TO CHUC THE GIFTED BATTLEFIELD TGB Educational Contest #1: Fenwick Tree
DU AN INTELLECTUAL SHOWDOWN NAM HOC 2024 — 2025

HUGNG DAN GIAl — Ban Chuyén mén Tin hoc

Bai 1: Doc sach

Subtask 1: Vét can

O méi truy van, tinh tong cdc quyén sach diing trudc quyén sach thit p;, sau d6 lan lugt di chuyén lan lugt céc
quyén sach p; — 1 qua vi trf p;, quyén tht p; — 2 qua p; — 1,... quyén thit 1 qua vi trf 2. Cudi cing, dit quyén
thit p; cii vao vi tri dau tién.

D6 phtic tap ctia mdi truy van 14 O(n), do phtic tap cudi ciing 1a O(gn) véi ¢ 1a s6 lugng s6 truy van.

Subtask 2: Fenwick Tree

Nhan xét: Lucian sé doc sach lién tuc trong g ngay, ttc 1a chi c¢6 ¢ lan rat sach thit p; ra ro6i dat lén trén
cung.

Do d6, ta c6 thé tao mot mang B ¢6 ¢ +n phan tit v6i ¢ phan ti dau tién tugng trung cac cudn sach dude lay
ra roi dat lén trén. Ban dau, ¢ phan tit dau tién déu mang gid tri 0. Con n phan tit con lai tugng trung cho
s6 sach duge dé & lac dau. Quyén sach thit i c6 vi tri 1a ¢ + 4 trong méang B.

Vao ngay doc sach thit j, dip 4n can tim 1a tong gid tri cic phan tit ding trude né. Dé cap nhat, dat gia tri
phan ti & vi trf cii nay bang 0, va vi trf méi clia quyén sach nay 1a ¢ — j + 1.
Céc thao tac cip nhat va truy van nay cé thé duge quan 1y bang Fenwick Tree kinh dién, gidm d6 phic tap
clia mdi truy van xubng con O(log(q + n)).
Do phic tap

« Do phitc tap thoi gian: O((n + ¢) log(q + n)).

o Do phtic tap bo nhé: O(n + q).

Cai dat (tham khao)

#include <bits/stdc++.h>

2/ #define FOR(i,a,b) for (int i = (a); i <= (int)(b); ++i)

3| #define FOD(i,a,b) for (int i

(a); i >= (int)(b); --1i)

5,int n,q;
long long BIT[2000005];
7 int pos [2000005] ;

¢ int a[1000005];

void update(int id, int v) {
int idx = id;
while (idx <= g+n) {
BIT[idx] += v;
idx += (idx & (-idx));
: }
6| +

8 long long getSum(int p) {
int idx = p;
long long ans = 0;
while (idx > 0) {

ans += BIT[idx];
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idx -= (idx & (-idx));
}

return ans;

}

long long query(int 1, int r) {
return getSum(r) - getSum(l-1);
}

void solve() {
std::cin >> n >> q;
FOR(i,1,n) {
std::cin >> al[il;
pos[i]l] = q + i;
¥
FOR(i,1,n) update(posl[il, alil);
FOR(t,1,q) {
int i; std::cin >> ij;
int tmp = alil, p = posl[il;
std::cout << query(l, p-1) << "\n";

update(p, -tmp);
pos[i] = q-t+1;
update (gq-t+1, tmp);
}
}

int main() {
std::ios_base::sync_with_stdio (0);
std::cin.tie (0);
std::cout.tie (0);

solve () ;
return O;

Bai 2: Phan tir nhé nhat

Subtask 1: Vét can

Véi gi6i han mang va sé lugng truy van 1a 5000, ta c6 thé thuc hién truy van loai 1 trong O(1) va loai 2 trong
O(r — 1+ 1) hay O(n). Téng do phiic tap 13 O(qn).

Subtask 2: Segment Tree

Déi v6i subtask 2, ching ta st dung cAu tric dit liéu Segment Tree kinh dién dé xit 1y céc truy van trong do
phtic tap O(logn) mdi truy van. Tuy nhién, ta s& khong dao sdu vao 1di gidi nay vi trong tAm ctia contest 13
cau tric dit liéu Fenwick Tree.

Subtask 3: Fenwick Tree (BIT)

Céu tric dit lidu Fenwick Tree thong thudng chi xit Iy duge cc truy van c6 tinh b trit (phép cong, bitwise
XOR,...). Tuy nhién, vao nam 2015, Mircea Dima va Rodica Ceterchi da trinh bay cach sit dung Fenwick Tree
dé xtt 1y truy van tim phan ti nhé nhat. Ban doc c6 thé tham khio bai bdo cdo khoa hoc tai day.

Trong phan nay, ching ta sé tim hiéu phuong phap dudc trinh bay trong bai béo cdo trén.

Xay dung Fenwick Tree ngudc

Y tudng clia thuat todn 13 ta xay dung song song hai Fenwick Tree: mot Fenwick Tree truyén théng va mot
Fenwick Tree ngugc. Goi p(z) 1a bit bat nhé nhat trong biéu dién nhi phan ctia x. Nt thit k trong Fenwick
Tree nguge quan 1 doan [k; k + p(k) — 1] (thay vi la [k — p(k) + 1; k]), titc doan c6 d6 dai p(k) bit dau tai
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k. Lic nay, viéc di chuyén trén cay Fenwick Tree thit hai sé duge thuc hién ngudce lai so véi cdy truyen thong.
Néi cach khac, & bude cap nhat, ta di chuyén bang phép gin k « k — p(k), va & truy van, ta di chuyén bang
phép gan k < k + p(k).

