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D& quy
Dinh nghia

Dé quy la mot k§ thuat trong lap trinh, trong d6 mot ham tu goi lai chinh né dé gidi quyét mot bai toan. K§
thuat nay thuong duge sit dung khi bai todn ¢ thé duge chia nhoé thanh cac bai toan con giong hét bai toan ban

dau.

Vi du don gidn vé dé quy 1a tinh giai thita clia mot s6, trong dé giai thita ctia n! dude tinh qua cong thitc:

1 n=>0
n! =
m—1!n n>0
Cai dat minh hoa (tinh giai thira)

1 int factorial (int x)

2| {

3 if (x == 1) // base case

4 return 1;

5 return x * factorial(x - 1);
6| }

Dé quy quay lui (Backtracking)

Dinh nghia

Dé quy quay lui & mot phuong phap gidi quyét bai toan bang cach thi tat ci cac truong hgp clia mot van
de, sau d6 quay lai (backtrack) khi gdp phai mot gidi phap khong hop lé hodc khong hieu qui. Dé quy quay lui
thuong dude st dung cho cac bai toan tim kiém va t6i wu, nhut bai toan sap xép, bai toan N-Queen, hay bai toan

tim dudng trong mé cung.

- Cach thic hoat dong

. Khéi tao: Chon lita mot bude hodc mot phan tit dé bat dau.

2. Dé quy: Tién hanh thit mot buéc hoic trang thai tiép theo, néu né hop ly va khong dan dén mau thuin,
tiép tuc thit véi cac budce tiép theo.

3. Kiém tra diéu kién dimg: Néu bai toan da hoan thanh (hosic khong thé hoan thanh), ta tra vé két qua.

4. Quay lui: Néu mot buéec dan dén khong hop lé (hodc khong mang lai két qua kha thi), ta quay lai budc
trude do va thi mot lua chon khac.

Bai tap minh hoa: Bai toan N-Queen

Bai toan N-Queen 13 mot vi du dién hinh ctia Dé quy quay lui. Bai toan yéu cau dém s6 cach dit n (v6il < n < 9)

quan hau trén ban c¢d n x n sao cho khong quan hau nao cé thé tan cong quan hau khac.

Ta c6 thé st dung k¥ thuat quay lui dé thi timg vi tri dit quan hau v quay lai néu phat hien mot vi tri khong
hop lé.



M Cai dat

1 bool usedCol[20], usedDiagl [20], usedDiag2[20];

2 int n, ans;

| void backtrack (int row) {

if (row == n + 1) return ans++, void();

(4

7 // Tht cic lua chon trén ddng ‘row

8 for (int col = 1; col <= n; col++) {

9 if (usedCol[col] || usedDiagl[row + col] || usedDiag2[n - col + rowl]) continue;
10 usedCol[col] = usedDiagl[row + col]l = usedDiag2[n - col + row] = true;

11 backtrack (row + 1);

12 usedCol [col] = usedDiagil[row + col] = usedDiag2[n - col + row] = false;

13 }

14| }

M Giai thich
Do ta dang backtracking theo dong nén chic chan cac quan hau sé khac dong. Vay ta chi can xét cac cot va 2

duong chéo:
e Cot: Dé dang luu bang mot mang bién.
e Dudng chéo: Hai diém ndm trén ctiing mot duong chéo co:

o row + col giéng nhau (cho cac dudng chéo huéng tir trai dusi sang phai trén), hodc

o n — col + row giong nhau (cho cic duong chéo huéng tir trai trén sang phai dudi).

Tit do, ta sit dung cac mang danh dau tuong tng.
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Hinh 2.1. D4nh sb cho cdt va dudng chéo

Dé thay, do phtic tap thoi gian cho thuat toan sé 1a O(n! - n) do ta ¢6 n — i + 1 cach chon cot 6 dong thit i va ta
can thit hét n phuong an chon cot ¢ mdi lugt goi ham backtrack.



Sinh hoan vi (Permutations)

KRB Bai toan
Cho day A gom céc sd nguyen tit 1 dén n (1 < n < 10). Hay liet ke cac hoan vi cia n theo thit ty bat ki.

