Chuyén dé Al: S6 nguyén td va dng dung

Ban Chuyén mén Tin hoc — T8 chiéc The Gifted Battlefield nhiém ky 2024-2025

Xuat ban vao Ngay 10 thang 12 nam 2024

Tém tat noi dung
S6 nguyén t6 1a mot vé dep ciia toan hoc, mang nhiéu cic tinh chat thd vi va hitu dung. Trong tin hoc, ta
thudong hay diing s6 nguyeén t6 dé cai thien thoi gian chay clia cic thudt toén lien quan t6i tinh toan cac sd udc.
Viéc hoc tinh toan cac sd nguyén t6 ciing la bude khéi dau t6t dé lam quen véi tu duy toan hoc trong lap trinh
thi dau.

Qua tai liéu, ta sé hoc dugc nhitng thuat toan co ban vé sd6 nguyén td6 nhu phan tich thira s6 nguyén td,
dém /téng/tich udc, phi ham Euler, Sang nguyén t6 va mé rong, va nhitng udc lugng lien quan t6i s6 nguyen t6
dé ta tinh do phtic tap vé thoi gian,... Sau phan 1y thuyét sé c6 mot sé bai tap ciing nhu tai lieu dé ban doc c6
thé tham khao va luyén tap thém.
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S6 nguyén tb

Dinh nghia

S6 nguyén td la s6 tir nhien 16n hon 1 va chi c6 ding hai uéc 1a 1 va chinh né. Néi cach khac, s6

nguyén t6 chi chia hét cho 1 va chinh né, khong chia hét cho bat ky s6 nao khéc.

Vidu: 2,3, 5,7, 11 13 cac s6 nguyén tb vi ching chi chia hét cho 1 v& chinh ching. Ngudc lai, 4 khong phai

14 s6 nguyén t6 vi ngoai 1 va 4, n6é con chia hét cho 2.

Luu y: 0 va 1 khong phai s6 nguyén to

Phan tich thira s nguyén tb

Dinh nghia 1.2

Phan tich thira s nguyén t6 la phan tich mot s6 nguyén duong thanh tich ciia cac sé nguyén t6 sao cho

khi nhan cac thita s6 nguyén t6 nay lai, ta sé thu dugc s6 ban dau.

— a1 a2 ak
n=pi' Xpy> X - X p,

Trong dé: p; 1a thita s6 nguyén t6 thit 4, a; 14 s6 mi tuong tng véi p;.

Luu y
M3i sb nguyén duong c6 ding 1 phan tich thira sé nguyén t6 va véi 2 sb nguyén khac nhau, phan tich thira sb
nguyén tb chia ching 13 khac nhau.

W Thuat toén O(;2-)

Déi v6i bat ky s6 nguyén n, nhiéu nhat chi c6 mot thita sé6 nguyén td ctia né 16n hon /n.

Chiéng minh. Néu n c6 nhiéu hon 1 thira s6 nguyén t6 16n hon /n thi tich ciia cac thita s6 nay sé 16n hon n
(v/n x v/n =mn. Vivay, néu p; > /n vi po > y/n thi p1 x po > n). Didu nay 1a khong thé, bdi vi tich clia cac thita

sO nguyén to clia n phai ding bang n. [ |

Vi vay, dé phan tich thita s6 nguyen t6 ctia mot s6, chi can kiém tra céac sé6 nhé hon hoic bang /n. Sau do,

néu con lai mot thita s6 nguyén to nita, né sé 1a thita s6 duy nhat 16n hon /n.

Chiing ta c6 thé téi tu héa thuat toan hon nita bing cach chuan bi truéec mot danh sach céc s6 nguyen t6 khong

vuot qua N (trong d6 N 1a gi6i han trén cho n). V6i sy t6i uu héa nay, do phiic tap thai gian ctia thuat toan gidm
)
Iny/n’"

xubng con O

1 void factorize(long long n) {

2 // Duyét qua toan bs s& nguyén td trong prList cho dén sqrt(n)

3 for (int i = 0; i < prlist.size() && 1LL * prList[i] #* prList[i] <= n; i++) {
| // Néu n khéng chia hét cho prList[i], bd qua né

5 if (n % prList[il])

6 continue;

8 // Néu chia hét thi dém sd mfi cla thita sd nguyén td

9 int pw = 0;



10 while (n % prlist[i] == 0) {
11 pwW++;
12 n /= prList([i]; // Chia n cho prList[i] cho d&n khdong con chia hét nita

15 // X% 1§ thita sd prList[i] véi sd mil pw
16 // Vi du: in ra hodc luu (prList[i], pw)
17 // ...

20 // Sau khi 13p, néu n khong phdi 1& 1, thi n chinh 1i mdt thita s6 nguyén t& > sqrt(n ban dau)
21 if (n != 1) {
22 // X 1§ n nhu 1& mot thita s6 nguyén t6 véi s6 mi 1

23 // ...

B Tinh chit kiém tra udc sb

Mot tinh chat quan trong clia phan tich thita s6 nguyéen t6 la ching ta c6 thé kiém tra xem mot sé nguyén = cé
phéi Ia uéc clia mot s6 nguyén y hay khong, bang cach so sanh cac s6 mil trong phan tich thita s6 nguyén t6 ciia
ching.

Cu thé, = 1a wéc ciia y khi va chi khi moi s6 mii trong phan tich thita s6 nguyeén to cia 2 déu bé hon hoac bing

moi s6 mil tuong ng trong phan tich thita s6 nguyén t6 ciia .

