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L&i n6i dau

Nhu cau luu trit dit lieu thanh nhém 13 mot nhu cau rat co ban trong lap trinh. Trong C++, Mang
13 mot kicéu bién cho phép luu nhiéu gia tri thanh nhém, duge biéu dién dusi dang 1 day céc 6 nhé lien
tiép nhau.

Bai viét sé gidi thieu cic khai niém co ban xoay quanh mang, cac 1y thuyét can nam va cach cai dat,
st dung méng trong C++.

Mot sé kién thitc tién dé: bién, ham, vong lap for, thu vien bits/stdc+-+.h. Ngoai ra, tac gia
khuyén khich ngudi doc ndm duge khai niém co ban vé con tré (duge trinh bay so luge bén dudi) dé tim

hiéu vé mang mot cach thuan 1gi hon.

Kién thic co ban vé mang

Mang

Mang la mot cau tric dit lieu co ban, bicu dién 1 day h@u han va c6é chiéu dai ¢6 dinh cac phan
t1t cting kiéu dit licu. Mdi phan tit duge truy xuat (bao gdm thao téc doc va ghi) thong qua chi sé ctia né

trong mang.

B Co ban
Dinh nghia - 1y thuyét con tré

— Méang 1a mot day bo nhé lien tiép, do d6, phan tit A; clia mang c6 dia chi trong bo nhé may tinh sau
Ag (la phan tit dau tién clia méang) ¢ don vi. Tt ¥ tudng nay, may tinh chi can biét duge do 16n va dia
chi cia phan ti dau tién trong mang dé quan ly né. Trong C++, khi khai bao méang, ta da cho chuong
trinh do 16n clia mang, con vé sau thi dude quan 1y bang 1 khai niém mdi: con tré.

— Moi dit liéu trong chuong trinh duge quan 1y bang con tré. Xét rieng mang, chuong trinh sé hau lai dia
chi phan tt dau ctia mang v véi mdi truy van dén phan tit A;, dich con tré di ¢ 6 dit licu. Ciing nhu
v6i con tré binh thudng, con tré dén méang ciing cé thé ding dé biét duge diém dau va cudi, VD: ham
sort(a,a + len). Tim hiéu thém: Con tré trong C/C++

Cac loai mang va cach sit dung

— Ta c6 thé khai bao mang v6i moi kiéu dit licu co ban, bao gdm: int, char, string, bool,... CaAc mang nay
déu c6 cac dic tinh v tng dung nhu nhau. Mé rong hon, nhing kicu dit lieu do ngusi dung tu dinh

nghia bang struct hay class déu c6 thé xay dung mang.

//Khat bao mang

int int_array[3];

char char_arrayl[3];
string string_array[3];
bool bool_array[3];

// kieu_du_lieu ten_mang[do_lon];



https://vnoi.info/wiki/languages/cpp/pointers.md

LUU Y: Khi khai bdo méng global - nim bén ngoai cac ham (bao gdm ham main), méng mic dinh c¢6
gia tri 0 v6i moi phan ti.
Truy cap vao mang va gidi han ciia mang

— Trong C++, phan t1t dau tién ctia mang 13 0 va phan tit cudi cling 1a len — 1. len 13 do dai khi khai béo

mang.

// * TRUY CAP MANG KHONG HOP LE

int arr[5];

arr[-1] = 0;
arr[5] = 0;
arr[6] = 0;

Nhap xuat dit ligu

— MB&i phan tit ctia mang arr déu c6 thé thao téc nhu véi mot bién c6 cling kiéu dit lieu.

// * NHAP DU LIEU VAO MANG

int arr(4] = {0, 10, 3, 7%}

arr[0] = 256; // arr
// bang vong lap

for (int 1 = 0; i <= 3; i++)

{256, 10, 3, 7}

arr[i] = i; // arr = {0, 1, 2, 3}
// * XUAT MANG
cout << "in mang arr: ";
cout << arr[0] << ' ';
cout << arr[1] << ' ';
cout << arr[2] << ' ';
cout << arr[3] << '\n';
// bang vong lap
cout << "in mang arr bang for: ";
for (int i = 0; i < 4; i++)

cout << arr[i] << ' ';

cout << '\n';

Output:

mang arr: 0 1 2 3

mang arr bang for: 0 1 2 3

B Nang cao
Sap xép tiang, giam dan mang

— Thu vién mac dinh ctia C++ cho ngudi dilng ham sort dé sap xép theo 1 thi tu nhat dinh:



int arr = {0, 1, 100, 13};

