Monotonic Stack - Monotonic Queue
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Monotonic Stack

Monotonic stack 1a 1 loai CTDL ding dé Iwu trit 1 diy s6 tang/gidm dan , né duge sit dung dé t6i wu nhicu bai
toan lién quan t6i thao tac tim kiém phan tit gan nhat thod man 1 yéu cau gi d6. Trong phan dué6i day , bai viét

sé gidi thiéu qua cach hoat dong ciing nhu cac bai tap van dung co ban ciia CTDL nay.

Bai toan ap dung

Link dé bai :Nearest Smaller Values

Tém tat dé: Cho méng A gom n phan ti&. V6i méi A4;, tim 1 A; sao cho 1 < j <4, A; < A; va j 16n nhat c6 the.


https://cses.fi/problemset/task/1645

B Thuit toan thd thién

V6i mdi A; , ta thay co thé chay them 1 vong lip ngude vé dau mang dé tim kiém gid tri thod yéu cau dé bai.

Code mau:

for (int i = 1; i <= n; ++i) {
bool found 0;
for (int j =i - 1; j > 0 && found == 0; --j) {
if (arr[j] < arr[il) {
cout << j << " "y
found = 1;

}
if (found == 0) {
cout << 0 << " "y

B Thuit toan chuin

Ta c6 thé thiy cach lam trén vo ciing don gidn, dé cai diat nhung lai c6 do phiic tap vé thoi gian 1a O(N?), sé kém
hiéu qua ddi véi nhitng dit lieu N 16n.

D@ giai quyét bai toan nay hiéu qua hon , ta c6 nhan xét sau :

- Goi ans; 1a dap an clia bai toan tai vi tri i , ta thiy tai ¢ bat ki , tat ca gid tri A;j saocho 1 < j <iva A; > A;
sé khong anh hudéng t6i bat ki ans;, ndo véi k > i nita. Hinh minh hoa:

1 4 8 3 2 5

—— T~

Khong bi anh hudng bdi4<5

- Stt dung stack hay bat ki CTDL nao hd trg thao tac Last in First out (LIFO) véi do phiic tap thoi gian O(1),
ta sé lien tuc day cac gia tri vira duyét qua lén trén cing CTDL.

- V6i mdi A;, ta c6 thé xoa hét nhitng gia tri ¢ trén cting ctia CTDL néu ching cé gia tri 16n hon A; hién tai. Vi
tri dau tién trong CTDL c6 gia tri nhé hon A; chinh 14 dap 4n cho bai toan tai vi tri i.

- Vi ta lién tuc xoa di cac gia tri trén cing ciia CTDL va thay thé n6 bang céc gia tri khac 16n/nh6 hon nén
CTDL duy tri duge tinh don diéu , nghia 1a né sé ting/gidm dan tir dusi ddy len trén.

- Vi mdi phan tit trong mang duge day vao va xoa di t6i da 1 1an , ta dat dudc do phiic tap cubi ciing 1a O(N) ,
hiéu qua hon nhiéu so véi cach duyét ban dau.

Code mau :




int n;
stack<pair<int, int>> st;
cin >> n;
for (int 1 =1, a; i <= n; ++i) {
cin >> a;
while (st.size() > 0 && st.top().first >= a) {
st.popQ);
}
if (st.empty() == true) {
cout << 0 << " "
} else {
cout << st.top().second() << " ";

Monotonic Queue va bai toan min/max tinh tién

Bai toan ap dung

Link dé bai: MINK
Toém tat dé: Cho mang A gom n phan t va mot s6 k, v6i mdi ¢ trong khoang [1, n—k+1], hay tinh min(A4;, A;41, Aito, ..., A

M Cich 1am co ban

Ta c6 thé dé& dang lam bai nay véi do phiic tap O(N * K) bing cach xét hét tat ca cdc khoang va tinh min tuong
ing.