V6i xz = 18 = 2! x 32 vy = 540 = 22 x 33 x 5L

Dé xac dinh xem x c¢6 phai la wéc ctia y hay khong, ta so sanh cac sd mil clia tirng thita s6 nguyén t6 trong

phan tich thita s6 nguyén t6 ciia x so véi y:
e V6i thita s6 2: s6 mii clia 2 trong z 1a 1, trong khi trong y 1a 2. Diéu kién 1 < 2 thoéa méan.
e Vi thira s6 3: 86 mii clia 3 trong z & 2, trong khi trong y 1a 3. Diéu kién 2 < 3 ciing théa man.

Vi moi s6 mii clia cac thita s6 nguyén t6 trong x déu nhé hon hosic bing s6 mil tuong ing trong y, x 1a uée

cua y.

Cac ham lién quan dén Thira sé nguyén tb

Trong phan nay, ta quy udc mot sé6 n duge biéu dién dusi dang thita s6 nguyen té nhu sau:

n=pt X pyt X .- X pik
voi:

® D1,D2, ..., pn: lan luct 12 cic s6 nguyeén to.

® ay,as,...,a,: 1an lugt 1a luy thita clia cac s6 nguyén té tuong ing.



1

2

Dé&m sb ludng udc cia mot sb

Céng thirc dém uéc

Goi 7(n) la s6 lugng uwéc clia s6 n, ta c6 cong thrc:

Chitng minh. O phan trudce, ta da biét mot sé nguyen m 1a wéc ctia n khi moi sé mil ctia m trong phan tich thita
s6 nguyen t6 déu khong qua sd mil tuong tng ciia n. Nhu vay, véi thita s6 nguyen tb p; clia n, ta c6 thé chon sb

mii cho m 14 0,1,2,--- ,a;, tong cong la a; + 1 cach chon.
Vi cac u6c nguyen to 14 doc lap véi nhau, ap dung quy tac nhan, ta sé c6 cong thiic tinh s6 uwdc ctia n nhu trén. W
Code mau:

int countFactor (11 n) {

int ans = 1;

for (int i = 0; i < prlist.size() && 1LL * prList[i] #* prList[i] <= n; i++) {
if (n % prList[i]) continue;
int pw = 0;
while (n % prList[i] == 0) pw++, n /= prList[i];
ans *= (pw + 1);

}

if (n > 1) ans *= 2;

return ans;

Tong cac udc cua mot so

IIULRIVIVER Cong thic tinh téng udc

Goi o(n) 1a tong cac udc clia n, ta c6 cong thic:

k a;+1 -1

k
) P,
g(n):H(1+pz+p?+pﬁl):H1p7_1
i=1 i=1

Chirng minh. Phat trién tit ¥ tudng xay dung ham tinh tich, thay vi ta dém s6 lugng s6 mii hgp 1é clia cac udc,
ta tinh déng gép ctia titng s6 nguyén t6 tng véi ting so6 mil hgp 1é vao ham o(n). Cu thé, moi uéc nguyén tb p;
clia n 6 déng gép mot tdng 1+ p; + p? + --- + p*. Khi nhan cdc tdng lai véi nhau roi nhan phan phdi ting s6
hang, ta sé thu dugc mot téng ma mdi sé hang dude biéu dién dudi dang phan tich thita s6 nguyén té ctia mot

udc cua n.

Ngoai ra, ta nhan thay ring day 1,p;,p?, -+ 1A mot cAp s6 nhan véi s6 hang dau 1a 1 va hé s6 1a p;. Tong ctia k

s6 hang dau tién dude xac dinh bang cong thiic:

pr—1

Lttt gl =
pi—1

Két hgp cac phan tich trén, ta c6 cong thiic cho ham o(n). [ |

Code mau:

11 sumFactors (11 n) {
11 ans = 1;



3 for (int i = 0; i < prlist.size() && 1LL * prList[i] #* prList[i] <= n; i++) {

1 if (n % prList[i]) continue;

5 11 prPow = prList[i];

6 while (n % prList[i] == 0) prPow #*= prList[i], n /= prList[i];

7 ans *= (prPow - 1) / (prList[il]

8 }

- 1);

9 if (n > 1) ans *= (n * n - 1) / (n - 1);

10 return ans;

Chiding minh. V6i mot ude bat ki clia n, goi la m, ta biét rang 2 ciing la udc ctia n. C6 thé thay cac ude cua n

ton tai theo cip c6 tich 14 n, ngoai trit s6 chinh phuong c6 mot wdc 1é 14 can bac hai ctia né. Nhu vay:

e V6i n 1a s6 chinh phuong, ¢6 L@J cap udc co tich 1a n va mot ude 1€ 1a \/n. Do d6, tich ctia cac wde ctia n
la nl7(/21 . /n. Biét ring 7(n) 1a s6 1é nén ta c6 thé viét \/n lai thanh n0®. Khi dé u(n) = n™(/2,

(n)

e V6i n khong phai s6 chinh phuong, c6 ding =5 cap uée c6 tich la n. Nhu vay p(n) = n™(M/2,

C4 hai trudng hop néu trén déu cho ra cong thiic chung 1a pu(n) = n™(/2, [ |

Code mau:

1111 sqRoot (11 n) { // Tranh sai s6 gdy ra bdi ham sqrt()

2 11 tmp = (11)sqrt(n);
3 for (11 i = tmp + 2; i >= tmp -

A if (i * i <= tmp) return i;

711 prodFactors (11 n) {

8 11 ans = n, srt = sqRoot(mn);
9 bool isSquare = O0;
10 if (srt * srt == n) ans = srt,

i--)

isSquare = 1;

12 for (int i = 0; i < prlList.size() && 1LL * prList[i] * prList[i] <= n; i++) {

13 if (n % prlist[i]) continue;

14 int pw = 1;

15 while (n % prList[i] == 0) pw++, n /= prList[i];

16 if (!isSquare) pw /= 2;

18 1l cur = ans;

19 for (int i = 1; i < pw; i++) ans *= cur;

20 3
21 if (n > 1) ans *= ans;

22 return ans;

Tuy vay, Phi ham Euler 1a mot kién thitc khé trong s6 hoc, khong qua phd bién trong cac bai toan Lap trinh thi

dau & cap 2.