Truy van doan

Véi mot truy vAn tim phan tit nho nhét trén doan [I;7], ta bat dau tit nit thit » trén cdy dau tién (Fenwick
Tree truyen théng), nhiy trén ciy (bing phép gan k < k — p(k)) dé 14y nhiéu nit c6 doan quan Iy nim hoan
toan trong [I;7] nhiéu nhéat c6 thé. Thuc hién thao téc tuong tu trén cay thit hai, bit dau tit niit thit [ va nhay
bang phép gan k < k + p(k).

C6 thé chitng minh rang sau khi thuc hién hai thao téc trén, sb lugng phan ti chua dude phti t6i da 1a 1. Néu
c6 phan tit chua duge phti, chi s6 ctia né ciing chinh 13 chi s6 trén hai con tré clia hai cAy sau khi nhay (trong
truong hop nay chiing chic chin c6 ciing chi s6), ta chi can truy cap diém la xong.

Nhu vay, ta cé truy van doan trong O(logn).

Cap nhat diém

Y tudng tim cac nit dé cap nhat gibng Fenwick Tree truyén théng. Tuy nhién, véi mot nit quan 1y doan [l;7]
chua diém p can cdp nhat, ta can tinh phan tit nho nhét ciia doan [I;p — 1] va [p + 1;7].

Ta sé giadi quyét van dé nay trén timg cay:
« Dé tinh doan [I;p — 1] trén cAy thit nhit, ta duy tri mot con tré tai nit p — 1 trén chinh ciy nay. Trong
ldc cap nhat, bién trai clia doan can tinh sé chay sang trai (ttc [ gidm), lic dé, ta chi viéc nhdy con trd

ndy sang trai dé lay cdc doan can thiét. Cé thé chting minh rang téng s6 nit can nhay 1a O(logn) va ta
ludén c6 thé phit doan can tinh.

« Dé tinh doan [p + 1;7] trén ciy thi nhat, ta duy tri mot con tré tai niit p + 1 trén cdy tht hai. Tuong
tu doan [I;p — 1], ta nhay con tré nay sang phai dé liy céc doan can thiét trong liic cap nhat, sau d6 lay
thém gi4 tri ciia phan ti tai nit d6 néu chua duge phii. Téng s6 nit ciing 14 O(logn) va ta ludn cb thé
phti doan can tinh.

« Dbi véi cay thit hai, dé tinh doan [I;p — 1], ta diing con trdé bat dau tai nit p — 1 trén cay thi nhat. Dé
tinh doan [p+ 1;7], ta diing con tré bat dau tai ntt p+ 1 trén chinh ciy tht hai. St dung ¥ tudng tuong
tu cAy thi nhat.

Téng d6 phitc tap ctia mot truy van van 1a O(logn).
Do phic tap
o D0 phitic tap thoi gian: O((n + ¢)logn).

o Do phitic tap boé nhé: O(n).

Cai dat (tham khao)

#include <bits/stdc++.h>
using namespace std;

typedef long long 11;
typedef long double 1d;

i typedef pair<11,11> pl;

typedef pair<int,int> piij;
typedef tuple<int,int,int> tpl;

#define all(a) a.begin(), a.end()
#define filter(a) a.erase(unique(all(a)), a.end())

3 struct BIT {
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vector<int> t1, t2, a;
int n;

BIT (int sz) : ti(sz + 1), t2(sz + 1), a(sz + 1), n(sz) {}
int p (int k) { return k & -k; }

int query (int 1, int r) {
int ans = INT_MAX;
for (; 1 + p(l) -1 <=1 & 1 <= 1r; 1 += p(1l)) anmns
for (; r - p(r) + 1 >= 1 & 1 <= r; r -= p(r)) ans
return min(ans, (1 == r ? a[l] : INT_MAX));

}

void update (int pos, int wval) {
al[pos] = val;

// update tr-1
int keep = val, poslL = pos - 1, posR = pos + 1;
int nL = posL - p(posL) + 1, nR = posR + p(posR) - 1;
for (int k = pos; k < tl.size(); k += p(k)) {
int 1 = k - p(k) + 1, r = k; // current node's range
while (posL >= 1 && nL >= 1) keep = min(keep, tl[posL]), posL
p(posL) + 1;
while (posR <= n && nR <= r) keep = min(keep, t2[posR]), posR
p(posR) - 1;
t1[k] = min(keep, alkl);
}

// update tr-2
keep = val, posL = pos - 1, posR = pos + 1;
nL = posL - p(posL) + 1, nR = posR + p(posR) - 1;
for (int k = pos; k > 0; k -= p(k)) {
int 1 = k, r = k + p(k) - 1; // current node's range
while (posL >= 1 && nL >= 1) keep = min(keep, ti1[posL]), posL
p(posL) + 1;
while (posR <= n && nR <= r) keep = min(keep, t2[posR]), posR
p(posR) - 1;
t2[k] = min(keep, alkl]);
}

};

int main ()

{
ios::sync_with_stdio (0);
cin.tie(0);

int n, q; cin >> n >> q;
BIT tree(n);

for (int i = 1; i <= n; i++) {
int a; cin >> a;
tree.update (i, a);

}

while (q--) {
int type; cin >> type;
if (type == 1) {
int k, val; cin >> k >> val;
tree.update(k, val);

3
else {

int 1, r; cin >> 1 >> r;

cout << tree.query(l, r) << "\n";
3

min(ans, t2[1]);
min(ans, ti[rl);

nL

nR

nL

nR

nL

nR

nL

nR

posL -

posR +

posL -

posR +
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return O;

}

Bai 3: Truy van dém
Subtask 1: Vét can
Trong subtask nay ta sé vét can thong thuong:
o Véi truy van loai 1 (gén ay < x): ta gdn gid tri a; 14 gia tri @ clia dé vao mang a hién tai.

o V6i truy van loai 2 (dém s phan ti ¢6 gid tri y trong doan [[;7]): duyét trau tit a; t6i a, va dém xem c6
bao nhiéu gi4 tri bang y va tra 16i truy van.