Code mau:

int n,k;

int arr[17001];

void solve() {
cin >> n >> k;

1; i <= n; i++) cin>>arr[il;;

for (int i
for (dnt i =1; i <=n -k + 1; i++) {

int mn = INT_MAX;

for (int j = 0; j < k; j++) {

mn = min(mn, arr[i + j1);

}

cout << mn << ’ 7
}

cout << "\n";

B Thuit todn chuin

Tat nhien, ta c6 thé sit dung céc cau tric dit lieu nhu segment tree hay sparse table dé giai bai toan nay trong
do phtc tap O(NlogN)

Nhung, team TGB sé gi6i thiéu cho ban céac gidi bai nay trong do phric tap 1la O(NN) bang cach st dung Monotonic


https://oj.vnoi.info/problem/mink

Queue.
Mic du goi 14 Monotonic Queue nhung né sé duge cai dit bang Deque. Monotonic Queue hoat dong dya trén
nguyén Iy clia k§ thuat cita s6 trugt. Vi thé, né ciing sé c¢6 nhitng ap dung gidng ciia sb trugt. Ré hon, né sé ding

trong cac bai toan 1a min/max tinh tién ho#ic cac bai toan dung hai con tr6é dé tim min/max.

Phan nay sé giai quyét bai toan min tinh tién, bai todn max tinh tién ban doc c6 thé ty suy ra tit phan nay. Gia
stt, ta dang c6 dap an 14 min ctia mot doan [I, 7] thi lam sao dé ta c6 duge dap 4n ctia doan [+ 1,7 + 1]? Néu day
I bai toan tong va ta ding k§ thuat ctia sd trugt thi ta sé trit di A[l] va cong vao A[r + 1]. Nhung vi day 1a ta

tim min va né khong c¢6 tinh giao hoan nén ta khong lam vay dugc.

Néu ta xem Monotonic Queue clia ta lam mot Monotonic Stack thi vige théem vao phan ti Aflr + 1] sé cuc
ky don gian. Ngoai ra, ta ciing c6 thé nhan xét 1a néu ta xem Monotonic Queue clia ta 13 mot Monotonic Stack
thi cac phan ti trong Queue sé tang dan, hay phan ti dau tién clia Queue sé 13 min ciia doan ta xét. Nhung lam
cach nao dé ta loai bé phan tit A[l] khéi Monotonic Queue ciia ta. Day 1a lic ta can sit dung cau tric dit lieu
Deque. Deque cho ta x6a bd va thém phan t vao hai dau clia mot queue, vi thé, néu phan tit dau tién ctia Deque

14 phan t& & vi tri [ thi ta sé x6a n6 di va ta chic chin sé duge dap an ctia cita so [[ + 1,7 + 1].

Dé hiéu 16 hon thi ta hiy xét vi du sau.
n=8 k=4
A=1[1,3,5,7,4,5,9,5]

Liu ¥, trong phan nay thi Deque sé chita vi tri clia cac phan tit chit khong chita gia tri con khi cai dat thi
ngusi doc c6 thé dung kiéu pair dé thuan tien cai dat. Ngoai ra, mang dap an sé goi la ans.

Goi monotonic queue cua ta la q.

Ban dau: ¢ = ||
tuong tng véi | = 0,r = 0.

Khi ta xét doan dau tien 1a l = 1,7 = 4 thi:
q=1[1,2,3,4]

nén dap an cua doan [1,4] sé la A[1] va ans = [1].

Khi ta thém phan tit » = 5 thi ¢ ciia ta sé tré thanh

q=1[1,2,5]
roi néu ta x6a phan tit [ = 1 di thi ¢ clla ta sé tré thanh
q=[2,5]

vi thé, dap 4n ciia doan [2,5] sé 1a A[2] va ans = [1, 3]

Khi ta thém phan tt r = 6 thi ¢ clia ta sé trd thanh
q=1[2,5,6]

roi néu ta x6a phan tit [ = 2 di thi ¢ clia ta sé trd thanh
q = 1[5,6]

vi thé, dap 4n ctia doan [3,6] sé 1a A[5] va ans = [1, 3, 4]

Khi ta thém phan tit » = 7 thi ¢ clia ta sé tré thanh
q=1[5,6,7]



roi néu ta x6a phan tit [ = 3 di thi ¢ clia ta sé trd thanh
q=1[5,6,7]
vi thé, dap &n cta doan [4, 7] sé 1a A[5] va ans = [1, 3,4, 4]

Khi ta théem phan t » = 8 thi ¢ clia ta sé trd thanh

q=1[5,6,8]
roi néu ta x6a phan tit [ = 4 di thi ¢ clla ta sé tré thanh
q=15,6,8]

vi thé, dap 4n ctia doan [5, 8] sé 1a A[5] va ans = [1,3,4,4, 4]
Néu ta check lai thit bang tay thi ta thay dap an ans = [1, 3,4, 4, 4] ding.