Vi dy, v6i n = 4, ta ¢6 cac hoan vi:

1, 2, 3, 4 1, 2, 4, 3 1, 3, 2, 4 1, 3, 4, 2
1, 4, 2, 3 1, 4, 3, 2 2,1, 3, 4 2,1, 4, 3
2, 3,1, 4 2, 3, 4, 1 2, 4,1, 3 2, 4, 3,1
3,1, 2, 4 3,1, 4, 2 3, 2,1, 4 3, 2, 4, 1
3, 4, 1, 2 3, 4, 2, 1 4, 1, 2, 3 4, 1, 3, 2
4, 2, 1, 3 4, 2, 3, 1 a, 8, 1w 4, 3, 2, 1

Dé quy quay lui

B Y tudng

Chon ra mot gid tri ¢ (ti 1 dén n) chua duge sit dung va luu vao mot méang, cho dén khi ndo méang d6 duge 1ap
day thi in xuat ra toan bo gid tri trong mang dé (tic 1a 1 hoan vi). Sau khi xuét xong thi quay lai budc trude do

va danh dau gia tri 1a chua st dung. Ding mang danh dau dé khong diung lai phan tit mot cach tring lap.

B Cai dat

1/ int n;
2 vector<bool> vis;

3 vector<int> a;

5/ void xuat () {

6 for(int i = 1; i <= n; i++)
7 cout << af[i] << " ";
8 cout << endl;

11/ void hoanvi (int x) {

12 for(int i = 1; i <= n; i++) {
13 if (tvis[i]) {

14 vis[i] = true;

15 alx] = i;

16

17 if(x == n) xuat();
18 else hoanvi(x+1);
19

20 vis[i] = false;

21

22 }

2 }



M Giai thich
e Méing a[i] ding dé luu mot gid tri clia hoan vi nim & vi trf i.
e Mang vis[i] dung dé kiém tra gié tri ¢ da dugc sit dung hay chua, dé tranh viec phan tit duge ding lai mot

cach trung lap.

M& rong (Sinh hoan vi bang ham next_permutation)

H Dinh nghia

Dinh nghia 3.1 REVETRORT Y

Dé so sanh hai day s6, hai xau ky tu,... khac nhau, ching ta thudng dung thi tu tit dién. Ding nhu cai téen

ciia n6, cach so sanh nay duge dung dé quy dinh cac tit ngit xuat hién trong tit dién, gitp ngudi ding cé thé
dé dang tra citu tir hon.

N6i mot cach toan hoc, day ag,ar,as,... c6 thit tu tit dién nhé hon day bg, by, bo, ... néu ton tai mot sb
nguyén k sao cho a va b c6 tién td chung do dai k va phan tit thit k ctia @ bé hon phan ti tuong tng clia
b, hay:

(
ag = by

a1:b1

ak—1 = b1

\ak < by

Trong trudng hop a, b 14 hai diy khong c6 cting do dai, ngusi ta thuong thém cac "ky tu rdng" va cudi day
ngan hon va quy uéc ky tu rong nay c6 thit tie bé nhat.

Ham next_permutation la ham diung dé sip xép lai cac gia tri clia hodn vi hién tai dé tao ra mot hoan vi
méi tiép theo theo thit ty tit dién. Cho day A = [1,2,3] la mot hodn vi clia cac s6 tit 1 dén 3. Khi ap dung
next_permutation, né sé thay déi A thanh [1,3,2].

Luu y
Khi sinh hodn vi bing next_permutation, cic hoan vi sé dudc sinh theo thit tu tir dién.

B Cach hoat dong

V6i mot mang A 1a hoan vi clia cac sd ty nhién tit 1 dén n (véi n 1a kich thuée mang) khong phai mang gidm
dan, ham next_permutation cho biét mang c6 thit tu tit dién nhé nhat trong s6 cadc mang c6 thit tu tir dién
I6n hon A.

LIUETRGETINCEN Ham next_permutation

Buéc 1: Tim vi tri dau tién khi duyét tit phai sang trai sao cho gia tri clia n6é bé hon gia tri phan tit bén
phéi. N6i cach khac ta tim i 16n nhat thoa diéu kien A; < A;11. V6i truong hop mang gidm dan (khong ton
tai bat ki 7 théa A; < A;y1), vi day da 1a hoan vi c¢6 thit tu tit dién 16n nhat nén ta ciing khong can thuc

hién next_permutation.




V]

Buéc 2: Tim p € [i + 1;n] sao cho A, > A; va p 1a nhd nhéat. Hodn ddi hai phan ti A; va A,.

Budc 3: Sip xép lai caAc phan tit tit vi tri ¢ + 1 dén n theo thit tit ting dan. Tuy nhién, nhan xét rang lic
nay, cdc phan tlt ¢6 vi tri trong khodng [i + 1;n] tao thanh mot day gidm dan nén ta chi viec ddo ngugc
th@ tu cta ching.

Vi du: Véiday A =11,2,5,4,3], tacé i =2 va p = 5. Sau bude 2, mang A tré thanh [1,3,5,4,2] va sau buée 3
thi mang tré thanh [1,3,2,4, 5].

