA’ cat BC,B'C' lan luot tai D va D', ta co:

X,Y, Z thang hang

o A(AXZY) = A (AXZY)

& A(DXBC) = A(D'XB'C) < (DXBC) = (D’XB'C)

& AA', BB', CC' d6ng quy hodc doi mét song song.

]




IIl. Viduva baitap

Vi du 1. Cho tir gidc ABCD ni tiép khac hinh thang can ¢ AD n BC = E,
ABNCD=F,ACnEF=R,BD n EF =S. Goi M, N lan luot 14 trung
diém AC, BD. Chtrng minh rang:

a) M, N, R, S dong vién
b) EF latiép tuyén chung cua (EMN), (FMN)
Lo giai. Goi X = AC n BD.

Ta c6: Theo tinh chat vé hang diém cua
tir gi4c toan phan:

(SXBD) = (RXAC)=-1maM, N lan
luot 1a trung diém AC, BD

=> XR-XM=XA-XC=XB-XD =XN
- XS (hé thuc Maclaurin)

= M, N, R, S dong vién

M3t khac, goi G = MN n EF thi theo tinh chat cua dudng thang Gauss, G
1a trung diém EF ma (SREF) = -1

= GE?=GF*=GR-GS=GN - GM

= EF tiép xuc (EMN) va (FMN)

Vi du 2. Cho A ABC nhon khéng can va (0) di qua cac dinh B, C cat cac
canh AB, AC & D, E. Giasit BE n CD =1. Goi M, N 1a trung diém BE, CD
va MN cat AB, AC lan luot tai P, Q. Chang minh AI 1a d6i trung A APQ.

A



Loi giai. Tagoi {F} =n BC, {T}
= MN n AF va kéo dai BE, CD
CitAF 6 X, Y

= Ap dung vi du 1 & trén, ta co
TA tiép xtic (AMN) va MNXY la
tar giac noi tiép

Tiép theo tacd A AEB ~ A ADC
(g.g) > A AMB ~ A ANC

= AM, AN dang giéc trong
LAPQ.

= (AMN) tiép xuc (APQ)
= TA tiép xtc (APQ).

Mt khéac (YIDC) = -1 nén A(YIDC) = A(TIBC) = -1 ma TA la tiép tuyén
(APQ) = Al 1a dbi trung A APQ.

Bai 1. Cho AABC, cac dudng cao AD, BE, CF cat nhau tai H. Goi M 1a
trung diém cla AD va K 1a giao diém cta AD va EF. Chirng minh rang K
la truc tam AMBC.

Bai 2. Cho AABC va dudng trong (I) ndi ti€p tam giac ti€p xuc vdi
BC,CA, AB lan lvot tai D, E, F. Mot dwong thang bat ki di qua I cat BC va
EF 1an lwot tai M va N. Chirng minh rang Al 1a phan giac ZMAN.

Bai 3. (China TST 2002) Cho ABCD la t giac 16i. AB giao CD tai
E; AD giao BC tai F; AC giao BD tai P. Goi O 1a hinh chiéu cua P 1&n EF.
Chirng minh £BOC = £AO0D.

Bai 4. Cho ttr giac ABCD ndi tiép (0). Goi T la giao cua AC va BD, E la
giao cia AD va BC. Goi M, N 1a trung diém AB, CD. Chting minh rang TE
tiép xtic (TMN).
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Vi du 3. (China TST 2008) Cho A ABC ¢6 AB < AC va duong tron noi
tiép (1) tiép xuc voi BC & D. Trén AD lay diém K sao cho CD = CK. Gia
st AD cat (I) 1an nita tai G va GB N CK = L. Chang minh K 1a trung diém
CL.

Loi giai. ta goi E, F lan luot 1a
giao cua (I) voi AC, ABvaQ =
EF N CB.

= GEDF la ta giac diéu hoa
ma QFE 1a cat tuyén con QD 1a
tiép tuyén cua (I)

= QG latiép tuyén (I) = QG =
QD

= £QGD = 2QDG = 2£KDC =
£DKC

= QG || LC ma G(QDBC) = —1

= K 1a trung diém CL.

Vi du 4. (Philippines 2008) Cho P nam ngoai
duong tron (0); hai tiép tuyén ké tir P dén (0)
tiép xtc (0) tai A, B. Biém C bat ky trén cung
nho AB. PC cit (0) tai D. Puong thang qua B
song song PA cat AC, AD tai E, F. Chitng minh B
trung diém EF.

Theo tinh chat ta giac diéu hoa, (ACBD) = —1

Dung phép chiéu xuyén tdm B tir duong tron lén
duong thang PD:

(ACBD) = (ICPD) = —1 (do B ciing thuoc (0) nén khi chiéu sé la tiép
tuyén PB chiéu)

Tiép tuc dung phép chiéu xuyén tdm A 1én duong thang GB:

y X
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ICPD) = (BHPG) = -1 = HP _GP
(ICPD) = ( ) = 0B~ CB
Mat khac, theo dinh ly Thales: L

HB BE GB BF

= BE = BF = B trung diém EF

Vi du 5. Cho tam giac ABC noi tiép duong tron (0). Goi M, N lan luot la
trung diém AB, AC; P 1a giao diém cua tiép tuyén tai A caa (0) va BC. PO
ciat AB, AC tai E, F. Ching minh rang EN, FM, AO dong quy.