Va véi phuong phép trén thi do phic tap ctia thuat toan la O(ngq).

Subtask 2: Fenwick Tree

Trong subtask nay, do 1 < y < 10 nén ta chi quan tam 10 gid tri khac nhau. Khi dé ta c¢6 thé tao 10 Fenwick
tree tinh tong sao cho Fenwick tree thtt j, goi 1a bit; s& thuc hién tra 18i truy van trong doan [I;7] ¢ bao
nhiéu phan ti c6 gia tri j.

o Véi truy van loai 1 (gén ay < z): cAp nhit bit,, , sau d6 gan ax 1a x va cAp nhap bit,.

o V&i truy van loai 2 (dém s6 phan tit ¢6 gid tri y trong doan [I;7]): tinh téng doan [I;7] trén bit,,.

Va v6i phuong phap trén thi do phic tap ciia thuat toan 1a O(10 - nlogn).

Subtask 3: Fenwick Tree 4+ Cau tric dir liéu

O subtask nay, ta két hgp cau tric dit liéu std: :map va Fenwick tree véi mdi nit (dinh) ctia Fenwick Tree
dugce luu dudi dang std: :map. O méi truy van, ta thém phan tit vio t6i da logn nit khac nhau. Do d6, téng
s6 lugng phan tit trong cac nit 1a O((n + ¢)logn). Goi bit;[z] 1a sb lugng phan tit c6 gia tri 1a x trong nit
thtt ¢ cta cay.

o V6i truy van loai 1 (gdn ag < x): cAp nhat bit;[ay] < bit;[ax] — 1 tai cdc dinh i c6 viing quan 1y chita
k, sau d6 gén ay < x va cap nhat bit;[x] < bit;[x] + 1.
o Véi truy van loai 2 (dém s phan tit c6 gid tri y trong doan [I;7]): Tinh téng bit;[y] véi i 1a cc nit phi
doan can truy van.
Do phic tap
« D6 phitc tap thoi gian: O(nlog?n).

o Do phtic tap bo nhé: O(nlogn).

Cai dat (tham khao)

#include <bits/stdc++.h>
#define fi first

3 #define se second

#define pii pair <int , int>
#define ar3 array <int , 3>

using namespace std;

const int INF = 1e9 + 7;
const int maxn = 2eb5 + 7;
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11
12 int n , q , cur[maxn];
13 map <int,int> bit[maxn];

16/ void update(int u, int v)

17| {

18 int idx = u;

1¢

20 while (idx <= n)

21 {

22 bit[idx] [v]++;

23 idx += (idx & (-idx));

>4 ¥

25

26 idx = u;

28 while (idx <= n)

29 {

30 bit [idx] [cur [ul]l--;

31 idx += (idx & (-idx));

32 ¥

33 cur[u] = v;

34| F

35

36| int get(int p, int v)

37| {

38 int idx = p;

39 int ans = 0;

A

11 while (idx > 0)

12 {

43 ans += bit[idx][v];

14 idx -= (idx & (-idx));

15 }

16 return ans;

17|

18

40 int getrange (int u, int v, int x)
50| {

51 return get(v, x) - get(u-1, x);
52| }

5:

54 void solve ()

55| {

56 cin >> n >> q;

58 for(int i = 1; i <= n; i++) cur[i] = -INF;
59

60 for(int i = 1; i <= n; i++)

61 {

62 int a_i; cin >> a_i; update(i , a_i);
63 ¥

64

65 while (q--)

66 {

67 int t; cin >> t;

68 if(t == 2)

69 {

70 int 1 , r , x; cin >> 1 >> r >> x;
71 cout << getrange(l , r , x) << '\n';
72 }

73 else

74 {

75 int p , x; cin >> p >> x;
76 update(p , x);

77 }
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signed main ()

31 {

ios_base::sync_with_stdio(false);
cin.tie (0);
cout.tie(0);
solve () ;
return O;
}

Bai 4: Truy van dong du
Subtask 1: Vét can
Ta nhéan thay n di nho dé chay hai vong lip tinh téng cac sb dong du y modulo m. Vay do6 phitc tap ciia 16i
gidi trén sé la O(ngq).
Subtask 2: Fenwick Tree
O subtask ndy, ta thiy ring m = 1. Nhu viy céc sd sau khi modulo cho 1 déu biang 0 (nghia 1a chia cho 1 du
0). Vay ta chi can tinh téng céc sb trong doan tit [ — r khi y = 0. Vi n < 10%, d6 phiic tap sé kha 16n néu
dting céch tinh nhu 15i giai subtask 1, ta sé dung Fenwick Tree thay vao d6 dé giam do phic tap xudng dé tra
16i céc truy van. Tt dé do phiic tap clia 13i gidi 1a O(Q logn).
Subtask 3: Fenwick Tree + t6i vu
O subtask nay, m < 10 nén moi s6 khi modulo cho m déu sé nam trong khoang tit 0 — m — 1. Vi viy ta goi
fli][§] tinh téng cic s6 dong du i modulo m trong doan tit 1 — j bang Fenwick Tree.
Do phirc tap

« D0 phitc tap thoi gian: O(10 - (n + q) logn).

o Do phitic tap bé nhé: O(10n).