M Cai dat

D6i v6i ngon ngit 1ap trinh C++, ta c6 thé st dung ham cai dat sin next_permutation c6 do phic tap tuyén tinh.
Ta c6 thé sit dung ham nay dé sinh hoan vi nhu sau:
vector<int> a = {1, 2, 3, 4, 5, 6};
do {
// x& 1y hodn vi hidn tai

} while (next_permutation(a.begin(), a.end()));

n Sinh tap con (Subsets)
M Bai toan

Cho s6 nguyen n (1 < n < 20). In ra tat ca cac ddy con khéc rong cta day 0,1,2,--- ,n — 1.

Dé quy quay lui

B Y tuéng

Trude tién, ta can mo hinh héa lai bai toan nhut sau: Mdi phan tit clia day c6 hai trang thai 14 chon hodc khong

chon. Hay liét ké tat ca cac to hop chon/khong chon ctia day. Dé thiy, ta c6 2" t& hgp nhu vay.

Ap dung phuong phap Dé quy quay lui, ta chon trang thai cho cac phan tit tit trai qua phai va duy tri nhitng lia
chon ctia cac phan t& da dudce chon trang théi, goi 14 mot cdu hinh. V6i mot cau hinh da chon cho ¢ phan ti dau

tien (v6i i < n), ta chon tiép trang thai cho phan ti thit i + 1 r6i goi backtrack hai lan ting véi méi lya chon.

Dé lam diéu do, ta ding mot vector goi 1a subset dé luu cac phan tit & ciu hinh hién tai. V6i ham backtrack(x)
(v6i o vi trf ctia phan t1t hién tai ctia ham), day gia tri clia x vio subset va goi tiép ham backtrack(z + 1), x6a
n6 ra khoi subset va goi tiép ham backtrack(z + 1). Thao tac nay nhu la viéc b6 qua gia tri z hién tai va xét

tiép dén cac cau hinh sau.
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Hinh 4.1. Cay md t3 qué trinh D& quy quay lui

O hinh minh hoa trén, tai tang thit = clia cay, ta sé chon trang thai cho phan ti x trong tap hop véi cay con trai

tuong ting viéc khong chon x va cay con phai tuong tng viéc chon z.

e Do phitc tap: Mot tap hop gom n phan ti c¢6 2" tap con. Ta duyét qua 2" tap con va in ra cac phan ti

trong tap con dé. Vay do phic tap ctia cach trén 1la O(n x 27).

M Cai dat

1, const int N

2 vector<int> subset;

= 20;

3 int a[N+5], n;

5 void backtrack(int x) {

6 if (x ==

7 for (int v :

n) {

subset)

cout << v << "

9 cout << "\n";

10 T
11 else {

12 subset .push_back(x);
13 backtrack (x+1) ;
14 subset .pop_back () ;
15 backtrack (x+1) ;

Dé bat dau sinh tap con, ta goi backtrack(0).

M6& rong (Sinh tap con bang bitmask)

B Y tuéng

Sinh tap con bing bitmask nghia 14 biéu dién tap hop dudi dang mot xau nhi phan va xau nay duge goi 1a bitmask.

Gia st ta ¢c6 mot tap hop A = {a1,a2,a3,--- ,a,}, ta chon ra mot tap con B = {ay,, gy, gy, -..0y, }. Khi d6 ta c6

thé biéu dién cac phan tit duge chon trong tap hop B bing mot xau nhi phan c6 do dai 1a n, bit thit 4 bat néu a;

thuoc tap hgp B dugce chon.



Cho tap hop A = {1,2,3,4}, tap con B = {1,3,4} (B dugc chon tit cac vi tri 0,2,3 cta A).

Vay bitmask biéu dién tap con B dugc chon tit A 1a 1101. Luu § bit thd ¢ duge dém tit phai sang va duge
danh sé tit 0.

Vay dé sinh tat ca céc tap con n phan ti, ta duyét qua moi bitmask tit 0 — 2" va § mdi bitmask ta truy cap dén
bit thit ¢ clia bitmask d6 va xem liéu né ¢6 duge chon hay khong. Ta ¢6 thé kiém tra bit thit ¢ clia mot bitmask
bat ki c6 duge bat hay khong bang doan code:

if (mask & (1 << i)) {
/] XE 1§ ...

3}

Ban doc c6 thé tiy tim hiéu thém vé bitmask v& céc phép bién ddi trén hé co s6 2 dé hiéu ré hon vé phuong phap

N

nay.

e Do phic tap: Tuong tu nhu Dé quy quay lui, ta duyét qua 2" tap con, in ra tat ca phan tit trong méi tap
con. Vay do phic tap cta cach trén 1la O(2" - n).