Phan tich. Goi S la giao MN véi PO

EN,FM, A0 dong quy & (SOFE) =
-1

Néu goi T la giao ciia A0 véi MN

Ta chi can chirng minh (STNM) =
-1

Hay: O(STNM) = —1

béy: OM 1 AB,ON 1 AC,0A L AP
Néntaké AD L 0S (D € (0))

Khi dé theo tinh chit ctiia chum trwc giao thi A(BCPD) = O(MNAS)
Ma A(BCPD) = —1 hién nhién = EN, FM, A0 dong quy.

Vi du 6. Cho tam giac ABC c6 tam noi tiép (I) va P, Q 14 hai diém lién
hop dang giac véi tam giac ABC. Goi E, F 1a giao diém cua BI, CI V4i
AC,AB. Gol G, K, L 1a giao diém cua AP, BP, CP véi BC, AC, AB. Chirng
minh rang I thuoc KL khi va chi khi Q thuoc EF khi va chi khi G thuoc I0.
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Loi giai. Giasirtacol € KL

Ta chang minh: F, Q, E thang hang
& B(CFQE) = C(BFQE)

Xét phép d6i xang truc phan giac BI:

BC - BA,BF - BC,BQ —» BP,BE -
BE

& B(CFQE) = B(ACPE) = (ACKE) [
Tuong tu ta co:

& C(BFQE) = (AFLB) ’

Ma (AFLB) = (ACKE) do FC, LK, BE d6ng quy.
& F,Q, E thang hang
Theo bai toan 2 dudi vidu 1, 2 ta cd Al la phan gidc £GAQ & G € IQ

Bai 1. Cho tam gi4c ABC. Cac diém M, N thudc BC. Cac diém P, Q 1an
luot thuoc AC, AB. MP cat NQ tai O, BO cat NP tai K, CO cat MQ tai L.
Chting minh A0, BL, CK dong quy.

Bai 2. Cho tam giac ABC ndi tiép (0). Tiép tuyén tai A, B, C cua (0) lan
luot cit BC, CA, AB tai D, E, F. Chttng minh D, E, F thang hang.

Bai 3. Cho AABC noi tiép dudng tron (0) ¢6 T 1a giao diém hai tiép tuyén
tai B va C. Mot duong thang d di qua T sao cho d cat doan thang AB ¢ D
va cat tia d6i tia AC ¢ E. Goi M 1a trung diém DE. Puong thang MA cat
lai (0) & K. Ching minh duong tron ngoai tiép ATMK tiép xdc véi (0).

Bai 4. Cho tam giac ABC c6 (1) noi tiép, (J) bang tiép gdoc A. IJ cit BC tai
K. Chung minh (1), (J) va (w) duong kinh AK déng truc.
Bai 5. Cho tam giac ABC ndi tiép (0), duong cao BE va CF. Goi M, N, P

lan luot 1a trung diém BC, CA, AB. NF cat PE tai X. AX cat
EF) tai K khac A. Chang minh KM, 0X cat nhau tai (AEF).

A
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Bai 6. (Olympic Chuyén KHTN 2017) Cho AABC khong can c6 dudng
tron noi tiép (1) tiép xdc véi AB, BC, CA lan luot tai cac diém D, E, F. Trén
duong thang E, F iy cac diém M, N sao cho CM || BN || DA. DM, DN lan
luot cat duong tron (1) tai P, Q khéc D.

a) Chang minh rang BP, CQ, AD dbng qui tai diém J

b) Goi X 1a trung diém PQ. Chang minh JX di qua trung diém MN
Bai 7. (APMO 2013) Cho tir giac ABCD ndi tiép duong tron (0). P nam
trén tia AC sao cho PB, PD tiép xtc véi (0). Tiép tuyén caa (0) tai C cat
PD tai Q, AD tai R.E 1a giao diém thtr hai ciia AQ va (0). Chiang minh
rang B, E, R thang hang.

Bai 8. (Kosovo 2020) Cho tam giac ABC noi tiép dudng tron (0) cé phan
giac ngodi £BAC cat (0) tai D. Goi X 1a chan duong vudng goc ké tir €
xubéng AD va F 1a giao diém phan giac trong 2BAC véi BC. Ching minh
BX di qua trung diém AF.

Bai 9. (Thay Tran Quang Hung) Cho tam giac ABC nhonva D 1a 1 diém
bat ky thudc doan AC. Gia st rang duong tron ngoai tiép tam giac ABD cat
doan thang BC tai E khac B. Tiép tuyén tai B, D ciia duong tron ngoai tiép
tam giac ABD cit nhau tai T. AT cat dudng tron ngoai tiép tam giac ABD
tai F khac A. Cho CF giao DE tai G, AG giao BC tai H. Goi M la trung
diém cua AF, AE giao MD tai N. Chttng minh HN||AT.