// arr = {0, 1, 100, 13}
sort(arr, arr + 3);
// arr = {0, 1, 13, 100}
// thi ty mdc dinh cda ham std::sort la tdng dan
cout << "in mang arr tang dan: ";
for (int 1 = 0; i < 4; i++)

cout << arr[i] << ' ';

cout << '\n';

// Sdp zép gidm dan

// arr = {0, 1, 13, 100}

sort(arr, arr + 3, greater<int>());
// arr = {100, 13, 1, 0}

cout << "in mang arr giam dan: ";
for (int 1 = 0; i < 4; i++)

cout << arr[i] << ' ';

Output:

mang arr tang dan: O 1 13 100

mang arr giam dan: 100 13 1 O

Mang da chiéu

— Néu coi chinh mang 13 mot cau tric dit lieu, thi cach khai bao, truy cap, va thay doéi mang da chiéu

ciing tuong tir nhu v6i mang 1 chiéu.

// * KHAT BAO MANG DA CHIEU
// kieu_du_lieu ten_mang[kich_co_1][kich_co_2]...[kich_co_NJ;
// VD vdi mdng 2 chiéu:

int arr2d[3] [4];
// * NHAP GIA TRI
for(int 1 = 0; i < 3; i++)
for(int j = 0; j < 4; j++)
cin >> arr2d[i] [j];

// * TRUY CAP MANG DA CHIEU
cout << "in mang arr2d: \n";
for(int i = 0; i < 3; i++){
for(int j = 0; j < 4; j+H){
cout << arr2d[il[j] << ' ';
}

cout << '\n';




// thay aci gtd tri tai vi trt (0, 0)
arr2d[0] [0] = 100;
cout << "in mang arr2d thay doi: \n";
for (int i = 0; 1 < 3; i++) {
for (int j = 0; j < 4; j++) {
cout << arr2d[i][j] << ' ';
¥

cout << '\mn';

Output:

In mang arr2d:

0123

4567

8 9 10 11

In mang arr2d thay doi:
100 1 2 3

4567

8 9 10 11

Cac cach khai bao mang hing

— Ngoai 1ay input tit ngudi diing bang cin, ta con c6 cac cach khai bdo cho mang hing nhu sau:

// * CAC CACH KHAI BAO MANG 1D

int arr[4] = { 5, 8, 2, 7 }; // arr = {5, 8, 2, 7}
char arri[4] = { 'a', 'c' }; // arrl = {'a', 'c', char(0), char(0)}
bool arr2[4] = { }; // arr2 = {false, false, false, falsel}

string arrg[] { qu, "love", "yOll", |I<3ll }; // 0,7’7’3 = { HIH, IILO,UeII, ”yO'U,", II<3II }
int arr4[4]; // arr4 = {random, random, random, random}

// random ld gid tri chudng trinh gdn ngdu nhién cho mdng

// * KHAI BAO MANG DA CHIEU

int arr2d[3][4] = {0,1,2,3,4,5,6,7,8,9,10,11};
// hodc

int arr2d[3][4] = {

{0, 1, 2, 3},

{4, 5, 6, 7},

{8, 9, 10, 11}

};

Mang dong (vector)

Viéc st dung méang can phai c6 kich thuée nhat dinh dé ciu tao, diéu d6 c6 thé tao nén mot sd bat

loi khi lap trinh. Qua d6, cau tric dit lieu mang dong ra doi va vector 1a 1 dang mang dong.



Diéu khac biét 6 vector so v6i mang thong thuong la cich hoat dong ciia sd luong phan tit clia mang.
Ta khong can mot kich thude nhat dinh cho trude, ma ta c6 thé thém vao ting phan t& mot ¢ phia sau
clia vector, mang nay sé dudce kéo dai ra dé phit hgp véi sé lugng phan tit ngudi diing thém vao. Diéu
nay c6 vé tién 1oi, nhung vector va cac cau tric dit lieu mang dong néi chung luon c6 hugng thoi gian xit

Iy lau hon mot mang c¢d dinh mic dit khong dang ké.