Sang nguyén tb va Sang nguyén td md rong

O phan trudc, ta da viét duge thuat toan kidm tra mot sb nguyen t6 trong do phic tap O (hl\/\’;%) Cau héi dat ra

la c6 thé kiém tra sé nguyen t6 cho nhiéu s6 cting mot lic trong mot khodng nao dé, ma khong can phai xét rieng

timg s6 hay khong? Hon nita, ta c6 thé bién doi thuat toan nay dé xit 1y nhiéu ham khac lien quan dén phan tich

thita s6 nguyén t6 mot cach hiéu qui hay khong?

Thuat todn Sang nguyén tb (Sieve of Eratosthenes)

Ta xét bai toan nhu sau: Cho s6 nguyen n, hdy tao ra mang prime[] véi prime[i] = 1 néu ¢ 14 s6 nguyen to va
ngugc lai thi prime[i] = 0.

B Y tudng

Ta dua ra mot sé nhan xét nhd nhu sau:

e R0 rang, s6 2 1a s6 nguyén t6 va moi boi 16n hon né 1a hop s6. Nhu vay prime[2] = 1 va prime[2:] = 0 véi
1> 2.

N

e Hon nita, s6 3 ciing 14 s6 nguyén t6 va moi boi 16n hon né ciing 1a hop s6. Nhu vay prime[3] = 1 va
prime[3i] = 0 véi i > 2.
e Tuong t, s6 5 14 s6 nguyen t6 va moi boi 16n hon né ciing 1a hgp s6. Nhu vay prime[5] = 1 va prime[5i] = 0

véi ¢ > 2.

Ctt nhu vay, véi mdi s6 nguyén to p ta thay rang moi boi 16n hon né déu 1a hop s6. Thuat todn Sang nguyén to

(Sieve of Erastosthenes) da tan dung chinh chat nay dé tao ra mang prime[] mot cach hiéu qua nhu sau:

LLUEIRCELRCBEN Sang nguyén t6 (Sieve of Eratosthenes)

1. Khéi tao mot mang prime[] v6i primefi] = 1 cho moi i > 2.

2. Duyét moi p tit 2 dén n. Ta nhan thay rang néu p 14 hop s6 thi cac uSc nguyén to clia i chic chan da
duge duydt qua va danh dau prime[p] = 0. Nhu vay, néu prime[p] = 1 thi ta c6 thé két luan ring i 1a

s6 nguyen to.

3. V6i mbi s6 nguyeén t6 p, ta thyc hien danh dau cac boi 16n hon né 1a hop s6, tiic 14 gan prime[p-i] =0
voi 1 > 2.

Sau khi thic hien thuat toan nhu trén, ta da c6 mang prime[| ding nhu yéu cau deé bai.

Vi du v6i n = 50, dau tién, ta khdi tao mang prime[] v6i prime[i] = 1 cho moi i > 2. Sau d6, duyét p = 2, do
prime[2] = 1 nén 2 1a s6 nguyén t6, ta tién hanh ddnh dau cac boi 4,6,8,10,12,- -+ 1a hgp sb.

Tiép dén v6i p = 3, ta lai thay 3 & s6 nguyén t6 nén tién hanh danh dau cac bai 6,9,12,15,--- 1a hgp s6. Luu y
rang véi = 4, do 4 da duge danh dau 14 hgp sé nén ta bd qua lugt duyét nay.

Lap lai qué trinh nay véi cac s6 nguyen t6 khong qua 50 con lai, ta sé ¢6 duge mang prime[] theo ¥ muodn.
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Hinh 3.1. Budc sang nguyén tb véi p = 2

1123456789 (10
11112(13(14|15|16(17|18({19(20
21122(23(24(25|26|27(28|29|30
31(32(33(34|35|36|37|38|39|40
41(42143|44(45(46|47|48(49|50

Hinh 3.2. Budc sang nguyén tb véi p = 3

Tuy cach lam nay kha don gidn nhung tinh hiéu qui clia n6 lai cao mot cach bat ngo. O phan chiing minh do
phiic tap bén dudi, ta sé biét rang do phtic tap ctia thuat todn Sang nguyén t6 nhu trén 1a O(nlnlnn), véi Inn

13 ham logarit co sb e.

M Cai dat

// Budc 1: Khdi tao mang primel]
2 for (int i = 2; i <= n; i++) prime[i] = 1;
3/ // Budc 2: Duydt moi p tit 2 dén n
for (int p = 2; p <= n; p++) {
if (prime[p] == 0) continue;
// Buéc 3: Danh diu cac bdi 16n hon p 1a hgp sb

for (int i = 2; p * 1 <= n; i++) primel[p * i] = 0;

M Cai tién 1: Sang dén n

Nhu da tim hiéu ¢ phan trude, moi s6 tu nhién n chi c6 t6i da mot uéc nguyen té 16n hon /n. M4 rong hon, ta
c6 thé chitng minh ring moi hgp s6 n c¢6 it nhat mot wéec nguyen té khong qua /n. St dung nhan xét nay, ta cé
thé cai tién thuat toan Sang nguyén t6 bing cach chi duyét cac p tit 2 dén /n. Sau khi thyc hién xong qua trinh
duyét, moi s6 nguyén > y/n chua duge duyet chic chan sé 1a s6 nguyen t6.