M Cai dat

for (int mask = 1; mask < (1 << n); mask++) {// mask bit dau tit O do khéng xét day rdng O = 000...0
for (int i = 0; i < n; i++) {
if (mask & (1 << 1))
cout << i << " ",
}

cout << endl;

“ Cai tién Dé quy quay lui

Nhu da phan tich, ban chat thuat toan Dé quy quay lui 1 ta xét hét moi truong hgp c¢é thé xay ra, nén thuong
sé c6 do phitc tap kha lén. Tuy nhitng ki thuat cai tién thuat toin nay khong lam gidm do phic tap vé mat ly
thuyét, nhung chiing sé lam gidm thoi gian chay mot cach dang keé.

Phuong phap Nhanh can (Branch and Bound)

Déi v6i cac dang bai toan téi wu (tim phuong &n cyc dai/cuc tiéu héa mot gia tri), doi khi ta c6 thé tinh trude
xem cau hinh ma ta dang xay dung c6 kha ning tao ra phuong an t6i wu hon hay khong. Khi da biét chac cau
hinh nay khong con kha niing tao ra phuong an t6i wu hon, ta c6 thé dimg vong dé quy hién tai rdi thiyc hién

quay luon ma khong can dgi dén diéu kién ding.

D6i v6i bai toan cic tiéu hoa, gia sit dap 4n hién tai ta dang c6 sau nhitng phuong an da duge duyét 14 anscurrent
(da biét) va dap an cudi cuing clia bai toan 1a ans (chua biét). Do ans phai la gia tri nhé nhat trong cac phuong

an, ta biét:

aNScurrent = ANS

Dé thay, ta sé c6 gang tim mot phuong an cho ra anspew < ANScurrent-



Gia st ta da xay dung dugce cau hinh (z1, 29, - -+ , ;) v can xay dung tiép cho cac vi trf tit i + 1 dén n dé c6 duge
mot phuong an hop le. Tuy nhién, ta biét ring moi trang thai X xay dung tit cAu hinh (21,9, -+ , ;) déu cho
ra gia tri 16n hon hodc bang anscurrent, kKhi d6, ta c6 thé dimg lai va quay lui vé cau hinh (z1,22,--- ,2;_1) chit

khong xay dung tiép trén cau hinh hién tai mot cach phung phi.

LT (RN Phuong phap Nhanh can

Nhu vay, phuong phap Nhanh can la phuong phéap téi wu Dé quy quay lui cho cac bai toan tdi wu. Y
tuéng ctia phuong phap nay 1a ta sé ditng vong dé quy khi biét chic chan rang tit cau hinh hién tai, ta khong
thé dua ra mot phuong an nao di tot bing phuong an t6i wu nhat cho dén thoi diém hien tai.

Phudng phap Cat tia (Pruning)

IOLIN TG ERYAN Phuong phap Cit tia

Phuong phap Cit tia c6 thé duge sit dung cho ¢ cac bai toan dém chit khong chi 1 bai toan t6i wu. Y
tuéng ctia phuong phap nay la ta sé dimmg vong dé quy khi biét chac chan réng tit cAu hinh hién tai, khong

con céch nao dé tao ra mot phuong an hop 1é théa dé bai

Tuy khong gidm do phic tap thoi gian vé mit 1y thuyét, nhung doéi véi mot sé bai toan, viéc 4p dung hai phuong

phap néu trén cé thé tao ra sy khac biét vo ciing lén.
Bai tap minh hoa: Grid Paths (CSES)

B Dé bai
e Link dé gbc: https://cses.fi/problemset/task/1625
Ching ta sé nghién citu mot phién ban don gidn hon ctia bai toan Grid Paths (CSES) nhu sau: Cho mot bang

vuong cé kich thuée 7 x 7. Dém s6 cach di chuyén tit géc trén trai dén géc duéi trai sao cho mdi 6 duge tham

ding 1 lan. Ta c6 thé di chuyén theo 1 trong 4 huéng: trén, dudi, trai, phai.

Vi duy, hinh bén dudi mé t4 mot phuong an di chuyén hgp le:

Hinh 5.1. M6t phuong an di chuyén hop 18


https://cses.fi/problemset/task/1625

B Thuit toan co ban

St dung thuat toan Dé quy quay lui dé sinh tat ca cac duong di c6 thé c6. Dé dam bao diéu kién méi 6 duge tham
dtang 1 1an, ta dung mot mang danh dau 2 chiéu. Ta tim duge phuong an hop 1é khi tham duge goc dudi trai cua
bang sau khi da tham dua 49 o.