Cai dat (tham khao)

#include <bits/stdc++.h>
using namespace std;
const int N = 1le4;

4/ long long bit[10] [N+5];

long long al[N+5];

i) int n,m,q;

void update(long long mm,long long id,long long val)

{
for (;id<=n;id+=id & (-id))
bit[mm] [id]+=val;
return;
¥
long long get(long long id,long long mm)
{
long long ans = O0;
for(;id;id-=1id & (-id))
ans+=bit [mm] [id];
return ans;
}
int main()
{

cin >> n >> m >> q;
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for(int i = 1;i<=n;i++)

{
cin >> alil;
update(alil¥m,i,al[i]);
}
while(q--)
{
int s;
cin >> s;
if(s == 2)
{
int 1,r,mod;
cin >> 1 >> r >> mod;
cout << get(r,mod) - get(l-1,mod) << "\n";
continue;
}
int p;long long val;
cin >> p >> val;
update (al[pl¥%m,p,-alpl);
al[pl+=val;
update (alpl¥%m,p,alpl);
}

}

Bai 5: Tim kho bau

Subtask 1: Vét can

Duyét qua toan bd ban do va cong cic 6 c6 khodng cdch Manhattan véi 6 (i, ) khong qud d. Do phitc tap
O(q - d?).

Subtask 2: Fenwick Tree hai chiéu

Téng gi4 tri kho bau clia cac 6 (,y) c6 khoang cdch Manhattan véi 6 (4,7) khéng qué d chinh 13 tong gid tri
ctia cdc 6 nam trong hinh thoi ¢é tam tai (i,5) vA c6 khoang cach tit tAm t6i 4 dinh 1a d. R& rang, viéc xit Iy
vung hinh thoi khé hon ving hinh vuéng nhiéu.

Dé ¥ rang dicu kién |i — x| + |j — y| < d c¢6 thé bién déi thanh:

—d<i-et+j-y<d _ Jitj-dsz+y<itj+d
—d<i-z-j+y<d i—j—d<z—y<i-j+d

Néi cach khac, ta chi xét cac 6 cé chi s6 dudng chéo thit nhit x + y trong khodng [i + j — d;i + j + d] va dudng
chéo thtt hai  — y trong khodng [i — j — d;i — j + d].

T day, ¥ tudng ctia bai todn la xoay hé truc toa do: ta dat gid tri cia é (i,7) vao 6 (i+j,i—j) ctia Fenwick Tree
hai chiéu. V&i cic truy van tinh téng, ta chinh téng hinh chit nhat con c6 gbc trén traila é (i +j —d,i —j — d)
va gbe dudi phdila o (i +j+d,i —j+d).
Do phic tap

o D0 phiic tap thai gian: O(nmlognlogm + glognlogm).

o Do phitic tap bé nhé: O(nm).

Cai dat (tham khao)

Trong code duéi day, chi s6 duong chéo i — j da dugc cong 1én mot luong offset = m + 1 dé tranh chi s6 am.
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|| #include <bits/stdc++.h>
2/ using namespace std;

1using 11 = long long;
5/using 1ld = long double;
6 using pl = pair<1l1l,11>;

7.using pii = pair<int,int>;
8 using tpl = tuple<int,int,int>;

10 #define all(a) a.begin(), a.end()
11 #define filter(a) a.erase(unique(all(a)), a.end())

13 struct BIT {
14 vector<vector<1l1l>> tr;

15 BIT (int n, int m) : tr(a + 1, vector<ll>(m + 1)) {}

17 int p (int k) { return k & -k; }

19 void update (int i, int j, 11 incr) {

20 for (int u = i; u < tr.size(); u += p(u))

21 for (int v = j; v < tr[ul.size(); v += p(v))
22 tr[u] [v] += incr;

23 ¥

24

25 11 preSum (int i, int j) {

26 11 ans = 0;

27 for (int u = i; u; u -= p(uw))

28 for (int v = j; v; v -= p(v))

29 ans += tr[u][v];
30 return ans;

31 ¥

32

33 11 query (int i, int j, int u, int v) {

34

35 ¥

36| 5

37

38 int main ()

39| {

10 ios::sync_with_stdio (0);

11 cin.tie(0);

42

13 int n, m, q; cin >> n >> m >> q;

14 int offset = m + 1;

45 BIT tree(n + m, n + offset);

16 vector<vector<int>> a(n + 1, vector<int>(m + 1));
17

48 for (int i = 1; i <= n; i++) {

19 for (int j = 1; j <= m; j++) {

50 cin >> alil[j];

51 tree.update(i + j, i - j + offset, alil[jl);
52 T

53 T

54

55 while (q--) {

56 int type, i, j, d; cin >> type >> i >> j >> d;
57 if (type == 1) {

58 tree.update(i + j, i - j + offset, d - alil[jl);
59 alil[j] = d;

60 T

61 else cout << tree.query(max(l, i + j - d), max(1,

+ d), min(n, i - j + d) + offset) << "\n";
62 ¥

64 return O;

return preSum(u, v) - preSum(i - 1, v) - preSum(u, j - 1) + preSum(i - 1, j - 1);

i - j + offset - d), min(n + m, i + j
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Bai 6: Dém cap nghich thé

Subtask 1: Vét can
Céch tinh f(I,7) don gidn nhat 1a st dung hai vong lip 1ong nhau:
« Vong lip ngoai duyét 4 tit [ dén r — 1
o Vong lip trong duyét j tit i + 1 dén r, dém sb cip thod dieu kién ali] > a[j].
Do gi6i han n < 100 nén ta cé thé duyét qua titmg doan con [I;r] bang hai vong lip 1ong nhau trong O(n?).
Roi tinh f(I,r) cho ting doan con d6 bang cich trén trong O(n?).