V6i céi tién nay, do phiic tap ciia thuat todn sé duge giam xudéng O(nlnln+/n) — mot do phic tap rat gan tuyén
tinh.



1(2(3|4|5(6|7|8(9]10
11112(13(14|15|16(17|18[{19(20
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Hinh 3.3. Két qua cudi cliing clia thut toan Sang nguyén tb

B Cai tién 2: Chi xét cac boi p-i v6i p < i

Ciing tit nhan xét nhu trén, ta con c6 thé cai tién thém bang cach chi duyet i > p. Ly do lakhip > i< p > /p- i,
ma ta di biét ring sé ton tai mot s6 nguyeén t6 p’ < /p - i 1a wée clia p - i, nén viec duyét cac boi p-i véii < p la
du tha.

Viéc lam nay khong tryc tiép lam gidm do phiic tap cia thuat toin, tuy nhién téc do thyc hién doan code sé dude

rat ngdn mot cach dang ké sau khi them cai tién.
Két hop c4 hai ca tién néu trén, ta c6 thuat toan Sang nguyén to cai tién nhu sau:

LLUEIRSELRCWAN Sang nguyén tb cai tién

1. Khéi tao mot méng prime[] v6i prime[i| = 1 cho moi i > 2.

2. Duyét moi p tir 2 dén y/n. Ta nhan thay rang néu p 14 hop s6 thi cac wéc nguyén t6 clia i chic chan
da duge duyét qua va danh dau prime[p] = 0. Nhu vay, néu prime[p] = 1 thi ta c6 thé két luan ring i

13 s6 nguyeén to.

3. V6i méi s6 nguyen t6 p, ta thuc hien danh dau céc boi 16n hon né 1a hop s6, tiic 14 gan prime[p-i] =0
iy

Sau khi thyc hien thuat toan nhu trén, ta da c¢6 mang prime[|] ding nhu yéu cau dé bai.

for (int i = 2; i <= n; i++) prime[i] = 1;

// Chi duyét cac s6 nguyén t6 khdng qua cin n

3 for (int p = 2; p * p <= n; p++) {

if (prime[p] == 0) continue;
// Chi duy@t cic bdi cua p cb dang p * i (p <= i)

for (int i = p; p * 1 <= n; i++) primel[p * i] = 0;

Ching minh d6 phic tap sang nguyén t6

Néu phan tich do phiic tap thuat toan trén duya vao cac vong for, ta thiy rang véi moi sd nguyén td p, do phiic

tap cho vong lip bén trong ciia bién i 1a O (L%J ) Do do, ta c¢6 do phic tap sau:



véi p 1a cac s6 nguyen t6 khong qua /n.

Merten da chitng minh dugc khi  da 16n, khodng cach gita Zpgx
s6 M =~ 0.261497 (Hardy & Wright, 2008). That vay, qua do thi duéi day, ta thay rang hai ham nay tang rat déu
nhau va khi 2 lén dén khoang 10° hay 10°, khoéng cach ciia chiing gan nhu bang hing s6 M.

% va Inln z 14 khong déang ké va gan bing hing

3.0 —— Sum of inversed prime numbers

—— In(In(n)) function
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Hinh 3.4. So sanh ham tinh t8ng nghich dao sb nguyén t& va Inln(z) (céc gid tri truc x d3 dugc can chinh theo ham log,,())

Nhu vay, néu bé qua hing s6 M, ta thay gia tri ctia ham tinh tong nghich ddo sé nguyéen t6 va Inln(x) 1a xip
xi nhau. T d6, ta ciing rit ra rang do phiic tap ctia thuat toan Sang nguyén t6 co ban la O(nlnln+/n). D6i véi
mot s6 tai lieu Tin hoc, ngudi ta chap nhan riang do phic tap nay tuong duong O(nloglogn) (ham log dung he
cd s6 2) do chénh léch gitta hai do phiic tap nay 1a khong qua Ién, hon nita ham log cd s6 2 1a mot ham rat pho

bién trong Tin hoc néi chung.

Sang nguyén t6 trén doan

Thay vi Sang nguyén t6 trén doan [2;n], gid sit ta can sang trén doan [L; R] véi R— L < 10 va 2 < L < R < 10'2.
Vé6i thuat toan Sang nguyen t6 truyén théng, ta duyét moi sé nguyen t6 trong khoang [2; v/R]. Véi mdi s6 nguyen
t6 p, ta danh dau cic boi clia p trong doan [p?; R] 14 hgp s6. Nhu vay, 16 rang néu p? < L thi ta dang duyét doan
[p?; L) mot cach phung phi.

Dé kh#c phuc diéu nay, 6 méi lugt sang, ta sé bat dau v6i boi bé nhét ctia p nhung khong bé hon max (L, p?). Cu
thé hon, ta bat dau duyet 4 tir max( [—fﬂ,p). Nhu vay, mdi vong for clia bién i c6 do phic tap O(L%J) Vi
téng do phiic tap 14 O((R — L +1)InlnV/R).

Ngoai ra, véi thuat toan Sang nguyeén tb trén doan, do ta cé thé khong c6 day di thong tin cho céac sb trong
khoang [2; V/R] dé xac dinh xem céc s6 p c6 phai s6 nguyén t6 hay khong, ta can them mot bude tien xit ly dé
tao ra danh sach céc s6 nguyén t6 khong qua v/R. Diéu nay c6 thé duge thuc hien bing thuat toan Sang nguyen
t6 truyén théng trong O(vRInln v/R).