Thuat toan trén chay trong khoang 360 giay. Day ro rang la mot thuat toan qua cham. Dé tang téc cho chuong
trinh, ta can ap dung 3 cai tién theo phuong phap Ciat tia dude trinh bay sau day.

M Ciitién 1

R6 rang, khi da tham gbc dudi trai ma chua tham da 49 6, thi & phan con lai ciia dudng di du ¢6 thé ndo thi ta
ciing khong thé tao ra mot phuong an hop 1é nita. Do dé6, ta dimg dé quy.

Sau cai tién 1, thuat toan chay trong khoang 87 giay.

M Cai tién 2

O nhiing chd bat buoc phai ré trai/phai (cham tuong, cham dudng di cil) ma ca hai phia trai phai déu ¢6 6 chua
tham, tic 14 ta da tach bang ra thanh 2 thanh phan riéng biét chua dudc tham. Trong trudng hop nay, ta cling
khong thé tao ra phuong an hgp lé bat ké phan con lai ¢6 di chuyén nhu thé ndo. Mot lan nita, ta dimg dé quy.

Vi du, 6 hai truong hop sau, ta chic chin khong thé xay dung tiép phuong an di chuyén hgp le:

Hinh 5.2. Hai trudng hop khéng thé x4y tiép phucng an hgp 1é

Cu thé hon, diéu kien dé dimg dé quy khi nay sé la:

e Khi ca hai 6 § tren/duéi da duge tham (hodc nam ngoai bang) nhung ca hai 6 § trai/phai chua duge tham,

hoac
e Khi ca hai 6 & trai/phai da duge tham (hofic nim ngoai bang) nhung ca hai 6 & trén/duéi chua duge tham.
Sau cai tién 2, thuat toan chay trong khoang 0.4 giay.

M Cai tién 3

Ngoai ra, viéc di chuyén 6 qua xa 6 (7,1) (géc dudi trai) khi con lai qua it budc ciing la diéu khong hop ly. Do
d6, ta co thé cit bo cac trusng hgp ma khodng cach Manhattan giita 6 hién tai va 6 (7,1) 16n hon hén s6 budc di

con lai.



N

Sau cai tién 3, thuat toan chay trong 0.3 giay.

C6 thé thay, mac dit c6 do phiic tap O(477) vé mat 1y thuyét. Nhung sau 3 cai tién, thuat toan ctia ching ta da
chay nhanh hon gap 1000 lan va da c6 thé chay kip thsi gian di v6i mot bai lap trinh thi dau.

M Cai dat

Dé thuan tien hon cho phan cai dat, ta c6 thé danh dau phan vién cia bang 1a cac 6 da tham. Nhu vay, trong lic
quay lui, ta s& khong can xét rieng trudng hgp di chuyén ra khoéi bang. Ngoai ra, ta danh dau da tham o (1,1) dé
ham quay lui khong chon lai 6 bit dau dé di chuyén.

vis[i] [8]
vis [8]1[j]

for (int i 0; i <= 8; i++) vis[i][o0]

<= 8; j++) vis[0][j]

g
1;

for (int j 0;
vis[1]1[1] = 1;

1
.

Sau do, ta cai dat ham Deé quy quay lui két hop véi cac t6i wu nhu mo ta & trén:

const int boardSize = 7 * 7;

int direct [60], ans;

3 bool vis[9]1[9];

5/ const int dr [4]

{-1, 0, 1, 0};
{0, -1, 0, 1};

const int dc [4]

g void backtrack (int step, int x, int y) {

if (step == boardSize)

return ans += (x == 7 && y == 1), void();
// Cai tién 1
if (x == 7 && y == 1) return;

// Cai tién 2

if (vis[x - 1]1[y] && vis[x + 1][y] && !'vis[x][y - 1] && !'vis[x][y + 1]) return;
if (lvis[x - 1][y] && 'vis[x + 1][y] && vis[x][y - 1] && vis[x][y + 1]) return;
// C&i tién 3

if (abs(x - 7) + abs(y - 1) > boardSize - step) return;

for (int k = 0; k < 4; k++) {
int x2 = x + dr[k], y2 = y + dclk];
if (Mvis[x2][y2]) {
vis[x2][y2] = 1;
backtrack(step + 1, x2, y2);
vis[x2] [y2] = 0;

}

Dé gii quyét bai Grid Paths (CSES) ta xtt 1y xau va thuyc hién di chuyén ding huéng yéu cau & cac chd co ky tu

khac 7. Y tudng chinh clia thuat toén ciing khong khac mo ta & trén nhiéu.