« Do phiic tap thoi gian: O(n?)

Subtask 2 + 3: Fenwick Tree

Dau tién, ching ta cé thé nén gid tri ciia mang a xubng thanh cic gid tri nhé hon bit dau tir 1, do sb cip
nghich thé ciia [100 30 70 12 13] va [5 3 4 1 2] 1a nhu nhau. Gi4 tri cu thé ctia cdc phan tit khéng quan trong,
ma 13 thit tu 16n dan ctia cdc phan ti, hay mdi phan tit 16n hon bao nhiéu phan tit khac.

Dé nén gid tri, ching ta c6 thé luu mot mang khac da duge sip xép theo tht tu ting dan, roi tim nhi phan
ting phan ti trong mang ban dau trong mang da sip xép dé dugc mang da nén gia tri. Do phitc tap thai gian
cho qua trinh nay 1a O(nlogn).

Chiing ta cai dat BIT (Fenwick Tree) dudi dang truy van tong va cap nhat gia tri. BIT & day sé c6 vai tro luu
trit s6 lugng cac phan ti diing trude v6i phan tit da xét tit dau dén phan tit dang xét hién tai. Ching ta lam
vy bang cich sau mdi vong lip, ting phan tit thit afi] cho i don vi.

Duyét i qua ting phan ti tit 1 dén n. Chiing ta sit dung BIT truy van tong tit [a[i] + 1;n] (khong truy van
tit afi] do chiing ta chi quan tAm dén nhitng phan tit 16n hon afi]). Viéc truy van tong nhu vay sé cho ta biét
dugc tong s6 lugng phan tit dimg trude cdc phan ti 16n hon afi]. Sau d6 lay tong nhan véi (n — i + 1), 1a s
lugng phan tit ding sau ali].

Giai thich vi sao lai 14y téong nhan véi (n — 4+ 1): Goi 1 phan ti 16n hon afi] xuit hién truée né 14 x.
Céc phan tit dting trude = ¢6 thé 1a nhitng diém bat dau ciia doan con chita cip nghich thé (x, afi]). Céc phan
tit ditng sau afi] c6 thé 1a nhitng diém két thic ciia doan con chtta ciip nghich thé (z,ali]). Do d6, sé lugng
doan con chita cip nghich thé (z,a[i]) dugc tinh bang cich nhan s6 lugng phan tit diing trude x véi sb lugng
phan ti& ding sau afi], tic 1a (n — i+ 1).

Sau d6 chiing ta cdp nhat bién két qua. Sau khi truy van thi chiing ta cAp nhat gid tri: ting phan ti thit a[d]
cho 7 don vi.

Do phic tap
o D0 phiic tap thai gian: O(nlogn).

o D0 phitic tap boé nhé: O(n).

Cai dat (tham khao)

#include <bits/stdc++.h>
using namespace std;

#define all(a) a.begin(), a.end()
#define filter(a) a.erase(unique(all(a)), a.end())

const int MOD = 1e9 + 22213;
int add (int a, int b) { return a + b - (a + b < MOD ? O : MOD); }

int sub (int a, int b) { return a - b + (a - b > 0 7 0 : MOD); }
int mul (int a, int b) { return 1LL * a * b % MOD; }
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struct BIT {
vector<int> tr;
BIT (int sz) : tr(sz + 1) {}

int p (int k) { return k & -k; }

void update (int k, int val) {
for (; k < tr.size(); k += p(k)) tr[k] = add(trl[k], val);
}

int preSum (int k, int ans = 0) {
for (; k; k -= p(k)) ans = add(ans, tr[k]);
return ans;

}

int query (int 1, int r) { return sub(preSum(r), preSum(l - 1)); }

int main ()

ios::sync_with_stdio (0);
cin.tie(0);

int n; cin >> n;
vector<int> a(n + 1), cmp;

for (int i = 1; i <= n; i++) {
cin >> alil;
cmp . push_back(alil);

}

cmp . push_back (0) ;
sort(all(cmp)), filter (cmp);
for (int i = 1; i <= n; i++)
al[i] = lower_bound(all(cmp), alil) - cmp.begin();
BIT tree(n); int ans = 0;
for (int i = 1; i <= n; i++) {
int cur = mul(tree.query(ali]l + 1, n), n - i + 1);
ans = add(ans, cur);
tree.update(alil, 1i);
}

cout << amns;

return O;

Bai 7: Phan tir nho thi k
Subtask 1: Vét can

Véi méi truy van loai 3, ta sap xép lai mang a rdi in ra phan tit thit k. Do phiic tap O(gnlogn).

Subtask 2: Vét can + t6i uu

Ta duy tri mang a luén dude sap xép. Do dé, v6i moi truy van loai 1, ta tim vi tri can chén phan ti méi va
thém phan tit vao ding vi tri d6. Khi nay, ta cé thé tra 15i truy van loai 3 trong O(1). D9 phiic tap O(qn).