// chudn bi danh s&ch céc sb nguyén t <= sqrt(R)
11 sqrtR = sqrt(R);
for (int i = 2; i <= sqrtR; i++) sievel[i] = 1;
for (int p = 2; p * p <= sqrtR; p++) {
if (!sievel[p]) continue;
for (int i = p; p * i <= sqrtR; i++) sievelp * il = 0;
}

vector<1ll> prlList;



for (int i = 2; i <= sqrtR; i++)

if (sieve[i]) prList.push_back(i);

// sang nguyén t6 trén doan

3/ for (11 i = 0; i <= R - L; i++) sievel[il = 1; // céac chi s dudc gidm di L 48 tranh tran mang

for (11 p : prList) {
11 divi =L / p+ (L %p>071: 0);
for (11 i = max(divi, p); p * i <= R; i++) sievel[p * i - L] = 0;

Sang nguyén t6 md rong

C6 thé thay, ban chat thuat toan Sang nguyeén t6 la duyét qua cac s6 nguyén t6 trong khoidng can sang, sau do
tinh déng gép clia s6 nay vao gia tri can tinh clia cdc boi ctia né. V6i nhan xét nay, ta con c¢6 thé st dung Sang
nguyén té dé tinh nhiéu gia tri khac nhau lien quan dén s6 nguyén t6 (vi du nhu ham 7(n), o(n) hay ¢(n)), chit

khong don gian 1a kiém tra s6 nguyén to.

Tuy vao diic diém clia gia tri can tinh, ta sé chia Sang nguyén t6 md rong thanh 3 dang thuong gip:

B Xét cic wdc nguyén td phan biét, khong lay sé6 mii

Day 13 dang Sang nguyén t6 gan nhat v6i thuat toan sang nguyen t6 kinh dién, ¥ tuéng chinh van la duyét qua
cac s6 nguyeén t6 p, sau dé tinh dong gép clia né vao céc boi (c6 dang 1a p - ¢) ctia p va khong can xét dén s6 mi

cua p.

Tinh wéc nguyén t6é 16n nhat cho moi s6 nguyen tir 2 dén n (n < 107).

Dé bat dau, ta khdi tao mot mang pr[] véi gia tri ban dau la pr[i] = 4. V6i moi s6 nguyén t6 p, ta cap nhat
gia tri cho cac boi clia p, titc gan pr[2p], pr[3p],... cho p. D& thay, s6 nguyén t6 cudi cliing lam thay ddi mot

gia tri pr[i] ndo do6 cling chinh 1a wdc nguyén t6 16n nhat cia no.

Litu ¥, vdi bai toan nay, do phai duyét dén u6c nguyén t6 16n nhat ciia titng s6 nguyeén, ta phai duyét moi
s6 nguyén t6 p tit 2 dén n (thay vi dén /n), v duyét moi boi khac p ctia p (ttic 1a duyet p - ¢ véi moi i > 2
thay vi p <1).

1 for (int i = 2; i <= n; i++) prl[i] = i;

2 for (int p = 2; p <= n; p++) {

3 if (prlp] < p) continue; // p la hgp sb

1 for (int i = 2; p * i <= n; i++) prlp * il = p;

Thudt toan trén c6 do phitc tap thai gian 14 O(nlnlnn) va bo nhé O(n).
V6i mang pr[], ta hoan toan c6 thé phan tich thita s6 nguyén t6 cho mot s6 nguyen a (a < 107) bing céach lién
tuc Iuu lai wéc nguyeén t6 16n nhat ciia a roi chia a cho gia tri nay, cho dén khi a bang 1. D& thay, s6 lan lap lai

thao tac nay sé bang ding s6 u6c nguyén t6 clia a.



B Xét cic udc nguyén tbé phan biét, 1ay sé mii

Ta phat trién tit ¥ tudng clia dang Sang nguyen t6 chi xét cac wéc nguyen t6 phan biét, khong lay s6 mii. Nhiem
v clia ching ta 13, khi da c6 dinh duge mot s6 nguyeén t6 p, ta can tinh sé mil clia p trong moi boi clia p. N6i mot
cach toan hoc hon, goi v,(a) 1a s6 mii ctia p trong phan tich thira s6 nguyén t6 clia a, ta can tinh nhanh v, (p - 7).

Dé thay, do v,(p) = 1 nén:
up(p 1) = 1+ (i)
Nhu vay, ta c6 thé tinh trude vp(i) bang quy hoach dong, sau d6 suy ra s6 mil clia p trong p - i theo cong thic

lién hé nhu trén.

wp(i) = Up(;i,) +1 p ’Z
0 pti

Dé hiéu r6 hon, ta lai xem xét mot vi du lién quan.

Tinh tdng cic wdc nguyén duong ciia moi s6 nguyen tit 2 dén n (n < 107).

Nhu da tim hiéu & phan trén, ching ta c6 hai cong thiic xac dinh ham o(n). Dé tién cho phan cai dat, minh

sé sit dung cong thiic:

k
o(n) :H(l +pi + - +pj)
i=1
Dé c6 thé tinh 1 4+ p; +--- + pyt trong O(1), trude khi duyet cac boi clia p, ta can tinh trude téng nay cho
s6 mil 16n nhat c6 thé va luu lai trong mot mang/vector. Khi duyét boi clia p, ta chi viéc trich xuat lai dit

lieu trong O(1).

1 for (int i = 1; i <= n; i++) sumFactor[i] = 1;
2 for (11 p = 2; p <= n; p++) {
3 if (sumFactor[p] !'= 1) continue; // p 1a hgp s6

5 // tinh trudc cic gid tri 1 + p + p~2 + ...
6 vector<1ll> power (1, 1), sumPower(l, 1);
7 while (power.back() * p <= n) {

8 power .push_back (power .back () * p);

9 sumPower . push_back (sumPower.back () + power.back());
10 }

11

12 // tinh déng gbép clia s6 nguyén t6 p vao cac bdi cla nd

13 for (11 i = 1; p * i <= n; i++) {

14 vplil = (i % p 2 0 : vpli / pl + 1);

15 sumFactor[p * i] *= sumPower [vp[i] + 1];

16 }

17 }

Thudt toan trén c6 do phic tap thai gian O(nlnlnn) va bo nhé O(n).