IEXH B2 tap minh hoa: Bai toan cai tii (Knapsack Problem)

B D& bai

Cho n mén dd c6 gia tri lan lugt 14 vy, vo,v3, - - , v, Va trong luong wq, we, ws, - -+ ,w,. Do chua biét nén chon

nhitng mén do nao va cai tii cé thé chiu dude trong lugng t6i da la bao nhiéu, hay tinh téng lugng nhé nhat néu

chon cac moén do co tong gia tri toi thieu 1a V.



1

2

o 1<n <30
o 1 <v,w; < 1016,
o 1<V <> .
D4i v6i bai toan nay, mot phuong an chon sé duge biéu dién bdi day (z1,xe,: - ,x,) véi x; € {0;1} tuong tng

viéc chon hay khong chon mén do thit 4, tuong tir thuat toan sinh tap con da duge trinh bay & phan trude. Véi
thuat toan Dé quy quay lui thong thuong, rd rang do phiic tap la O(2") do ta phai duyet hét 2" phuong an.

M Ciitién 1

Ap dung phuong phéap nhanh can, néu dang xay dyng cu hinh (1,29, -+, ;) ¢6 téng trong luong 1a Weurrent,
dap an hién tai 14 anscurrent VA Weurrent = GMScurrent. 12 thay rang, cho dit c6 chon cic mén do con lai nhu thé

n20 thl Weyrrent ciing khong thé nhé hon anscurrent (hién nhién vi w; duong).

Do d6, ta c6 thé ditng vong dé quy hién tai néu Weurrent = ANScurrent-

M Cai tién 2

Ap dung phuong phap cit tia, néu dang xay dung cAu hinh (21, z, - - - ,2;) ma s6 lugng mén dd da duge chon la
qué it, dén miic cho di1 ¢é lay hét n — i mén do con lai, ta van khong thé tao ra tdng gia tri > V, ta c6 thé dimg

vong dé quy hién tai vi cau hinh nay khong cho ra bat ki mot phuong an hgp lé nao.

B Thuit toan

Nhu vay, ta sé a4p dung thuat toan Dé quy quay lui két hop thém hai diéu kién ditng dé quy nhu sau:

e Dung dé quy khi Zlgjgi Wj - Tj > ANScurrent, tUC la ta khong thé tim ra phuong an t6t hon véi cau hinh

(z1,22, -+ ,x;) hién tai.

e Dung dé quy khi Zl<j<i vj - T+ Zi<j<n v; < V, tiic la khong thé tim ra phuong an hop 1é v6i cau hinh

(z1,22, - ,x;) hién tai.

Bén canh d6, ta c6 thé tron thit tu ciia cac mén do trude khi thuc hien de quy dé gitp toc do chay ctia ham dugde
on dinh hon.

Nhu da néi, mac dit khong thay ddi do phitc tap nhung hai phuong phap Nhanh can va Cét tia da gidm s6 lan
goi dé quy mot cach dang ké, va toi wu mot thuat toan vén phai mat tir 8 dén 10 giay dé thyc hién xudng con
dudi 1 giay.

M Cai dat

long long vI[N], wlN], suffixSum([N];
long long currentWeight, currentValue, n, V, ans = LLONG_MAX;

void backtrack (int i) {
if (currentWeight >= ans || currentValue + suffixSum[i] < V) return;

if (i == n) return ans = currentWeight, void();
// chon mén dd thid i

currentWeight += w[i], currentValue += v[i];
backtrack (i + 1);



// bd chon mén dd thid i
currentWeight -= w[i], currentValue -= v[il;
backtrack(i + 1);

I chia doi tap (Meet in the Middle)

Dinh nghia

Meet in the Middle 1a mot ki thuét con duge goi la chia doéi tap. Y tudng cua ki thuat nay la chia doi bai toan
thanh hai phan roi gidi riéng ting bai toan, xong roi két hop két qua bai toan ciia hai tap hgp mot cach hiéu qua.
Thong thudng, ki thuat nay duge ap dung trong cac bai toan Dé quy quay lui, nhung dit lieu lai qué 16n dé c6
thé xit Iy truyec tiép.