Ta thay, v6i mdéi phan t thi né sé dudgc cho vao deque mot lan va bi bd ra nhi¢u nhat 1 lan va viéc cho vo
va b ra mot phan tit trong deque c6 do phiic tap 1a O(1) va ta sé bd vo tat ca 1a N phan ti nén do phic tap
cta thuat toan nay la O(N).
Cai dit cho bai toan MINK:

deque <int> dq;

dg={3};

for (int 1 = 1; i <= N; ++i) {
while (dq.size() && Aldg.back()] >= A[i]) dq.pop_back();
dq.push_back(i);

if (dq.front() + k <= i) dq.pop_front();

if (i >= k) ans[i] = Aldq.front()];

M Nhan xét chung

Monotonic Queue 13 mot ki thuat kha hitu dung trong 1ap trinh thi dau. Du vay, 4p dung ctia n6 kha 13 han hep
va n6 c6 nhuge diém 14 né chi ap dung cho viéc tinh min/max tinh tién va khong c6 cap nhat. Nén khi so véi
segment tree hay sparse table thi né khong thé so sanh bing duge. Dudi day la bang so sanh 4 thuat toan lam

bai nay la vét can, segment tree, sparse table, Monotonic Queue.

Thuat toan Do phic tap | Uu diém Nhuge diém

Vét can O(NK) Code ngén Cham

Segment tree O(NlogN) | Cap nhat duge va | Cai kha dai
khong nhat thiét
13 tinh tién

Sparse table O(Nlog N) | Khong nhat thiét | Khong cap nhat
13 tinh tién va cai | dugc
ngan

Monotonic queue | O(N) Nhanh nhét trong | Bat budc phai la
4 thuat tinh tién va khong

cap nhat dugce




Monotonic Stack vs Monotonic Queue

Monotonic Stack va Monotonic Queue déu duge ding dé lwu trit 1 gia tri max / min ciia 1 ddy s6 . Tuy vay nhung
cach cé hai loai CTDL hoat dong va nhitng bai tap dude huéng dén déu c6 nhitng khéac biet dang ké. Ta c6 bang

so sanh sau :

Montonic Stack Monotonic Queue

Cach thitc cai dat | St dung cac CTDL hoé | St dung ciac CTDL
tr6 thao tédc Last in | dang hang dgi hd tro
First out (LIFO) thao téc them vao / loai

bé cac gia tri ¢ hai dau

Cong dung Giai quyét cac bai toan | Giai quyét cac bai todn
lien quan t6i "tim 1 | tim max / min trén 1

phan tit gan nhat"trén | doan tinh tién ctia 1 day

1 day sb s

Céch luu trit phan | Dudi dang don diéu téng / gidm dan bén trong CTDL
ta

Qua bang so sanh trén, ta thay ca hai ki thuat déu c6 kha nang t6i wu cac bai toan lién quan dén diy s6 khac

nhau, va viéc thanh thao hai ky thuat nay sé gitp ich rat nhiéu trong qua trinh hoc Tin sau nay.

n Bai tap van dung

Luu ¥, bAm vao ma bai dé hién de.

S Monotonic Stack
KPLANK
Discrete Centrifugal Jump
'Syl Monotonic Queue

STOCKS
CLIMBING

NN KPLANK

V6i mdi i tit 1 dén N, néu ta xét hinh vuong c6 canh 1a A[7] thi viéc ta can lam chi 1a tim xem vi tri dau tién bén
phéi va bén trai bé hon A[:] thoi. Gia sit hai vi trf d6 1a I; va r;, khi d6 néu r; — I; — 1 >= A[i] thi ta c6 thé tao
hinh vudng c6 canh la Afi] va ta c6 thé cap nhat dap an tuong tng. Viéc tim I; va r; ¢6 thé dé dang tim bang
cach dung Monotonic Stack. Do phic tap cta thuat toan O(N). Code mau:

#include<bits/stdc++.h>

#define 11 long long

using namespace std;

signed main() {
ios_base::sync_with_stdio(false); cin.tie(0); cout.tie(0);
11 n;


https://oj.vnoi.info/problem/kplank
https://codeforces.com/contest/1407/problem/D
https://tleoj.edu.vn/problem/edu008c
https://oj.vnoi.info/problem/fcc2021_climbing

cin >> n;
11 arr[n];
for (int 1 = 0; i < n; i++) {
cin > arr[il;
}
vector<1l> 1(n), r(n);
stack<1l1l> st;
for (int i = 0; i < n; i++) {
while (!st.empty() && arr[st.top()] >= arr([i]) {
st.popQ);
}
if (st.empty()) {
1[i] = -1;
} else {
1[i] = st.topO);
}
st.push(i);
}
st={};
for (int i =n - 1; i >= 0; i--) {
while (!st.empty() && arr[st.top()] >= arr[i]) {

st.popQ);
}
if (st.empty()) {
r[i] = n;
} else {
r[i] = st.top();
}
st.push(i);
}
st={};
11 ans=0;

for (int i = 0; 1 < n; i++) {

if (r[i] - 1[i] - 1 >= arr[i]) ans = max(ans, arr([i]);
}
cout<<ans;

return 0;