Bai 10. Cho tam giac ABC. P 1a diém bat ky trén mat phang. Qua P ké
duong thang vudng goc PA cat BC tai A4, tuong tu xac dinh By, C;. Chiing
minh rang A4,, B;, C; thang hang.

Bai 11. (Thay Tran Quang Hung) Cho AABC noi tiép (0), truc tam H. Goi
AD 1a duong cao, M 1a trung diém BC. LAy I,] lan luot thuoc BC, AD sao
cho HI // A0, 1] // AM. Lay K d6i xting I qua J. Chang minh rang
AK,OH, BC dong quy.

Bai 12. Cho tam gi4c ABC nhon c6 duong tron tdm M dudng kinh BC cat

y N

C,AB tai E, F. Puong cao qua A cua tam giac cat (M) tai P. Goi




(1), (I,) 1a duong tron noi tiép tam giac MPE, MPF. Chang minh rang

giao diém cua hai tiép tuyén chung ngoai cua (I,), (I,) thuoc BC.

Bai 13. Cho tam gi4c ABC nhon, duong cao BD cat duong tron duong
kinh AC tai N, Q (Q nim ngoai tam giac); duong cao CE cat duong tron
duong kinh AB tai M, P (P nam ngoai tam gi4c). Goi H |a tryc tam tam
giac ABC. Chang minh rang PN, MQ, BC dong quy tai K va BM,CN, HK
ddng quy.

Bai 14. Cho tam giac ABC.E, F, K thuoc canh BC, CA, AB sao cho
AE, BF, CK dong quy tai I. Puong thang qua I song song EF lan luot cat
EB, EK tai D, M. Chttng minh M 14 trung diém ID.

Bai 15. (Thay Lé B4 Khanh Trinh) Cho t& giac ABCD thoa ton tai (1) c6
tdm [ trén doan AB va (I) tiép xtc AD, BC lan luot tai E, F. BE cat CF tai
K, AD cat BC tai T. Lay H bat ki trén doan TK. Tia ddi tia HA, HB lan luot
cat (I) tai M, N. Chitng minh rang tam caa (IMN) thudc 1 dudng ¢ dinh
khi H chay trén TK.

Bai 16. Cho tir giac ABCD noi tiép. M trung diém CD va N 1a diém nam
trén (ABM) thoa ‘;—Z = %‘ Chung minh E, F, N thang hang véi E 1a giao

diém AC va BD; F 1a giao diém BC va AD.

Bai 17. (Chon doi tuyén Ha Nam) Cho tam giac ABC nhon, khong can c6
trong tdm G, tdm ngoai tiép 0. Goi D, E, F lan luot 12 tdm ngoai tiép cac
tam gidc GBC, GCA, GAB. Chang minh rang O |a trong tam tam gi4c DEF.
Bai 18. (Chon doi tuyén Binh Thuan) Cho tam giac ABC nhon khéng can

c6 diém D nam trong tam giac sao cho ZADB = 2£ADC. Goi M, N lan luot
la diém doi xirng véi D qua cac canh AB, AC. Goi AH 1a duong cao cua




tam giac va (ADH) cit lai BC ¢ T. Ching minh rang cac diém M, N, T
thang hang.

Bai 19. Cho ta gidc ABCD noi tiép (AB khong song song CD). M, N theo
th tu 13 trung diém cta AB, CD . Buong tron ngoai tiép tam gidc ABN cat
CD tai P. Buong tron ngoai tiép tam gidc CDM cat AB tai Q. Chirng minh
rang AC, BD, PQ dong quy.

Bai 20. (Thay Tran Quang Hing) Cho tam giac ABC néi tiép (0), cb cac
tdm bang tiép ung véi cac dinh A4, B, C lan luot 14 I, I, I.. Cac chan phan
gi4c ngoai trén cac canh cua tam gidc ABC clng nam trén duong thang d.
Cac duong thang qua I, vudng BC, qua I, vudng AC, qua I, vubng AB lan
luot cit d tai X, Y, Z. Chang minh AX, BY, CZ, O ddng quy.

Bai 21. (Du tuyén PTNK 2012 — 2013) Cho dudng tron (0) va AB la day
cung c6 dinh, khac duong kinh. Goi C 1a diém chinh gitra cung 16n AB.
Puong thang d thay doi qua C cat tiép tuyén tai A va tai B cua (0) lan luot
tai D, E. Goi P 1a giao diém khac C cua d va (0), Q 1a giao diém cua

AE, BD. Ching minh PQ di qua diém cé dinh khi d thay doi.




Bai 22. Cho tam giac ABC nhon ndi tiép duong tron (0) va diém D thay
doi trén cung BC nhd, DC, DB cit AB, AC tai E, F va EF cat BC tai K.
Puong tron qua D tiép xdc AK tai A lan luot cat AB, AC tai M, N. Chiing
minh MN di qua diém cé dinh.

Bai 23. Cho tam giac ABC noi tiép (0), ¢4 I 1a tam noi tiép; P,Q la hai
diém lién hop dang giac trong tam giac ABC va nam trén Al, T 1a hinh
chiéu caa Q trén BC. Chitng minh khi P,Q di chuyén trén AI thi duong
thang qua T vudng goc OP di qua mot diém cd dinh.