Bai tap minh hoa: Meet in the Middle (CSES)

M Dé bai

e Link dé gbc: https://cses.fi/problemset/task/1628
Cho mot day a gdm n phan tit, dém s6 lugng tap con cé tong la .
Gidi han:

e 1 <n<40

e 1<aq; <10°

o 1 <z<10°

B Y tuéng
C6 thé thay véi n = 40, viéc sinh tat ca cac tap con sé bi qua thai gian. Tuy nhién, néu ta stia lai giéi han thanh
n < 20 thi ta c6 thé st dung cach sinh céc tap con dé giai bai toan duge ngay.
Ta sé cha doi mang thanh 2 phan:
e Phan 1: Bao gom | %] déau tien.
e Phan 2: Bao gom céc phan tit con lai.
V6i mbi phan, ta sé sinh mot mang bao gdm téng c6 thé c6 thé tao dude tit cac tap con trong mdi phan rieng

biet. Do phiic tap ciia phan nay la O(27/2+1).

Luu y
Giita 2/2 va 2" c6 khoang céch 16n, ta c6 thé d& thiy diéu nay hon khi viét lai 2/2 thanh /27

Ta c6 duyét qua mdi tong ctia tap con & phan dau, roi véi ting tong nay ta duyet mdi tong ctia cac tap con &
phan sau, néu nhu vay thi do phtic tap sé quay tré lai thanh O(27%/2 . 27/2) = O(2"), day 1 cach khong tbi wu.

Thay vi dé, ta c6 thé sort lai mot trong hai méng chita cic tong ctia tap con, xong roi cé thé sit dung binary
search dé tim dugc két qua bai toan do phitc tap cudi ciing clia bai toan 1a O(27/2 - log 2/2), hoiic c¢6 thé két hop

bing céch sort hai mang va dimng hai con trd trong O(2"/2).


https://cses.fi/problemset/task/1628

M Cai dat

|| #include <bits/stdc++.h>

2/ using namespace std;

1| #define int long long

6 vector<long long> gen(vector<int> &v) { // Sinh tit céc tdng chia cic tdp con clia mét phin

7 int n = (int)v.size();

8 vector<int> res;

9 for(int b = 0; b < (1 << n); b++) {

10 int cur = 0;

11 for(int i = 0; i < mn; i++) if(b & (1 << i)) cur += v[i];
12 res.push_back(cur);

13 ¥

14 return res;

1

signed main() {
18 int n; cin >> n;

19 int x; cin >> x;

20 vector<int> a(n); for(int &i : a) cin >> i;

21

22 // Tach thanh hai phan

23 vector<int> vi1; for(int i = 0; i < n / 2; i++) vl.push_back(alil);
24 vector<int> v2; for(int i = n / 2; i < n; i++) v2.push_back(alil);

26 vector<int> f1 = gen(vl), f2 = gen(v2);
27 sort (f2.begin(), f£2.end());

28

29 int res = 0;

31 for(int num : £f1) {
32 res += upper_bound(f2.begin(), f2.end(), x - num)
33 - lower_bound (f2.begin(), f2.end(), x - num);

36 cout << res << ’\n’;

Bai tap ung dung
Bai tap: Hoan vi léch

Cho s6 nguyén duong N (N < 10), hdy in ra tat ci cac hoan vi p ¢6 do dai N sao cho p; # i, Vi € [1;n], theo thi

tu tit dién. Vi du, véi N = 3, ta c6 hai hoan vi 1a 2,3,1 va 3,1, 2.

M Loi giai

Thyc hién Dé quy quay lui tuong ty v6i cach sinh hoan vi. Tuy nhién, khi chon gia tri phan ti & vi tri 4, ta khong

dugce chon ¢ lam gia tri clia phan ti nay.



M Cai dat

Ta cai dat ham backtrack nhu sau:

1 int permutation[15], n;
2 bool used[15];

3

4 void backtrack (int i) {
5 if (i == n + 1) {

6 for (int j = 1; j <= n; j++) cout << permutation[j] << "

7 cout << "\n";

8 return;
9 }
for (int cur = 1; cur <= n; cur++) {
if (used[cur] || cur == i) continue;
permutation[i] = cur, used[cur] = 1;
backtrack (i + 1);
used[cur] = 0;
}
}

Sau do, ta bat dau Dé quy quay lui bang cach goi backtrack(1).

Bai tap: Day con Ién nhat

M Dé bai

e Link dé gbc: https://codeforces.com/problemset/problem/888/E

" .
>

Cho diy a gom n s6 nguyén vd mot s6 m. Chon ra mot day con (c6 thé rdng, khong nhat thiét lien tiép)

clia a sao cho téng cac phan tit duge chon modulo m dat gia tri 1én nhat. Néi cach khac, chon ra mot day b

(1<by <by<..<bp,<n,1<k<n)décuc daihéa gia tri:

k
<Z abi> mod m
i=1

Yéu cu: In ra gia tri (327 a,) mod m 16n nhét.
M Gi6i han
e Subtask 1: 1 <n <20; 1 <m <10% 1 < q; <10°.

e Subtask 2: 1 <n <35 1<m<10% 1 <aq; <10°.