Discrete Centrifugal Jump

Ta sé xem bai nay la mot bai toan do thi. Hién nhién, sé c6 canh tit ¢ dén i + 1.

Goi R;, Li,7;,1; 1an lugt 1a vi tri gan nhat bén phai 16n hon A[i], vi tri gan nhéat bén trai 16n hon A[i], vi tri gan
nhat ben phai nhé hon A[i] va vi tri gan nhat ben trai nhé hon A[i]. Khi do, ta sé ¢6 mot canh ndi mot chiéu tir
L; dén R; va mot canh néi mot chiéu tit [; dén r;. Tai sao diéu nay dung, theo dinh nghia, moi phan t& tit [; + 1
dén i s& 16n hon A[i], moi phan ti tit 4 dén 7; — 1 s& 16n hon A[i] nén sé théa dugce diéu kien 3. Tuong ty véi L,
R; va diéu kien 2. Nhu thé, ta da chuyén bai toan vé tim dudng di ngin nhat tit 1 dén N trén dd thi c6 huéng.
Bai toan nay c6 thé giai bing BFS hoiac Quy hoach dong trén dd thi c6 huéng khong vong lap trong do phiic tap
1a O(N + M). Nhung, ta nhan xét 1a v6i moéi phan tit 4, s& c6 nhiéu nhat 14 3 canh di ra tit né tuong tng véi 3

truong hgp. Néen M < 3 x N va do phic tap ctia ching ta chi & O(NV



Code mau:

#include<bits/stdc++.h>

#define 11 long long

using namespace std;

signed main() {
ios_base::sync_with_stdio(false);
cin.tie(0);

cout.tie(0);

11 n;
cin >> n;
11 arr[n];
for (int i = 0; 1 < n; i++) {
cin >> arrl[il;
}
vector < 11 > L(n), 1(n), R(n), r(n);
stack < 11 > st;
for (int i = 0; 1 < n; i++) {
while (!st.empty() && arr[st.top()] >= arr[i]) {
st.popQ);
}
if (st.empty()) {
1[i] = -1;
} else {
1[i] = st.top();
}
st.push(i);
}
st = {};
for (int 1 = 0; i < n; i++) {
while (!st.empty() && arr[st.top()] <= arr([i]) {
st.pop(Q);
}
if (st.empty()) {
L[i] = -1;
} else {
L[i] = st.top();
}
st.push(i);
}
st = {};
for (int i =n - 1; 1 >= 0; i--) {
while (!'st.empty() && arr[st.top()] >= arr([i]) {

st.popQ);
}
if (st.empty()) {
r[i] = -1;
} else {
r[i] = st.top(Q);
}



st.push(i);
}
st = {};
for (int i =n - 1; 1 >= 0; i--) {
while (!'st.empty() && arr[st.top()] <= arr([i]) {
st.popQ);
}
if (st.empty()) {
R[i] = -1;
} else {
R[i] = st.topQ);
}
st.push(i);
}
st = {};
vector < 11 > adj[n];
for (int i = 0; i < mn - 1; i++) {
adj[i] .push_back(i + 1);

}
for (int i = 0; 1 < n; i++) {
if (R[i] '= -1 && L[i] !'= -1) {
adj[L[i]].push_back(R[i]);
//adj[R[i]] .push_back(L[i]);
}
if (rfi] !'= -1 && 1[i] !'= -1) {
adj[1[i]].push_back(r[il);
//adj[r[i]l] .push_back(1[i]);
}
}

queue < 11 > q;
vector < 11 > check(n, 0), dis(n, 1e18);
q.push(0);
dis[0] = 0;
while (!'q.empty()) {
11 u = q.front();

q.popQ);
if (check[u] == 1) continue;
check[u] = 1;
for (auto i: adjl[ul) {
q.push(i);
dis[i] = min(dis[i], dis[u] + 1);
¥
}
cout << dis.back();
return 0;
}
LG STOCKS

