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I. Huéng dan chung

YEN

)

1. Gidm khéo chdm ding theo Huéng dan cham ctia Dt 4n Chicken Minds — T6 chitc The Gifted Battlefield.

2. Néu thi sinh ¢6 cach tra 10i khac dap 4n nhung ding thi gidm khdo van chidm diém theo biéu diém cta

Huéng dan cham thi.

3. Giam khao khéng quy tron diém thanh phan ciia timg cau, diém ciia bai thi.

Il. Dap an va biéu diem

Bai | Y Huéng dan Diém
1 Giai phuong trinh 22 + 124+ 5 = 32 + V22 + 5. 1,5
Phuong trinh da cho tuong duong véi 0,75
Vi 112 —4=3(z—2)+ (\/902—1—5—3)
(x—2)(x+2) C3r—2)+ (r—2)(x+2)
Vit 41244 Vat+5+3
x+2 x+2 )
& (r—2 — -3 =0
( )<\/ac2—|—12—|—4 Vat+5+3
< 5}
T phuong trinh ban dau, vi V22 4+ 12 > Va2 + 5 nén 3z > 5 hay = > 3 Suy Ta 0,75
T+ 2 - T+ 2 N T+ 2 _ T+ 2 _3<0
VeZ + 1244 Va2 +5+3 0 VaZ+12+4 Va? +5+43 ‘
Vay = = 2 la nghiém duy nhat ctia phuong trinh.
2 | a | 2016 c6 phai sé6 tam giac khong? 0,5
Cong thitc téng quat cho s6 tam gidc thit n (n € N*) 1a 0,5
nn+1
f(n):1—|-2+...+n:(2).
Do f(63) = 2016 nén 2016 1 s6 tam gidc.
b | Ton tai hay khéng v6 s6 sé nguyén duong vira la sé tam giac, vira 1a sé6 chinh phuong? | 1,5
Goi S 1a tap céc s6 nguyén duong vita 1a s6 tam gide, vira 1a s6 chinh phuong. Ta sé chiing 1,5
minh tap S c6 vo s6 phan tit bang phan chiing.
Gia st rang tap S c6 hitu han phan tit. Vi S khic rdng (dé thay 1 va 36 cing thudc S)
nén ton tai phan tir 16n nhat thudc S. Goi s6 d6 14 f(a) (dua trén cong thiic & cau trén)
véi a € N*.
Do f(a) 1a sb chinh phuong nén ton tai s6 nguyén duong = thoéa man
1
a(a;):xz@a(a—l—l) =222
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Nhan thiy rang néu ta chon b = 4a(a + 1) > a thi f(b) > f(a) va

al\a al\a fL‘2 CL2 a
f(b):b(b2+1)24( +1)[42( +1)+1] _ 82%(4 2+4 +1)

nén f(b) cling thuoc S, mau thuan do ta da gid sit f(a) 1a phan tit 16n nhét ctia S.

= [22(2a + 1))

Vay tap S c6 vo s6 phan tit, nghia 1a ¢ vo s6 s6 nguyén duong vita 1a s6 tam gidc, via 13
s6 chinh phuong.

3 | a | Héi c6 bao gid trén bang cé 2023 sé6 —1? 0,5

D& thay khi ta chon 1 hang ho#ic 1 c¢ot hai lan thi trang thai ctia cdc 6 nam trén hang hay | 0,5
cot d6 khong ddi = Ta chi can xét tinh chan 18 ciia s6 lan cadc hang va cot bi tdc dong.

Goi:
e ai,as lan lugt 14 s6 cot bi tic dong chan lan va 1é lan,
e by, by Tan luct T s6 hang bi tac dong chin 1an 1a 18 1an.
Khi dé, ta c¢6 a1 + as = 2024 va by + by = 2024.

Ta c6 nhan xét: Mot 6 bi chuyén tit 1 thanh —1 < s6 1an tadc dong hang va cot chita 6 dé
khéc tinh chan 1é. Do trén bang c6 2023 s6 —1 nén

ai1bs + asb; = 2023.

Do a1 = ag (mod 2) va by = by (mod 2) nén a1by = asb; (mod 2), suy ra aiby + azb; =0
(mod 2), vo li. VAay khéng bao git trén bang c6 2023 s6 —1.

b | Héi c6 bao gi® trén bang cé 2022 sé6 —1? 1,5
Gia sit ta c¢6 thé dat duge cAdu hinh duge néu & dé bai. Tuong tu, ta ciing cb hé: 1,5

a1 +ao = 2024

b1 + by = 2024

aiby + asb; = 2022
Khi dé:
20242 — 2022 = ((11 + ag)(bl + bg) — (albg + a2b1)

== a1b1 + a2b2

=aib + (2024 — al)(2024 — bl)

< (a1 + b1)2 " (4048 — a1 — 51)2

- 4 4
Dit = a; + b;. Nhan thiy ring néu a; va by ciing chdn thi as va by cliing déu 14 sé chin,
suy ra a1bs + asby phai chia hét cho 4, vo li vi 2022 khong chia cho 4. VAy a; va by khong
dong thoi chan.