M LJi giai subtask 1

Ta c6 thé don thuan sinh hét tat ci tap con va xét timg tap con rdi tim dap an.

H Cai dat subtask 1

1| #include<bits/stdc++.h>
2/ using namespace std;

3


https://codeforces.com/problemset/problem/888/E

1

int main() {
cin >> n >> m;
for (int &i

int n, m;

vector<int> a(n);

a) cin >> i;

int res = 0;

for(int b = 1; b < (1 << n); b++) {
int cur = 0;
for(int i = 0; i < n; i++) {

if(b & (1 << i)) cur += alil,

}

res = max(res, cur);

}

cout << res << ’\n’;

M LJi giadi subtask 2

cur %= m;

St dung ki thuat Chia doi tap, ta chia mang thanh 2 phan, mdi phan sinh tat ci cac tong ctia tap con. Ta goi 2
mang 1an lugt chita 2 tong sinh dude tit hai phan nay lan lugt 1a A va B.

Trudc hét, ta sé sort mang B khong giam dan. V6i méi tong sinh dude trong phan 1, hay la timg phan ti trong

méang A, xét phan t hién tai 1a x:

e C6 thé két hop tong nay véi mot tong 16n nhat c6 thé sao cho khi cong véi tong nay thi 2 phan cong lai véi
nhau chita vuot qua m, hay néi cach khac ta phai tim j 16n nhat sao cho z + B; < m, diéu nay sé dam bao

dugc tong sau khi mod vaAn gitt nguyén gia tri cii.
e Truong hop khéc, ta két hgp véi s6 16n nhat ¢ mang B.
e Khong két hop véi s6 khac.

Ngoai ra, ta con phai xtt 1y cac truong hop bién nhu n = 1, cdc truong hop nay sé duge gidi thich va nhac dén

trong code sau.

M Cai dit subtask 2

|| vector<int> gen(vector<int> &a, int m) {
2 int n = a.size();

3 vector<int> res;

| for(int b = 1; b < (1 << n); b++) {
5 int sum = O0;

6 for(int i = 0; i < n; i++)

if(b & (1 << i)) sum += alil,

res.push_back (sum) ;

}

return res;

void solve ()

{

cin >> n >> m;
for(int &i

int n, m;
vector<int> a(n);

1 {

if(n ==

// Dong 32 sé& trd vé RTE ndu khéng xi 1y trudng hdp nay

)\n).

cout << al0] % m <<

a)

sum %= m;

cin >> i;



return;
}
vector<int> f1; for(int i = 0; i < n / 2; i++) f1.push_back(alil);
n / 2; i < n; i++) f£2.push_back(alil);

vector<int> f2; for(int i

vector<int> ri gen(fl, m); // mang A

sort(rl.begin(), ri.end());

vector<int> r2 gen(£f2, m); // méng B
sort (r2.begin(), r2.end());

int ans = (r1[0] + r2[0]) % m;

for(int x : r2) ans = max(ans, x % m); // Tim s8 16n nhit trong ming B
for (int x r1) {

ans = max(ans, x % m);

int 1 = 0, r = r2.size() - 1;

int res = -1;

while (1 <= r) {
int mid = (1 + ) / 2;

if (r2[mid] + x < m) res = mid, 1 = mid + 1;
else r = mid - 1;

¥

if(res !'= -1) ans = max(ans, r2[res] + x);

ans = max(ans, (x + r2.back()) % m);

}

cout << amns << ’\n’;

Ggi y bai tap

Ngoai cac bai tap dudc néu trén, ching minh khuyén khich ban doc luyén tap thém cac dang bai lien quan dé cé
thé hiéu sau ban chat ctia cac thuat toan ciing nhu rén luyén kha nang van dung vao cac tinh huéng khac nhau
khi giai bai tap.

MarisaOJ: Scheduling

MarisaOJ: Word search

Free Contest: Shelf 2

VNOJ: 34 dong xu

VNOJ: Téng vector

Ngoai ra, néu mudn thi sidc véi nhitng bai tap nang cao hon, ban doc ciing c6 thé tham khio Educational

Backtracking Contest clia cong dong VNOL.


https://marisaoj.com/problem/328
https://marisaoj.com/problem/516
https://oj.vnoi.info/problem/fc016_shelf2
https://oj.vnoi.info/problem/coin34
https://oj.vnoi.info/problem/vector
https://oj.vnoi.info/contest/backtrack
https://oj.vnoi.info/contest/backtrack
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