B Xét uwdc nguyén duong

Dang thit ba clia Sang nguyén t6 md rong la dang xét moi u6c nguyen duong (khong nhat thiét 14 s6 nguyen t6)
ctia mot s6 bat ki. Déi v6i dang nay, ta chi don gian 1a duyét 1a duyét moi sd nguyén p roi duyét cac boi cia p.
V6i dang Sang nguyén t6 nay, ta thuong phai xi Iy rieng mot truong hgp dic biét 14 s6 chinh phuong, vi can bac
hai ctia chiing khong ton tai theo cap c6 tich 1a sé chinh phuong dé.

Dang Sang nguyén t6 nay c6 thé dudc sit dung dé xit 1y bai toan da dugde tim hiéu & phan trén, dé la tinh

téng cac udc nguyen duong clia moi s6 nguyen tit 2 dén n (n < 3-10°). Diém khéc biét 1a thuat todn nay c6
do hiéu qua ciing nhu kha nang ap dung vao nhiéu dang bai tap khac nhau kém hon thuat toan néu trén,

b lai, phan code sé ngan gon va dé hiéu hon.

Stt dung lai nhan xét da ching minh & phan trude: V6i mot s6 n bat ki, moi uéc clia chiing déu ton tai theo
cap ¢6 tich la n (trit truong hgp cin bac hai ctia s6 chinh phuong), trong d6, mot trong hai uéc dé chic
chin khong vugt qua /n. Tit d6, ta co thé duyét cac s6 nguyén p tit 1 dén /n, tinh rieng truong hop s6
chinh phuong p? roi xét déng gép clia p vao cac boi c¢6 dang p - ¢ véi p < q.

I for (int p = 1; p * p <= n; p++) {

2 sumFactor [p * p] += p;

3 for (int g = p + 1; p * q <= n; q++) sumFactor[p * ql] += p + q;

Co thé lay, do phrtic tap ciia thuat toan la:

o 4
= & 3 vn
Dé rit gon do phtc tap trén, ta nhan thiy cong thic trén chinh la tich ctia n va s6 harmonic thi |v/n]. Cong

thiic x4c dinh s6 harmonic thw k 1a:

Hy =

.| =

1<i<k
Ngusi ta da ching minh dude can trén ctia s6 harmonic thi k 1 In k. Nhu vay, c6 thé thay do phic tap ctia thuat
todn tréen chinh 1a O(n - H| ) = O(nlny/n).
Ngoai ra, ta con c¢6 thé bién déi Sang nguyen t6 dé tao ra danh sach cac uéc nguyen duong trong khoang tir 1
dén n (n < 109). Y tudng cho thuat toan niy cing tuong tu thuat toan tinh téng cac uéc nguyen duong duge da
dugc néu ¢ phan trude nhung thay vi cong sumFactor|pg| cho p + ¢, ta thém p va ¢ vio danh sach uée clia pq.

Hé qua 3.1

Qua viéc chitng minh do phiic tap clia thuat toan trén, ta ciing chiing minh dugc ring tong sb6 wdc clia cac
s6 tit 1 dén n 1a xap xi O(nln+/n). N6i mot cach todn hoc hon:

3" 7(i) = O(nln v/n)

1<i<n




BN Ung dung

Ngoai cac bai toan lién hé truc tiép, s6 nguyén t6 con c¢6 nhiéu ting dung khac trong s6 hoc ciing nhu toan hoc/tin

hoc néi chung. Trong phan nay, ta sé cling tim hiéu nhing ing dung do.

Tinh udc chung 16n nhit

Dé tinh wéc chung 16n nhat clia hai s6 nguyén duong a, b, ta xét timg udc nguyen té ctia a va b, goi la p. Gia sit
s6 mi clia p trong a,b lan lugt 1a v,(a), v,(b), s6 mi cla p trong ged(a, b) sé 1a min(vy(a), vy(D)).

Tuong ty, véi uwdc chung 16n nhat cia n s6 nguyén aj,as,- - ,a,, sO mi cia p trong ged(ay,as, - ,a,) 1a

ming <j<n, vp(a;).

Tinh ged(180, 4200, 27000).

Phan tich thira s6 nguyén to6 ctia 180, 4200, 27000 1an lugt Ia:

180 = 22 .32 . 51
4200 =23 -3 .5%. 7!
27000 = 23 .33 .53

V6i mdi udc nguyen t6, ta lay s6 mii nhd nhat, nhu vay, ged(180,4200,27000) = 23 - 31 . 51 . 70 = 120.

Tinh bgi chung nhé nht

Cach tinh boi chung nhé nhat bang phan tich thita s6 nguyén té kha giong uéc chung 16n nhat, nhung ta sé lay
s6 mil 16n nhat thay vi 14 bé nhat. Cu thé, v6i boi chung nhd nhat ctia n s6 nguyen ay, as, - - ,a,, sO mii clia p

trong lem(aq, ag, - -+, an) 1a maxi<i<p vp(a;).