Subtask 3: Tim kiém nhi phan + Walk on Fenwick Tree

Dau tién, nén cic gid tri cia mang a (ké cé cic giad tri cAp nhat) roi xdy dung mang thong ké.
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Y tuéng tim kiém nhi phan
Goi preli] 1a s6 phan ti trong mang a c gid tri khong qué i. Dé tim phan tit thit &, ta tim M 16n nhat sao
cho pre[M] < k, khi d6, dép én 1l&a M + 1.

Dé tim M, ta can quan 1y mang théng ké ctia a bang Fenwick Tree va tim kiém nhi phan trén tong tién td
(prefix sum) cfia mang théng ké nay. Tuy nhién, d6 phtic tap 1a O(nlogn + qlog?n), chua di dé xit Iy bai
toan.

Walk on Fenwick Tree

Dé t6i wu hon nita, ta sit dung ¥ tudng Walk on Fenwick Tree. Cu thé, ta sé tim kiém nhi phan trén bit va
tan dung cau tric ctia Fenwick Tree dé tiang tdc thudt toan.

Véi tim kiém nhi phén trén bit, ta s& tham lam thit bat cic bit tit 16n dén nhé. Gia sit hién tai, dap 4n tim
dugdc 13 ans va ta thit bat bit thit . Didu ndy dong nghia véi viéc ta can tinh prelans + 2] mét cdch nhanh
chéng. Tuy nhién, dé ¥ rang p(ans +2°) = 2' nén prelans + 2] = pre[ans| + tr[ans + 27|, véi tr[k] 1a it thit k
ctia Fenwick Tree. Nhu v4y, ta chi can luu lai bién sum = pre[ans] 14 c6 thé tinh tdng tién t6 méi trong O(1).

Dén day, ta da c6 thé xit Iy truy van trong O(logn).

Do phic tap
o D0 phitc tap thoi gian: O((n + q)logn).

o Do phitic tap bd nhé: O(n + q).

Cai dat (tham khao)

#include <bits/stdc++.h>
using namespace std;

typedef long long 11;

typedef long double 1d;

typedef pair<11l,11> pl;

typedef pair<int,int> pii;
typedef tuple<int,int,int> tpl;

#define all(a) a.begin(), a.end()
#define filter(a) a.erase(unique(all(a)), a.end())

struct BIT {
vector<int> tr;
BIT (int sz) : tr(sz + 1) {}

int p (int k) { return k & -k; }

void update (int k, int val) {
for (; k < tr.size(); k += p(k)) tr[k] += val;

}
int walk (int targ) {
int ans = 0, sum = O0;
for (int mask = 1 << 19; mask; mask >>= 1)
if ((ans | mask) < tr.size() && tr[ans | mask] + sum < targ) ans |= mask, sum += tr
[ans];

return ans + 1;

}

int preSum (int k, int ans = 0) {
for (; k; k -= p(k)) ans += tr[k];
return ans;

}

int query (int 1, int r) { return preSum(r) - preSum(l - 1); }
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const int mn = 6e5 + 5;
pii saveQuery[mn];
vector<int> cmp;

int get (int targ) { return lower_bound(all(cmp), targ) - cmp.begin(); }

int main ()

{
ios::sync_with_stdio (0);
cin.tie (0);
int n, q; cin >> n >> q;
int counter = 0;
/// read initial array and queries
for (int i = 1; i <= n; i++) {
int a; cin >> a;
saveQuery [++counter] = {1, a}; // each element is treated as a type-1 query
cmp . push_back(a);
}
for (int i = 1; i <= q; i++) {
int type, x; cin >> type >> x;
if (type == 1) cmp.push_back(x);
saveQuery [++counter] = {type, x};
}
/// compress values
cmp.push_back(0); // make compressed value 1-indexed
sort(all(cmp)), filter (cmp);
/// process queries
BIT tree(cmp.size());
for (int i = 1; i <= counter; i++) {
int type, x; tie(type, x) = saveQueryl[i];
if (type == 1) tree.update(get(x), 1);
else if (type == 2) {
int cur = get(x);
if (cur >= cmp.size() || cmplcur] != x) continue;
if (tree.query(cur, cur)) tree.update(cur, -1);
}
else {
int k = tree.walk(x);
cout << cmp[k] << "\n";
}
}
return O;
}

Bai 8: Truy cap lich sir

Subtask 1: Vét can

Trong subtask nay ta sé thic hién theo tu tudng ”dé bai néi gi lam nay”. Dé cu thé héa hon, nhan thay rang
n,q < 2000, nén ta c6 thé luu moi trang thai clia mang sau mdi lan truy van. T d6, véi mdi truy van loai 2,
ta c6 thé dé& dang truy lai mang can thiét va tinh két qua. Do phitc tap O(n - q).

Subtask 2: X ly offline

Ta nhén thay rang khi t = 0, ta sé khéng can phai khéi phuc truy van nita.
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Céch 1

Ta sé sort lai cac truy van theo thdi gian ctia né (ddi v6i truy van loai 1 thi thoi gian ctia né 1 index ciia né
trong day cac truy van). T day ta sé sit dung CTDL BIT, viéc sort céc truy van xong dam bao dudc khi cé
céc truy van loai 2 thi ltic d6 sé dang sit dung diing mang BIT. Do phiic tap O(q - logq + ¢ - logn).