Bai 24. Cho dudng tron noi tiép (0) caa tam gidc ABC. Goi M 1a trung
diém cua BC. AM cit (0) tai hai diém K, L (K nam gitta 4, L). Qua K ké
duong thang song song véi BC cat (0) tai diém tht hai 13 X. Qua L, ké
duong thang song song véi BC cat (0) tai diém thu hai

laY. AX,AY cat BC tai Q, P. Ching minh M 1 trung diém cua PQ.




lll. Lol gial tham Khao

Baitap vidul -2 A
Bai 1. Dé thay (AHKD) = —1 (Hang
diéu hoa co ban)

Lai c6 M la trung diém AH nén
DK.DM = DH.DA (He¢ thac
Maclaurin) o

NX

Ma DB.DC = DH.DA nén =
DK.DM = DB.DC, vay K la truc
tdm AMBC (dpcm). ? z

Bai 2. Phan giac ngoai cua 2A cia AABC cit BC va MN lan luot tai J va
K.

Dé dang chtng minh J,F,E
nén ta xét AJEC c6 CF,BE, ]I
déng qui, FE cit EC tai A
nén J(AIEC) = —1.

= —1 = J(AIEC) =
J(KINM) = (KINM)

Lai cO Al L AK nén Al la
phan giac ZAMN.




Bai 3. Goi R 1a giao diém FP véi CD; S la giao
diém AC véi EF.

Tacod (CDRE) = -1

Dung phép chiéu xuyén tdm F 1én duong thang
CS: (CDRE) = (CAPS) = —1

Mat khac, do OS 1L OP

= OP la phan giac £A0C (1)

Chtng minh tuong tu, OP phan gidc £BOD (2)
(1),(2) > 4BOC = £AOD

Bai 4. Goi P, Q 1a giao diém cua ET voi AB, CD va F 1a giao cua AB va
CD.

Goi G la trung diém TE.
Dé thiy (FPAB) = (FQDC) = —1

= FA.FB = FP.FM = FD.FC =
FQ.FN

= T gidc PQMN noi tiép

B6 dé: Cho tir giac ABCD, goi

M, N 1a trung diém cua AB, CD. Goi

E,T la giao diém AD va BC, AC va
BD. Khi d6, M, N qua trung diém cua TE.

R rang bo dé 1a hé qua truc tiép cua dudng thang Gauss.

= M, N, G thang hang.

Taco: (ATPQ) = —1= GT? = GP.GQ = GM.GN

= TE tiép xtc (TMN)

jtdpvidu 3,4,5,6

y




Bai 1. Goi BL cat CK tai I, BO cat MQ tai
U, CO cat NP tai V, ta co:

B(AIOC) = B(QLUM) = 0(QLUM) =
O(NVKP) = O(VNPK) = O(PKVN) =
C(PKVN) = C(AIOB) N,

= A, 1,0 thang hang = A0, BL, CK dong
quy.

Bai 2. Tiép tuyén tai B va C cua (0) cat nhau tai T, AT cat BC tai X = AT
1a duong ddi trung tam giac ABC

1o
.

= —1 = A(DTBC) = (DXBC) = Al
(DXCB) = T(DAFE). P

Ma A(DTBC) = A(DTFE)
= D, E, F thang hang.




Bai 3. Buong thiang qua A song song voi DE cit lai (0) & F. AADE c6 M
1a trung diém DE va AF || DE nén A(EDMF) = —1.

= —1 = A(EDMF) = A(CBKF)

Do d6 tt giac BFCK la tir giac diéu hoa.

Suy ra KF di qua giao diém cuaa hai tiép tuyén tai B va C cua (0), hay
K, F, T thang hang.

Ta cd AF || MT nén phép vi tu tdm K ti s6 % bién AKMT thanh AKAF va
bién tam duong tron (KMT) thanh tim duong tron (KEF) nén K nam trén
duong ndi thm cua (KMT) va (KEF) va K thudc ca hai duong tron nén
(KMT) tiép xtc (KEF).




Bai 4. Goi (I), (J) lan luot tiép xdc BC tai D,E,AH 1 BC tai H,M la
trung diém BC = ID L BCVAJE L BC = AH || ID | JE.

AB, AC 14 2 tiép tuyén chung ngoai cua
(Dva (J)

= Phép vi tw tm A ti sb fl—j bién J thanh I, ()
thanh (1), E thanh F
= A, F, E thang hang, F thuoc (I) va FI || EJ
= F,I,D thang hang

= FD la duong kinh (I) = I 1a trung diém
FD

= A(HIDF) = —1 = A(HKDE) = —1.
M 14 trung diém BC = MB = MC, 2AHK = 90° = H thudc ().

BD:W:CE:BM—BD:CM—CE=M0=ME=>M|3

trung diém DE.
Ap dung hé thac Newton = MD? = ME? = MK . MH

= Py/ay = Py = Pumjw) = M thudce 3 truc dang phuong cua (1),()),
().

Ma 3 tdm cua (1), (J), (w) thang hang = (1), (J) va (w) dong truc.