Tinh lem(56, 180, 300)

Phan tich thita s6 nguyén t6 ctia 56, 180, 300 lan lugt 1a:

56 =2%. 7!
180 = 2% .32 . 5!
27000 = 2% - 3 . 52

V6i mdi udc nguyen t6, ta lay s6 mii 16n nhat, nhu vay, lem(56, 180, 300) = 23 - 32 . 52 . 71,

BEN 50 cop vi du
Bai tap: Savrsen

e Link dé gbc: https://oj.uz/problem/view/COCI17_savrsen



https://oj.uz/problem/view/COCI17_savrsen

1
2
3

!
5
6

7

8

B M6 ta bai toan
Goi o(n) la téng cac wde ctia n, va f(i) = [2-n —o(n)|. Cho I <7 <107, tinh S°I_, £(i).
B Y tudng

e Khi gip o(n), ta can tim cach tinh nhanh cho 107 s6 nay. Thuat toan O(y/n) sé qua cham khi thiyc hién 107

lan.

e Thay vio d6, c6 thé ding cong thiic tinh téng trong O(logn) dé tdi uu hoa.

M Loi giai

e Ap dung sang nguyen t6 dé phan tich s6 z thanh céc thira sé nguyen tb trong O(log x), sau d6 sit dung cong
thiic tong udc.

o Nhic lai cong thic: véi n = p{* - p5? - - pi, ta co:

1
o(my= P =L PP o1 T
p1—1 p2—1 Pr—1

B Phan tich d6 phic tap

e Ham o(n) c6 thé tinh trong O(logn) dan dén viéc tinh duge ham f(n) trong O(logn), va ta sé tinh r — [

lan ham nay.
e Do phiic tap sé la:

o Tién xit ly: O(nlogn) cho saing nguyén to

o Bai toan chinh: O((r — [+ 1) - logn)

M Cai dat

#include <bits/stdc++.h>

using namespace std;

const int MAXN = 1e7;
int sieve [MAXN + 5];

void init ()

{
for(int i = 1; i <= MAXN; i++) sievel[i] = i;
for(int i = 2; i*i <= MAXN; i++) {
if (sieve[i] == i) {
for(int j = i * i; j <= MAXN; j += i)
if (sieve[j]l == j) sieve[jl = ij;
¥
¥
}

long long f(int n) {

long long res = 1;



35

36

while(n > 1) {

int d = sievel[n];
int e = 1;
while(n % 4 == 0) e++, n /= 4d;

long long sum = 0, pw = 1;
while(e--) {
sum += pw;

pw *= d;
res *= sum;

}

return res;

int main ()

{
init () ;
int 1, r; cin >> 1 >> r;
long long res = 0;
for(int x = 1; x <= r; x++)
res += abs(x - (£(x) - x));
cout << res << ’\n’;
return O;
}

B M rong (mot cach lam nhanh hon)

Thay vi st dung ham dé sang nguyén t6 binh thudng, ta cé thé sit dung sang md rong thanh sang tong udc (duge
néu ¢ trong phan 3).

e Sang tong u6e trong O(nln \/n)

e Néu nhu vay, khi tinh ham f(x) chi can do phic tap 1& O(1)
Vay do phiic tap ctia 16i gidi la, tién xit ly: O(nln+/n), bai toan chinh 1a O(r — ).
M So sanh hai 16i giai

e L3i giai 1: https://0j.uz/submission/1105990

e L3i giai 2: https://0j.uz/submission/1106000

Qua day ta c6 thé thiy dugc 13i gidi sau (201ms) 6 sut t6i wtu dé nhanh hon 2 1an so v6i 13i gidi cii (420ms). Trong

mot s6 bai can toi wu chiit ché thi co thé st dung 1oi giai 2 nén tiét kiem nhiéu thoi gian nhat c6 thé.

Bai tap: Chia hét

B Mb ta bai toan
n

Cho s6 nguyén duong m va diy a gom n s6 nguyén duong aq, as, . .., a,. Néu m! chia hét cho H a; thiin ra YES
i=1

ngugc lai thi in ra NO.

Gidi han:


https://oj.uz/submission/1105990
https://oj.uz/submission/1106000

1

2

3

o m < 10°.

e n < 10%.

e a; <10% (1<i<n).
M Ldi giai

Mot s6 nguyen duong z ¢6 thé duge phan tich thanh céc thita s6 nguyen to: & = p1® X pa® X ... X pi. Goi v,(n)
13 s6 mil ding clia s6 nguyén t6 p trong phan tich thita s6 nguyén t6 ciia s6 n. V6i 2 s6 nguyén duong x, v, xét

rieng ting thita s6 s6 nguyén t6 p thi y chia hét cho = khi va chi khi v,(y) > v,(z).

n
Do d6 ta dua bai toan trén thanh kiém tra xem m! cé chia hét cho céc thita sé nguyén to ctia H a; hay khong.
i=1
n
Ta phan tich tich cAc phan ti clia mang a thanh cac thita s6 nguyén to: Hai = p1T x po® x ... x pp 2. V6i
i=1

mdi p¥" (1 <i < k) ta kiém tra xem m! ¢6 chia hét cho p¥ hay khong.

Cac budc giai:

n
e Phan tich H a; thanh thita s6 nguyen t6 bing sang nguyen to, véi mdi s6 nguyén t6 p, tinh téng co sd mil
i=1
q clia p trong moi phan ti a;. D phiic tap O(n - In(n)).

e V6i modi s6 nguyén to p;, tinh co s6 mil ¢’ clia n6 trong m! bang duyeét cac sb p;, 2p;, 3p;, - - - roi tinh sd6 mii
clia p; trong titng s6 d6. Do moi boi clia p; déu chita it nhat mot thita s6 nguyen té p; nén ta can duyét qua
khong qué ¢; boi ciia p;. Nhu vay, tong do phitc tap cho bude nay 1a O ¢;), trudng hgp té nhéat thi do
phtc tap nay tuong duong O(nlogn).

n
e Néu s6 mil ¢’ clia p trong m! 16n hon ho#ic bang s6 mil ¢ clia p trong Hai thi m! chia hét cho p9.
i=1