Cach 2

Céch nay sé& xtt Iy theo mdt cach khéo 1éo khac, tu tudng 1a khi ta cAp nhat dén dau thi sé xit Iy truy van tim
két qua can thiét dén d6 trudc khi cdp nhat khac. Céch nay cling khé tuong tu vdi cach 2, tiét kiem duge thoi
gian sort truy van nhung ngugc lai tén bd nhé nhiéu hon. Do phtic tap O(q - logn).

Subtask 3: Fenwick Tree + xir ly online

Tai mdi nit, ta sé c6 mot vector dé luu lai cdc gid tri da cdp nhat lan trude, néi cach khéc 1a lich s cta nit
nay. Vi mdi lan cAp nhat ta chi cAp nhit tdi da logn nit, nén néu ching ta c6 ¢ lan cip nhat thi téi da sé cb
q - logn nut khac nhau.

Chi tiét hon vé cach cai dit, mdi nit sé luu vector gom day céc pair {thdi gian, gia tri}. Néu ta can cdp nhat
tai nit nay chi can lay gid tri ctia nit cudi cling roi lwu thém thdi gian méi va cdp nhat théi. Doéi véi truy van
dap 4n, ta binary search niit can thiét va lay gia tri d6 dé thém vao két qua. K¥ thuat nay cé tén goi la Fat
node.

Do phic tap
« D6 phiic tap thai gian: O(nlogn + qlog?n).

o Do phitic tap bé nhé: O(nlogn).

Cai dat (tham khao)

#include <bits/stdc++.h>
using namespace std;

#define int unsigned long long
#define INF 1el8

#define f first

#define s second

#define pii pair<int, int>
#define vi vector<int>

const int MAXN = 2eb5;

int n;

int a[MAXN + 5];

vector<pii> bit [MAXN + 5];

int ans = 0, flag = 0, cur = 0;

7/ void dc(int &num) { // Decode queries

num = num ~ (flag * ans * ans);

}

int get_val(int pos, int time) {
return prev (upper_bound(bit[pos].begin(), bit[pos].end(), make_pair(time, INF)))->s;
}

5 void upd(int pos, int val) {

++cur;

int delta = val ~ alpos];

alpos] = val;

while(pos <= n) {
bit [pos].push_back ({cur, delta ~ bit[pos].back().s});
pos += (pos & (-pos));

Du an Intellectual Showdown — Educational Contest: Fenwick Tree Trang 14/19



ut

ot

o

S|
IS I U R

o

ut

90

int get(int pos, int time) {

int res = 0;

if (pos == 0) return O0;

while(pos > 0) {
res "= get_val(pos, time);
pos -= (pos & (-pos));

}

return res;

}

void solve ()

{
cin >> n;
int q; cin >> q;
cin >> flag;

// Initialize BIT array
for(int i = 1; i <= n; i++) bit[i].push_back ({0, 0});

// Add elements

for(int i = 1; i <= n; i++) {
int x; cin >> x;
upd (i, x);

vi v = {cur}; // Array for storing states after queries

while(q--) {

int t; cin >> t;

if(t == 1) {
int k, x; cin >> k >> x;
dc(k); dc(x);
// cout << k << ' ' << x << '\n';
upd(k, x);

} else {
int 1, r, p; cin >> 1 >> r >> p;
dc(1); dc(xr); dc(p);
ans = get(r, vlpl) ~ get(l - 1, vipl);
cout << ans << '\n';

}

v.push_back (cur) ;

3| 3

signed main ()
{
ios_base::sync_with_stdio (0);
cin.tie(0), cout.tie(0);
// freopen("inp.txt", "r", stdin);
// freopen("out.txt", "w", stdout);
int t = 1;
// cin >> t;
while (t--)
solve () ;

Bai 9: Thir tu tir dién

Subtask 1: Vét can

Véi gi6i han mang va sé lugng truy van 1a 5000, ta c6 thé thuc hién truy van loai 1 trong O(1) va loai 2 trong
O(k) hay O(n) bang cich so sanh tuan tu ting ky tu clia 2 xau truy van. Téng d6 phiic tap 1a O(q - n).
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Subtask 2 + 3: Fenwick tree + Hashing

Dé gidi dugce toan bo bai toan ta sé dung Hash va CTDL Fenwick tree (trong phan nay minh sé goi 1a BIT -
Binary Indexed Tree). Thuc hién luu trit mang prefix Hash cho xau s bang BIT dé c6 thé thay ddi xau s va
lay gié tri Hash clia xau con ciia xau s sau khi da bi thay ddi dé hd trg thuc hién truy van so sanh.

Phan tich BIT

Phéan tich so luge: CTDL BIT sé gom mot bién n 1a kich thuée clia cAy va mang tree c¢6 do dai n sé chita gid
tri trong ting node cia cay.

Khdi tao mot BIT dung dé lay tong tién t6 clia mot mang af]. Gié tri clia treeli] la:

treefi] = ali] +afi — 1] +--- +ali — p(i) + 1]
Véi p(i) = i & —i. Phép todn —i & i sé tra vé 2% 16n nhét sao cho i chia hét cho 2 — mo6t phép toan thuong
thay khi stt dung BIT. Vi du néu BIT trén c6 n = 5:

o tree[l] = all].

o tree[5] = a[b].
Téng quét hon, tai dinh thtt ¢ ctia BIT quan Iy mang a thi sé chita két qua gid tri dua trén céc phan ti
a’[i]v (I[’L - 1]’ R CL[’L _p(l) + 1]
Rolling Hash

Ban doc c¢6 thé tim hiéu ré hon vé thuét toin Rolling Hash tai day, phan 15i giai chi sé tip trung vao cach két
hgp thuét todn nay véi BIT.