Bai 5. Goi BE cat CF tai H, OH cit

(AEF) tai D khac H, BN cét CP tai 7 BN
G,NP cat EF tai Y = H, G, O thang / N
hang. /A /

- A A e
£AEH = £AFH = 90° = AH la R~
duong kinh (AEF) SN

- /AKH = ¢ADH = 90°. .




LAMO = £ANO = £LADO =90° = A,D,M, N, O thuoc duong tron
duong kinh AO0.

N, E, P, F thuoc duong tron Euler tam giac ABC

=YE .YF =YN .YP = Py/agry = Py camny = Y thudc truc dang
phuong cua (AEF) va (AMN) = A,Y, D thang hang.

Ap dung dinh Ii Pappus: BE cit CF tai H, BN cat CP tai G, EP cat FN tai
X = H,G,X thang hang.

Tacé: HE L AN,HF 1L AP,HO L AY,HK L AX
= H(EFOK) = A(NPYX) = —1 = DEKF la tt giac didu hoa.

¢BEC = £BFC = 90° = BCEF ndi tiép (M; MB) = MB = MF va
¢ABC = £AEF = £ABC = +BFM = £AEF = MF latiép tuyén (AEF).

Chting minh tuong tu: ME 14 tiép tuyén (AEF) = M, D, K thang hang
= KM, 0X cat nhau trén (AEF).

Bai 6. a) Goi G,L lan luot la giao
diém ciia MN véi AD, BC.

Ta c60 (GDBC)= -1 va CM |
BN || DA nén (GLNM) = —1

Xét phép chiéu xuyén tdm D lén
duong tron (1) ta co:

D(GLNM) = D(DHPQ) =
(DHPQ) = —1

Vay PDQH la tir giac diéu hoa nén -
PQ di qua giao diém cua hai tiép
tuyén tai H va D.

Ta ciing c6 t& giac FDEH diéu hoa nén FE ciing di qua giao diém cua 2

tiép tuyén tai H va D.

ra EF,PQ, BC dbng qui tai G.
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ADMN c6 L € MN,P € ND,Q € MD,{G} = MN n PQ va (GLNM) = —1
nén DL, NQ, MP dong qui.

Goi K, K’ lan luot 1a giao diém cta BP, CQ véi AD.
Ta di chang minh K = K’ bang cach chang minh DK = DK’

, X=2 (DK=NB.D
Ap dung dinh ly Thales ta c6 . —

: DKt _ D0 = pr _ 1y DO

MC oM oM

DK = DK' & NB.22 = mc.2¢
NP oM

NB PD QM _

— . —.—=1

MC NP DQ

GN PD QM _ 4

GM NP 'DQ

LN PD QM
LA |

LM NP  DQ

Ap dung dinh Iy Ceva vao ADMN véi DL, NQ, MP dong qui ta duoc:

LN PD QM _

LM NP DQ
Vay DK = DK' ma K va K’ cing thuoc 1 nira mat phang by BC nén K =
K’

AKBC c6D € BC,P € KB,Q € KC,{G} = BC n PQ va (GDBC) = —1
nén KD, CP, PQ dong quy.
b) Goi L 1a diém dong qui ctia MP, NQ, DL

Goi S 1a giao diém cua ND
va BQ.

C6: P(GDBC) = P(QSB)) =
N(QSBJ]) = N(RDB)) = —1

a NB | LD nén J la trung
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diém RD.
Goi 0 1a trung diém MN

Xét tir giac RQDP ¢6 ] 1a trung diém RD, X 1a trung diém PQ, O 14 trung
diém MN véi M, N 1a hai giao diém cua hai cip canh bén

Suy ra J, X, O thang hang (Puong thang Gauss).
Vay JX di qua trung diém MN.

Bai 7. Ta c6 t&r giac ADEC diéu hoa, vay CD
1a duong ddi trung cta tam giac ACE.

Ap dung bd dé dbi trung, ta co:
(CA,CE,CR,CD) = —1,vi A,D,R thing
hang nén

(EA,EC,ER,ED) = (CA,CE,CR,CD) =

-1 (1)
Pong thoi: ta gidac ABCD diéu hoa, do d6

(EA,EC,EB,ED) = —1. (2)
(1) (2) suy ra: (EA,EC,ER,ED) = (EA,EC,EB,ED) = —1 hay B; E; R
thang hang.

Bai 8.

Goi I 1a giao diém AF va
BX: G 1a giao diém AC voi
BX: E 1a giao diém AX Vi
BC

Tacd (BCEF) = -1

Chiéu hang diém (BCEF) C
1én duong thang BX véi tam

A, taco

BCEF) = (BGXI) = —1

y



I1G BI

o , . . , 1IG Al BI IF
Mat khac, theo dinh ly Thales, taco: —=—; —=— (2)
GX CX ~ BX cX

(1)(2) = IA = IF = I 1a trung diém AF
Vay, BX di qua trung diém AF

Bai 9. Quy uéc: Ki hiéu (ABC) 1a duong
tron ngoai tiép tam giac ABC.

Goi K, L lan luot 13 giao diém ED, BC Voi
AT.