Khéng mat tinh tong quat, gid st a; 16 thi 1 < a; < 2023 va 0 < by < 2024 nén
1 <z <4047. Khi d6, ta cé:

20242 — 2022 < ZZ + (40451_37)2 & %( 2024)% + 2022 — 2024° > 0.
Cht ¥ rang
—2023 < z < 2023 = %(m —2024)? < 20532
& %(:c —2024)% 42022 — 20247 < 20237 + 2022 — 2024° <0,
méau thuan.
Véy khéng bao gid trén bang c6 2022 sb —1.
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4 | a | Chitng minh KD la phan giac BKC. Tir d6 suy ra SK | OK. 0,75

Xét thé hinh nhu hinh vé. 0,75

Xét duong tron (BOC): Do sb do ciia hai cung nhd OB va OC bang nhau nén BKO =
OKC = KD la phén giac trong BKC = g—g = %
Céc tit gise BFEC va AFDC ndi tiép nén SFB = AFE = ACB = BFD = FB la phan
gidc trong cia SF'D. Ta lai ¢c6 FC' L FB nén FC' la phan giadc ngoai cia SFD, suy ra
S5 _SC_SB_DB_KB
DB DC ~SC DC KC’
Vay K S la phéan giac ngoai cua BKC = SK 1 OK.
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b | Dudng thang AM cat cung EF khéng chira D ctia (DEF) tai L. Chitng minh tir giac | 1,25
LOMK nbi tiép.

Goi N la trung diém ctia AC thi ta c6 cac diém D, E, F,L, M, N ddng vién (dudng tron | 0,75
Euler).

Cho AO cit EF tai T thi AO L EF tai T, ma ON L AC nén OTE = ONE = 90° = tit
gidc TENO ndi tiép. Do dé,

AT - AO = AE - AN = AL - AM,
suy ra tit gidc LTOM noi tiép.

Ta lai c6 tit gidc SKOM ndi tiép (S/I_(B — SMO = 90°) nén séu diém L,T,M,0,S,K | 0,5
ciing thude dudng tron dudng kinh OS. Vay tt gide LOM K noi tiép dudng tron dudng
kinh OS.

c | AD cat EF tai J. Chitng minh K, L, J thing hang. 1,0

Goi I 1 trung diém ctia AH thi I 1a tdm ctia (AEF); goi P la giao diém cta IL va EF. 1,0
Xét tam gidc AEF vé6i thé hinh nhu hinh vé.

M

Trudce hét, ta chitng minh t& gidac ILTJ ndi tiép. Vi tit gidc ELIF ndi tiép dudng tron
Fuler nén
PL-PI=PE-PF =PI’ - R} pp) = PI? = [A> & PI” - PI - PL = I A®

& PI(PI — PL) = I A?

& PI-IL =1TA2
suy ra AILA ~ ATAP (c — g - c). Vay TAP = ILA = 90° (IL L IM), tiic 1a PA 1a tiép
tuyén tai A ciia (AEF). Hai tam gidc PAI va PAJ cing vudng tai A va lan lugt c6 cic
duong cao AL, AT nén

PL-PI=PA?>=PT-PJ,

suy ra tit gidc ILTJ noi tiép.
Quay tré lai thé hinh ban dau. Véi chi ¥ rang tit gidc ITOD ndi tiép (AT - AO =
AE - AN = Al - AD), ta c¢6

JLT = JIT = 180° — TOK = TLK,

suy ra K, L, J théng hang.
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5 Cho céc s6 thuc khong am a, b, ¢ va khéng cé 2 sé nao dong thdi bang 0. Ching minh | 1,5

rang
a n /b n cC S, 14 abc
Vb+ec cta \Va+b~ (a+b)(b+c)(c+a)

Ki hiéu
Zf(a,b,C) = f(a?b7c) +f(b7c?a) +f(c?a7b)'

cyc

Nhan hai vé ciia bat dang thitc cho \/(a + b)(b + ¢)(c + a), ta duge
> Va(a+b)(a+c) >2y/(a+b+c)(ab+be+ ca)

cyc

Ta sé chimg minh bat ding thic trén bing céch ching minh

Z\/a(cH—b)(a—l—c) >/ (a+b+c)3+ 9abe > 24/(a + b+ c)(ab+ be + ca).

cyc

Ta c6 0,75

Z\/a(a—l—b)(a+c) > /(a+ b+ c)3+ 9abe

cyc

2
& <Z Va(aﬂ—b)(a—i—c)) > (a+b+c)® + 9abe

cyc

& Y (a+b)y/(ab+ac)(ab+bc) > > abla+ b) + 6abe

cyc cyc
Ap dung bt déng thitc Cauchy-Schwarz, ta cé
V/(ab + ac)(ba + bc) > ab+ cVab

> (a+b)\/(ab+ac)(ab+bc) > > (a+b)(ab+ cvab)

cyc cyc

= abla+b)+ > cla+b)Vab

cyc cyc

ZZab(a—i—b)—i—Zch-m

cyc cyc

= Z ab(a + b) + 6abc

cyc

Vay ta chi can chitng minh 0,75
V(a+b+¢)3+9abe > 24/ (a+ b+ c)(ab+ be + ca).
Bét ding thicc nay tuong duong véi

(a+b+c)3+9ab024(a—i—b—|—c)(ab—|—bc+ca)@Za(a—b)(a—c) >0

cyc

Do bat déng thitc trén 1a bat ddng thitc dbi xing 3 bién nén khong mét tinh téng quét,
gid st a 1a s6 nho nhat trong ba sb a,b, c. Khi do,

D ala—b)(a—c)=ala—b)(a—c)+ (b—c)*(b+c—a) > 0.

cyc

Vay bit déng thitc & dé bai da dugc chimg minh.

Tong diém bai thi | 10,00
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