Laoi giai st dung Hash v6i modulo MOD = 10? + 7 va co s6 base = 307. Dong thoi, ta khdi tao mang bp nhau
sau:

bpli] = base’ mod MOD V0 < i < 10°

”"Dynamic Hash” vé&i BIT
Loi gidi st dung xau ky tu dude ddnh s6 tir 1.

Khi dung BIT dé khéi tao diy Hash trén tién t6 ciia xdu s (goi la Hash BIT dé phan biét v6i BIT thong
thuong), thi mang treeli] sé chita ma Hash ctia xau con s;_,()4+18i—p(i)+2 - - - Si- Vi dy, xdu s = "abede™

Ma??

14 ma Hash cia xau con 7a”.

e treel2| 1a ma Hash ctia xau con "ab”.

e treel4| 1a ma Hash ctia xau con "abced”.

ML

e treelb| 1a ma Hash ctia xau con "e”.

]
]
] 14 ma Hash ctia xau con "c¢”.
]
]
Quay lai v6i Hash, trong mot xau s ¢6 do dai n thi ma Hash cua s la:

hash(s) = 1 -base” ! + sy -base” 2+ -+ s, -base” "

Vay, ky tu thtt ¢ trong xau s sé déng gép vao ma Hash mot gia tri s; - base™ *. Do d6 khi thyc hién truy van
thay d6i mot ky tu trong xau s ta thuc hién nhu sau:
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void update(int pos, int wval){
for(int t=0, idx=pos; idx<=n; t+=-idx&idx, idx+=-idx&idx){
tree[idx] = (tree[idx] + (val * bp[t]))%MOD;
}

e val = c— s;. Sau d6 gan s; = c.

e t1a gi4 tri dai dién cho khodng céch tit vi tri pos dén dau mit bén phai ctia xau con ma node idx dang

quan ly.

Tuwong tu, ham tinh ma Hash ctia tién t6 / xdu con clia xau s duge thue hién nhu sau:

int get(int pos){
int res = 0;
for(int t=0, idx=pos; idx; t+=-idx&idx, idx-=-idx&idx){
res = (res + (treel[idx] * Dbp[t])) % MOD;
}
return res;
}

int get(int 1, int r){
return (get(r) + -(get(l - 1) * bp[r - 1 + 1])) % MOD;

e ¢t la gia tri dai dién cho d0 16n xdu ma ma Hash res da tao dudgc.

Loi giai

Dé so sanh 2 xau con a, b ¢6 do dai k vé thit tu tir dién ta sé thuc hién tim do dai tién t6 chung dai nhat cta

2 xau con goi la p. Sau d6 ta s€ xét cac truong hop:
e p=k=a=0.
e alp] < blp] = a < b.

e alp] > blp] = a >b.

Dé tim dugc p ta sé dung tim kiém nhi phan theo dé dai cta tién t6 chung can clia 2 xau a, b cong véi Hash

BIT dé so khép chudi.
Nhu viy, dé phtic tap ctia truy van 1 1a O(logn), dé phtic tap ctia 2 1a O(log? n).

Do phic tap
« D6 phitc tap thoi gian: O(nlogn + glog®n).

o D06 phtic tap bo nhé: O(n).

Cai dat (tham khao)

#include <bits/stdc++.h>
#define endl '\textbackslashn'
using namespace std;x

const int MOD = 998244353;
const int base = 307;
const int MX = 200005;

int n, q;

int bp[MX];

string s;
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3 int add(int a, int b){
return (a += b) + (a >= MOD? -MOD : a<0? MOD : 0);

7/ int mul (long long a, long long b){

return a * b % MOD;
}

struct BIT{
int n;
vector<int> tree;
BIT(int n = 0) : n(n), tree(n + 5, 0) {}

void update(int idx, int val){
for (int t=0; idx<=n; t+=-idx&idx, idx+=-idx&idx){
tree[idx] = add(treel[idx], mul(val, bp[t]));

}
}
int get(int idx){
int res = 0;
for(int t=0; idx; t+=-idx&idx, idx-=-idx&idx){

ot

res add (mul (tree[idx], bpl[t]), res);
}

return res;

int get(int 1, int r){
return add(get(r), -mul(get(l - 1), bplr - 1 + 11));

T3

int32_t main(){
ios_base::sync_with_stdio(false);
cin.tie(0);

bp[0] = 1;
for(int i=1; i<MX; i++) bp[i] = mul(bp[i-1], base);
cin >> n >> q;
cin >> s;
s ="' ' + s;
BIT bit(n);
for(int i=1; i<=n; i++) bit.update(i, s[il);
while (q--){
int oper;
cin >> oper;
if (oper == 1){
int i; char x;
cin >> i >> x;
bit.update(i, x - s[i]);

s[i] = x;
}
if (oper == 2){
int i, j, k;
cin >> i >> j >> k;
int d = 0;
for(int lo=1, hi=k; lo<=hi;){
int mid = (lo + hi)>>1;
if (bit.get(i, i + mid - 1) == bit.get(j, j + mid - 1)) d = mid, lo = mid + 1;
else hi = mid - 1;
}
if(d == k) cout << "=\textbackslashn";
else cout << (s[i + d] < s[j + d]? "<\textbackslashn" : ">\textbackslashn");
}
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