Nhan thay rang t giac ABFD diéu hoa, do
vay:

(AFBD) = E(AFBD) = (AFLK) =
C(AFLK) = (DGEK) = —1 (i E thuc
(ABD))

V6i (AFLK) = (DGEK) = (GDEK) = —1, ta ¢6: AG, DF, EL dng quy tai
H, kéo theo D, F, H thang hang.

Ta c6: (DGEK) = A(DGEK) = A(DHNF) = —1.

Vi D, F, H thang hang nén:

A(DHNF) = N(DHAF) = N(MHAF) = —1, véi M 14 trung diém AF,
theo tinh chat hang trung diém, ta thu duoc: HN||AT




Bai 10. Ta c6 A,, By, C; thang hang khi va chi khi
B(AlBlclp) == P(AlBlclB)

Do PA4, PB;, PCy, PB lan luot vudng goc Véi
PA, PB, PC, PB, nén P(A,B,C,B) = P(ABCB,)

Do 4, C, B; thang hang nén

P(ABCB,) = B(APCB,) = B(C,PAB,)
= B(A,B,C,P)

Suy ra diéu phai ching minh

Bai 11. Cho AK cat BC tai P.

Co: JK =JI, 1] || AM

= (4], AM, Al AK) = —1

= A(DMIP) = —1

= (DMIP) = —1

Goi AT la duong kinh cua
(0).

Theo tinh chat quen thuoc: M
1a trung diém cua HT.

C6: 0 1a trung diém AT, HI || AO = (HA, HT,HI, HO) = —1

= (HD,HM,HI,HO) = —1. Cho HO cat BC tai P' thi (DMIP") = —1 =
(DMIP)

Vay P’ = P nén AK, OH, BC d6ng quy tai P.

y X
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Bai 12. Goi S la giao cua 1,1, véi BC.

Goi U,V lan luot la tiép diém cua
(1), (I,) véi PE, PF.

Goi T lagiao I;1, véi PM ;

= T la tam vi tu trong cua (1), (1)

Vay ta chi can chang minh
V& tiép tuyén Px tai P cia (M) :

Péy:

C

MS 1 PD,MT L Px,MI, L PF,MI, L PE

Khi 6 M(STI,1,) = P(DxFE) = (HPFE), véi H la giao cia duong cao
AD 1én duong tron (M). Dé thay ti giac FHEP diéu hoa

Vay ta c6 S la tam vi tw ngoai cua (1), (I).

Bai 13. Quy udc: Ki hiéu (0A) la
duong tron duong kinh OA.

Vé6i BD, CE 1a 2 duong cao cua tam
giac ABC lan luot cit (AB), (AC) tai 2
cap diém (M: P), (N; Q), ta co:

EM? = EP? = EA.EB = EH.EC va
DN? = DQ? = DA.DC = DH.DB.
Theo hé thac Newton vé hang diém
diéu hoa, ta co:

(HCMP) = (HBQN) = —1, do vay BC, MQ, NP d6ng quy tai diém K.
Goi L, F lan luot 1a giao diém cua PK, CN voi BM.
Ta co:

(HCMP) = B(HCMP) = (NKLP) = C(NKLP) = (FBLM) =

(FBLM) = —1.
g thoi: (HBQN) = K(HBQN) = K(HBML) = K(HBLM) = —1, Vi

y X
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thé K(FBLM) = K(HBLM) = —1, hay H, F, K thang hang, dan dén
HK,CN,BM dong quy tai F.

Bai 14. Goi L 14 giao diém BF va EK; ] 1a giao diém AB va EF.
Taco (BAKJ]) = —1

Dung phép chiéu xuyén tdm E 1én duong
thiang BE:

(BAK)) = (BILF) = —1

LB _FB

LI I

Ma theo dinh ly Thales,

= 3
[es[iles!
| &

LB
> ——= =
LI

||
ol &

Theo dinh Iy Menalaus doi véi tam giac
BDI ¢6 L, M, E thang hang, ta c6

LB MI ED _
LI 'MD EB

MI \ . X
== —1 = M la trung diém ID

Bai 15. Cho EF cat BC tai J.
KéTL L ABtail.

= E, F, L cung thudc duong tron
duong kinh TIva LI, LT la phan
giac ELF

= L(ITEF) = —1
= (LJ,LT,LE,LF) = —1

= (TJ,TL,TE,TF) = —1

2 (T], TK,TE,TF) = —1

»




NenT,K,L > TK L AB

Ma EF 1a duong d6i cuc cua T voi (I) maJ € EF nén T thude ddi cuc cua
Jvai (1)

Suy ra: TK 1a ddi cuc cua J véi (I).

Khi d6: (TJ,TH, TN, TM) = —1 = (JLBA) = (HJ, HT, HN,HM) =
J,M,N

= JM.JN =JI.JL = L € (IMN) = tdm (IMN) thugc trung truc cua IL cb
dinh.

Bai 16. Goi P 1a giao diém CM véi (ABM) va G 1a giao diém AB va CD
Ta co0:
MP.MG = MG? — GP.GM = MG? — GA.GB = MG? — GC.GD = M(?