Do phic tap: O(n-1In(n) + Y ¢i)

H Cai dat

#include <bits/stdc++.h>
#define int long long

using namespace std;

5, const int MX = 1000005;

int n, m;
int al[MX];
int c[MX];
int q[MX];
bool isP[MX];

int32_t main(){
ios_base::sync_with_stdio(false);

cin.tie (0) ;

cin >> n >> m;

for(int i=1; i<=n; i++) cin >> alil;



19 for(int i=1; i<=n; i++) clalil]l++;

21 isP[0] = isP[1] = 1;
22 for(int i=2; i<MX; i++) if ('isP[i]){

23 for(int j=i, t=i; j<MX; j+=i, t++){
24 isP[j] = 1;

25 qli] += t/i * c[j];

26 }

27 isP[i] = 0;

30 bool flag = 1;

31 for (int i=1; i<MX; i++) if(1'isP[i]){

32 for(int j=i; j<=m; j*=i) qli]l -= m/j;
33 if (q[i]l > 0) flag = 0;

36 if (flag) cout << "YES" << endl;
37 else cout << "NO" << endl;

39 return O0;

Bai tap thém: S nguyén t6 dbi xitng

B Mb6 ta dé bai

S6 nguyén to dbi xting 1a mot s6 nguyén t6 bang trung binh cong clia 2 s6 nguyén to lién trude va lién sau no.
Pi 1+ Py

V6i P; 1a s6 nguyén t6 thit i. Mot s6 nguyeén t6 d6i xing khi thoa: P; = 5

Day s6 nguyén to: 2, 3, 5, 7, 11, 13, ...

5 1a s6 nguyeén t6 doi xitng. Vi s6 nguyén to lién trude ctia 5 1a 3, sd nguyén to lién sau ctia 5 1a 7.
347
"To T
10 56 nguyén 16 doi xing daw tien 1a: 5, 53, 157, 173, 211, 257, 263, 373, 563, 593.

Ma 5.

Yéu cau: Nhap vao s6 nguyen duong n (0 < n < 20000). Hay cho biét s6 nguyen t6 doi xting thi n.

M Goiy
e Xay dyng mot mang dé luu lai cac s6 nguyén t6 (Ap dung sang nguyen t6)

e Duyét qua titng sd nguyén t6 trong mang da xay dung cho dén khi tim dude s6 nguyén té déi xitng thit n.

BEEN B3 tap them: Khoang céch

e Link dé gbc: https://0j.lequydon.net/problem/dnum


https://oj.lequydon.net/problem/dnum

B M6 ta dé bai

V6i hai s6 nguyén duong a, b, ta dinh nghia khoang cach gitta a va b 14 s6 phép nhan véi mét sé6 nguyén td
hoic chia hét v6i mot sdé nguyén t6 dé sé a thanh sb b.

Vi du: Khoang cach gitta 100 va 360 bang 4 vi 100/5 x 2 x 3 x 3 = 360.

Yéu cau: Cho T (1 < T < 10%) test-cases. Tinh khoang cach giita hai s6 a,b (1 < a,b < 10%) cho trude.
HGoiy

Vidu xét a = 88, b = 999

Dau tién phan tich a va b thanh thita s6 nguyeén t6:

e 88 =2 x2x2x11.

e 999 =3 x3x3x37.

D@ bién s6 a thanh sb b, thi ta phai bién ddi thita s6 nguyén t6 clia sé a sao cho giéng thita sé nguyen t6 ctia so b.

Goi tap A 1a tap luu thita s6 nguyén t6 ciia s6 nguyén duong a, tap B 1a tap luu thita sd nguyén t6 ciia sd6 nguyén
duong b.

= A=1{22211},B={3,3,3,11}.

Khoang cach giita a va b sé bang s6 phan tit clia tap AN\ B + s6 phan tit clia tap B\ A.
m Bai tap thém: Chi gdu Tommy va cic ban

B M6 ta dé bai
Cho day n s6 nguyén duong @1, s, ..., T, va m truy van, mdi truy van dugc cho béi 2 sé nguyen I;,r;. Cho mot

ham f(p) tra vé s lugng cac s6 xj, 14 boi ctia p. Cau tra 16i cho truy van I;,r; 1a tong > pes(s ) f(p), trong do

S(l;,r;) 1a tap cac s6 nguyén t6 trong doan [l;, 74].
Hay gitp chi gau Tommy giai bai toan!
Gi6i han:

o 1 <n<10°%.

e 2<uz; <107

e 1< m < 50000.

e 2<; <r;<2x10°.

B Goiy
e Xay dung méang c[i] 1a s6 1an xuat hién ctia gia tri ¢ trong day s6.
e Diing sang nguyén t6, két hgp dé tinh cac gia tri f(i) véi i 1a s6 nguyén t6 trong doan [1,107].
e Ap dung méang cong don, xay dyng mang sum[i] lwu lai tong cta f[1] + f[2] + ... + f]i].

e Bay gid, ta c¢6 thé tim ra dugc dap an trong doan [I;,7;] véi do phiic tap O(1), dap an sé 1a sum[r] - sum[l — 1].



o B

Sau nhitng bai hoc rat thi vi vé s6 nguyén t6, minh tin ring ban sé hoc duge nhiéu thit vé s6 nguyén t6 ciing nhu

nhitng ing dung clia n6 trong tin hoc. Va nhu Paul Erdos ting néi:
"Vé dep clia cdc s6 nguyén té la ching luon ¢ dé, cho dgi”

Hay tiép tuc tim hiéu va kham pha thém vé s6 nguyén t6 vi nhitng diéu tha vi, tuyét dep dang chd ban & phia
truée!
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