V6i bai nay, néu ta dung cac cau tric dit lieu nhut segment tree hay Sparse table thi chic chin sé khong qua dudc
tat ca cac test do do phiic tap 14 O(NlogN) va N < 3 % 10%. Vi thé, ta phai st dung mot thuat toan O(N). Khi



do, ta sé c6 nhan xét sau: max — min ciia mot doan chi c6 thé tang len khi ta ting hai bién chit khong thé nao
giam di dugc. Li do ciia viec nay kha dé nhin thay. Khi ta ting hai bién ctia mot doan lén, max chi c6 thé tang
va min chi c¢6 thé gidm nén max — min chi c6 thé ting thoi. Vi thé, ta c6 thé sit dung ki thuat hai con tré cho
bai toan nay. Nhung nhu ta da biét dude tit phan Monotonic Queue, k§ thuat hai con tré trén max va min thi ta
c6 thé st dung Deque. Vi thé, ta c6 thuat toan nhu sau:

Ta xét cac r tit 1 dén N 1a bién phai clia doan ta xét. Ta sé duy tri song song mot con trd [ 1a bién trai
ctia doan ta xét sao cho n6 ciing 1a vi tri dau tién ma maz — min ctia doan [I,7] khong qué t. Néu max — min
quéa t, ta sé tang [ lén va thay ddi deque tuong ting (xem phan Monotonic Queue). Sau dé, cap nhat dap &n lai 1a

ans = maz(ans,r — I+ 1).

Code mau:

#include<bits/stdc++.h>

using namespace std;
int main() {
ios_base::sync_with_stdio(false);
cin.tie(0);
cout.tie(0);
int n, t;
cin >> t >> n;
int arr[n + 1];
for (int 1 = 1; i <= n; i++) cin >> arrlil;
deque < pair < int, int >> mn, mx;
int ans = 0;
int p = 0;
for (int i = 1; i <= n; i++) {
while (!mx.empty()) {
if (mx.back().first < arr[i]) {
mx . pop_back() ;
} else {
break;

}
while (!'mn.empty()) {
if (mn.back().first > arr[i]) {
mn . pop_back() ;
} else {

break;

}
mx.push_back({arr[i], i});
mn.push_back({arr[i], i});
while (!mn.empty() && !mx.empty()) {
if (mx.front().first - mn.front().first <= t) {

break;

¥
pt+;

if (mn.front().second <= p) mn.pop_front();



if (mx.front().second <= p) mx.pop_front();
}
ans = max(ans, i - p);
}

cout << amns;

XY cLimBING

NG N 2 2 1N N . 2 . s A 2 ~ NG X + 2 . 2 2
Bai nay co ban chi la tim min,max cta tinh tién ctia doan do dai k roi kiem tra xem max — min c6 qua t hay

khong thoi. Bai nay ta c6 thé lam trong O(N) véi Monotonic Queue.

#include <bits/stdc++.h>

#define 11 long long
using namespace std;

int main() {
ios_base::sync_with_stdio(false);
cin.tie(0);
cout.tie(0);
11 n, k, c;
cin >> n >> k >> c;
11 arr[n];
for (int 1 = 0; i < n; i++) cin >> arr[il;
deque<pair<1ll, 11>> mx, mn;
11 cnt = 0;
for (int i = 0; 1 < k; i++) {
while ('mx.empty()) {
if (mx.back().first < arr[i]) {
mx . pop_back() ;
} else {

break;

}
mx.push_back({arr[i], i});
while (!'mn.empty()) {
if (mn.back().first > arr[i]) {
mn . pop_back() ;
} else {

break;

}
mn.push_back({arr[il, i});

if (mx.front().first - mn.front().first <= c) {
cout << 1 << ntr;

cnt++;



for (int 1 = k; i < n; i++) {
while (!'mx.empty()) {
if (mx.back().first < arr[i]) {
mx . pop_back() ;
} else {
break;

}
mx.push_back({arr([i], i});

while (!'mn.empty()) {
if (mn.back().first > arr[i]) {
mn . pop_back() ;
} else {
break;

}

mn.push_back({arr[i], i});

if (mn.front().second <= i - k) mn.pop_£front();

if (mx.front().second <= i - k) mx.pop_£front();

if (mx.front().first - mn.front().first <= c) {
cout << i - k + 2 << ntr;

cnt++;

}
if (cnt == 0) {
cout << "NONE";
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