= Theo hé thac Newton, (CDPG) =
—1

Mit khac, do (CDPG) = —1 nén
dung dinh ly Ceva véi tam giac FCD
thi F, E, P thang hang

Goi H 1a giao diém AP va BC.

Do FP,AC, BD d6ng quy nén
(CFBH) = —1

Chiéu hang diém (CFBH) 1én duong tron (ABM) qua tam P, ta c6
(CFBH) = (MN'BA) = —1 (véi N’ 1a giao diém PF voi (ABM))

= AMBN' |3t giac diéu hoa ma theo dinh nghia vé tt giac diéu hoa,
AMBN ciing 13 tir giac diéu hoa

= N' = N = E,F, N thang hang

ai 17. Rd rang ta chi can chitng minh DO chia d6i EF 1a du.

y N
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Ké Ox song song , dé thay rang EF

la trung truc cta AG nén phai co EF /\L’“

/

vubng AG, suy ra Ox vudng goc
AG.

Qua A, ké Ay song song BC thi
A(yTBC) = —1 trong d6 T la trung

diém BC. Truc giao dinh 0, ta c6
O(DxFE) = —1 Vi OF, OE lan luot

la trung truc cua AB, AC.

Do Ox song song EF nén theo tinh chat chum diéu hoa, ta ¢ 0D chia dbi

BC. Tir d6 ta ¢ diéu phai chang minh.




Bai 18. .
Taco AD = AM = AN nén cac A AN
diém M, N, D cung thudc dudng tron W
tam A. b
’ M
PitS =AD N BC,tacd DS laphan &= B/ "
giac goc BDC.

Mat khac, ZADT = £AHT = 90° nén DT la phén giac ngoai cia 2BDC va
(TS,BC) = —1.Suyra A(TS,BC) = —1. Truc giao tur dinh D, ta co
(Dx,DT,DM,DN) = —1 véi Dx L AT.

Giasa Dx N (A) = E # D thi ta gidc DMEN diéu hoa; trong khi d6, TD la
tiep tuyen caa (A) nén TE cling la tiep tuyen caa (A), dicu nay kéo theo
MN diquaT.

Bai 19. bat S la giao AB vai CD.
Dé thay: SA.SB = SC.SD = SQ.SM.
SC.SD = SA.SB = SP.SN.

Ma M, N lan luot 13 trung diém AB, CD
nén theo hé thirc Maclaurin, suy ra:

(SQAB) = —1
(SPCD) = —1

Vay AC, BD, PQ dong quy.




Bai 20. Goi ba chan phan giac tng véi cac
dinh A4, B,C lan luot 1a D,E,F (Dé dang
chttng minh chiing thiang hang bang dinh
ly Menelaus).

Cac duong thang qua I, vudng BC, qua I,
vudbng AC, qua I. vudng AB dong quy tai
U latam (I,1,1.) (Xem day la mé hinh
tam giac 1,11, véi 3 duong cao
I,A,I,B,1.C). U nam trén OI do 3 diém
nay tao thanh duong thang Euler tam giac
LIl

Goi J 1a mot diém bat ki trén OI va
M, K, L lan luot 13 giao diém cé4c cap
duwong thang AJ,1,U; BJ,1,U; CJ,1.U.

Xét hai tam giac CLI. va BK 1, ta cé BK
cat CL tai J, BI, cat CI, tai I, K1, cat LI,
tai U. Ba diém J, I, U thang hang nén ap
dung dinh ly Desargues ta co

I,1.,LK, BC dong quy tai D, tuc Ia

K, L, D thang hang. Chtrng minh tuong tu
ta dugc L, M, E thang hang va

M, K, F thang hang.

Goi giao diém BY va OI 1a T, CZ véi OI 1A T,.
Ta co: (T,IJU) = (YI,KU) (Chiéu tm B Ién KU)
= (ZI.LU) (Chiéu tam D Ién LU)
= (T,IJU) (Chiéu tam C 14 0I)

Do d6 T tring T,, nén BY,CZ,01 d6ng quy. Tuong tu ta c6 AX,BY,0I

ddéng quy nén ta c6 diéu phai ching minh.

y |




Nhdn xét: Mot md hinh kha thi vi, do chi yéu cau ching minh déng quy
nén chi can ching minh dung ti s6 kép nhu trén 1a xong. Nhung ¢6 mot
tinh chat cua diém dong quy, rang né 1a tam vi tu ngoai cua phép vi tu bién
(1) thanh (0), ban doc c6 htng tha c6 thé thir ching minh.

Bai 21.

Goi giao diém AD,BE 14 T, cua
AB,DE 1a1vaTQ cat DE, AB lan
luot tai X, S. Khi d6 theo mo hinh t
giac toan phan ta c6 (IX, DE) =
(IS,AB) = —1. Talai c0 PI di qua
trung diém cung lén AB cua (0) nén
PS di qua trung diém cung nho AB
caa (0) (goi la N).

Goi M 1a trung diém AB thi ta c6
OM.ON = 0A% = 0C% = ON? nén (TM,NC) = —1, ma (TQ, SX) =
—1néntacd NS, MQ,CX dong quy tai P, hay P, Q, M thang hang, tac 1a
PQ di qua trung diém AB (1a mot diém cb dinh).

Bai 22.

Xét trong tir giac toan phan
BEFCAK c6 D 1a giao diém BF
va CE, ta co:

(AM, AN, AD, AF) = —1, Vi
(AMN) tiép xuc AF tai A nén
theo bo dé ddi trung, ta co: AD
1a duong dbi trung tam giac
AMN.

Khi d6 tr gidc AMDN diéu hoa
(vi D thuoc (AMN)).

Goi L 1a trung diém cua

L cb dinh:

»



Vi tam gidc DBM dong dang tam giac DCN, ta co: M _om_a
CN DN AN

AM CN _ . AM BL CN

Suy ra: —.— =1 =—.—.—, theo dinh Iy Menclaus dao, ta co:
BM ' AN BM'LC AN

M, L, N thang hang, hay MN di qua L ¢6 dinh.

Bai 23. Ta goi M la trung diém BC, F 1a hinh chiéu caa M 1én A, D,E lan
luot 13 trung diém cung BC nhé, 1on cua c

(0). Ta chimg minh duong thang qua T
vubng goéc OP (goi la d) di qua M’ la anh
dbi xang cua M qua AI (1a diém c6 dinh).

Goi d’ 1a duong thang qua T vudng goc
Voi Al.

Ta can chting minh d di qua M’ &
d’,TF,TM,d tao thanh chum diéu hoa. y

& Pl,dy,d, PO tao thanh chum diéu
hoa (V&i dy, d, lan luot 1a cac duong
thang qua P vudng goc TF va qua P vudng goc BC).

= Chiéu xuyén tdm P 1én DE, diéu nay twong dwong vdi viéc d, di qua E
hay PE L TF.

Do P,Q lién hop dang giac trong tam giac ABC nén
£LDBQ = £CBQ + £DBC = £ABP + £DAB = £DPB .

Tir d6 ta duoc 2 tam gidc DBQ va DPB d6ng dang véi nhau (g.g), dan dén
DP.DQ = DB? = DM. DE nén MEPQ noi tiép

= £DEP = £DQM = £FTM (do, T € (MQ)). Goi giao FT, PE la G thi
MTGE ndi tiép, do 36 £EGP = 90° nén PE L TF.

Két hop vai 1ap luan trén ta co diéu phai chitng minh.

Nhdn xét: L& giai trén dugce dung nén khé tu nhién do st dung tich chat
vé chum diéu hoa truc giao véi gia thiét cho nhiéu goc vudng. Bai toan nay
ing co6 thé Xt Iy bang cach bién doi cac tich v hudng, ban doc co thé

y X



Bai 24. Ta phat biéu mot bo dé sau: Cho tam gidc ABC ngoai tiép (0), tiép
diém cua (0) trén BC,CA, AB lan luot l1a D, E, F. Goi M 1a trung diém

cua BC. Khi d6 AM, EF,0D dong

quy.

B6 dé kha don gian, ban doc co
thé ty ching minh.

Tro lai bai toan.

Goi R 1a giao cua YL véi AQ.

Theo b dé trén ta

c6 AM, OD, EF ddng quy
tai W hay KL, 0D, EF d6ng quy tai W. Ma XKYL |a hinh thang can
c6 0D la tryc d6i xang, lai c6 OD cat KL & W nén W ciing thudc XY.

Tacé (AWKL) = —1 (hang diéu hoa vé duong tron) nén :

X(AWKL) = X(RYKL) = —1 , ma XK || RY nén L 1a trung diém cta RY,
tic YL = LR.

Tir do dé dang suy ra M 1a trung diém cia PQ (YR || PQ)
Ta co6 di€u phai ching minh.

Nhdn xét: bai toan chil yéu dung mdi lién hé song song < trung diém khi
cO hang diém diéu hoa.




Tai liéu tham khao:
[1]: M6t s6 chii dé hinh hoc phang ctia thay Nguyén Van Linh.

[2]: K§ thudt tryc giao chum diéu hoa trong hinh hoc cta thay Lé Phuc Lit, tham khao

tai: https://thuvientoan.net/ky-thuat-truc-giao-chum-dieu-hoa-trong-giai-cac-bai-toan-

hinh-phang-le-phuc-lu

[3]: Bai giang thay L& B4 Khanh Trinh trong doi tuyén PTNK 2020.
[4]: Lemmas in Olympiad Geometry (Titu Andreescu, Sam Korsky, Cosmin Pohoata
).

[5]: Truong Pong Toan hoc Mién Nam 2020, mot s6 chu dé hinh hoc phang — thay
Tran Quang Hung.

[6]: Pinh hudng bdi dudng hoc sinh nang khiéu toan ( Tap 2: Hinh hoc ) (Chu bién:
Lé Anh Vinh).

[7]: Dién dan AOPS: https://artofproblemsolving.com/community

[8]: Mot sb bai toan sir dung hang diéu hoa:
https://lovelobebaby.wordpress.com/2018/04/07/mot-so-bai-toan-su-dung-hang-dieu-
hoa-suu-tam/

[9]: Tham khao mét s6 tai lidu caa cac thay cd khac.
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