B Co ban
Khai bio va kiéu dw liéu vector

— Trong vector, ta c6 thé tity chinh céc kiéu dit liéu co ban nhu int, char, double,... Va diéu chinh do dai

ban dau hay cac phan tit ban dau clia mang bang thao tac sau:

vector<int> int_vector;
vector<bool> bool_vector;
vector<char> char_vector;
vector<int> sized_vector(5);

vector<int> modified_vector = {3, 5, 2, 6};

// wvector<kieu_du_lieu> ten_wvector;

Nhap va x6a di liéu trong vector

— Vi vector la mot mang dong, nén viéc nhap thém phan tit cho mang sé dude méc dinh & dua vé sau
cling ciia vector trudce khi nhap, déi véi vector chua c6 phan ti ndo, phan tit dude nhap vao sé 1a

phan dau tién clia n6. Xoéa dit lieu & vector ciing vay, ham co ban sé x6a phan t1t cudi ciing ciia né:

vector<int> newVector;

newVector.push_back(3); // newVector = {3}
newVector.push_back(5); // newlVector = {3, 5}

{3}
{}

newVector.pop_back(); // newVector

newVector.pop_back(); // newVector

// ten_vector.push_back(gia_tri);
// ten_vector.pop_back();

Truy cap phan t& ctia vector

— Truy cap phan tit 1a muc dich chinh cho mot vector ton tai, chiing ta tao ra vector dé chia dit lieu
va truy cap vao nhiing dir lieu doé lic sau. Co hai cach truy cap dit liéu ctia vector, mot cach st dung
ki hiéu v cach con lai ding ham. Tuy nhién, viéc truy cap phan tit ¢6 vi tri 16n hon kich thuéec cta
vector hodc bé hon 0 (1 vi tri phan tit dau tién) sé luon tra vé gia tri rdng clia kiéu dit lidu cau tao, va
v6i dieu kien 1d mang d6 phai duge gan it nhat mot phan ti truée néu khong sé tra ve 16i va lam cho

chuong trinh ngung hoat dong hoan toan.



vector<int> int_vector = {3};

vector<char> char_vector = {'a', 'b'};

cout << "Hai cach truy cap du lieu cua vector la: ";

cout << int_vector[0] << ' ' << int_vector.at(0) << '\n';

cout << "Truy cap du lieu o vector char: ";

cout << char_vector[0] << ' ' << char_vector.at(l) << '\n';

cout << "Du lieu ngoai kich thuoc cua vector loai int: ";
cout << int_vector[-1] << '\n';

cout << "Du lieu ngoai kich thuoc cua vector loai char: ";
cout << char_vector[-1] << '\n';

// * DOAN CODE DUGT pAY BIEU DIEN MOT LOT CHUONG TRINH, DUJC DUA RA DE TRANH LOT NAY.
/*

vector<int> empty_vector;

cout << empty_vector[-1];

*/

/* Chuong trinh sau khi nhdp nhing doan code trén (khong phdi comment) sé hodn todn
khong thé chay.*/

// ten_vector[vi_tri];
// ten_vector.at(vi_tri)

Output:

Hai cach truy cap du lieu cua vector la: 3 3
Truy cap du lieu o vector char: a b
Du lieu ngoai kich thuoc cua vector loai int: O

Du lieu ngoai kich thuoc cua vector loai char:

Kich thuéc ctia vector va lam réng vector

— O da sb truong hop st dung vector, ching ta sé can biét vé s6 luong phan ti chita trong d6, kich thude
clia vector ciing thay doi theo s6 lugng phan tit duge nhap vao hay xda di. Lam réng vector ciing la
mot trong nhitng kién thitc co ban khi st dung, viéc lam réng duong nhu khong duge sit dung nhiéu,
nhung ta c6 thé tan dung né dé ding lai vector da dudc khai bdo nhu mot vector mdi, diéu nay gitp
tiét kiem dit lieu cho chuong trinh.

vector<int> newVector = {1, 2, 3, 4, 53};

cout << newVector.size() << '\n';

// newVector.size() sé trd ve 5

newVector.clear();
// newVector = {};




cout << newVector.size();

// newVector.size() sé trd vé 0

// ten_vector.size();

// ten_vector.clear();

— Output:

B M6t s6 ham cd ban & vector

— Nhap gi4 tri phan ti:

Ham

Cong dung

push_back()

Tao phan tit d sau cling ciia vector va nhap vao gia tri dude dua vao &

do

pop_back() Loai b6 phan ti cudi cling clia vector
assign() Thay thé vector cii thanh mot vector mdi véi s6 lugng gia tri da cho
insert() Nhap vao gié tri cho phan ti ¢ vi trf duge cho va day cac phan tit khac

Tra sau

— Truy cap gia tri phan ti:

Ham Cong dung

operator [ ] Truy cap vao phan ti tai vi tri duge cho ciia vector "operator"
at() Truy cap vao phan ti tai vi tri duge cho ciia vector

front() Dua ra gid tri phan tit dau tién ciia vector

back() Dua ra gia tri phan tif cudi ciing clia vector

— Thay doi cac phan tit clia vector:




Ham Cong dung

erase() X6a mot phan tit ¢ vi trf nhat dinh hodc x6a mot khoang cac phan tit
dugce chi dinh trong vector

empty|() Kiém tra néu c6 phan tit trong vector, tra vé kieu dit lieu bool

size() Tra vé s6 luong phan t1t hién tai clia vector

clear() Xoa tat ca dit lieu ctia vector

— Vong lap trong vector:

Ham Cong dung

begin() Tra vé con trdé cho cic phan tit clia vector cho vong liap chay tit dau dén
cudbi

end() Tra vé con tré cho cac phan tit cia vector cho vong lip chay tit cudi len
dau

rbegin() Tra vé con trdé cho cdc phan tit clia vector cho vong lap chay ngudgc ti
cudi len dau

rend() Tra vé con trdé cho cidc phan tit clia vector cho vong lap chay ngudc ti
dau dén cudi

Vi du st dung ham vector

int main(){

using namespace std;

for (int i = 1;
exVector.push_back(i); // ezVector = {727, 1, 2, 3, 4}
// Mot vi du nhdp d@ liéu cho wvector trong wvong ldp

cout << "Phan tu dau va cuoi co gia tri:

<< exVector.front() << ' ' << exVector.back();

#include <bits/stdc++.h>

vector<int> exVector; // Tao wector tén exVector wdi cdc phin td cé gid tri int

exVector.push_back(727); // exVector = {727}

i <= 4; i++)

exVector.pop_back(); // exVector = {727, 1, 2, 3}
exVector.assign(3, 15); // ezVector = {15, 15, 15}

exVector.insert(exVector.begin(), 5); // ezVector = {5, 15, 15, 15}

// In ra phan té¢ dau va cudi cda exVector & stdout




exVector.erase(exVector.begin()); // exVector = {15, 15, 15}

// In ra gid tri phan td thd 1 trong wvector
cout << "\nPhan tu thu 1 co gia tri: "

<< exVector[1] << ' ' << exVector.at(1);
cout << "\nSo luong phan tu cua exVector: "

<< exVector.size();

cout << "\nKiem tra exVector rong: "

<< exVector.empty() ;

// Xéa hét di liéu cla exzVector
exVector.clear(Q);
cout << "\nKiem tra exVector rong: "

<< exVector.empty();
cout << "\nl la vector rong O la vector chua gia tri";

for (int 1 = 1; i <= 5; i++)

exVector.push_back(i);

cout << "\nCac vong lap qua vector: ";
cout << "\nVong lap thuong: ";
for (auto i = exVector.begin(); i !'= exVector.end(); i++)
cout << xi << ' '
cout << "\nVong lap nguoc: ";
for (auto ir = exVector.rbegin(); ir != exVector.rend(); ir++)

cout << *ir << ' '

— Output:

Phan tu dau va cuoi co gia tri: 5 15
Phan tu thu 1 co gia tri: 15 15

So luong phan tu cua exVector: 3

Kiem tra exVector rong: O

Kiem tra exVector rong: 1

1 la vector rong O la vector chua gia tri
Cac vong lap qua vector:

Vong lap thuong: 1 2 3 4 5

Vong lap nguoc: 54 3 2 1

B Nang cao
Cac cau tric di liéu trén vector

— Kiéu dit litu ctia vector khong chi giéi han & nhing dit lieu co ban, ma ta con c6 thé sit dung cac cau



trac dit lieu khac c6 sin hodic tham chi chinh minh tao ra dé tao nén mot mang dong ctia cau tric dit
lieu d6. Vi du nhu mang da chicu dong, mang cap dong,... Cac thao tac trén mang dong moéi loai cau
tric dit lieu 1a khac nhau, nén code & duéi chi 1a cach khai bao cau tric dit lieu dong do, chi tiét sé tiy

thudc vao cau trac dit lieu duge ding.

vector<vector<int>> new2D_vector;
vector<vector<vector<int>>> new3D_vector;
vector<pair<int,int>> pair_vector;

vector<set> set_vector;

Sap xép vector
— Sap xép vector la mot trong nhitng thao tac dudc 4p dung nhiéu nhat trong cac bai toan. Sip xép
vector khac mot mang c6 dinh vi vector 1a mang dong, sau day la cach sap xép tang dan va giam dan

mot vector st dung ham std :: sort:

vector<int> sorting_vector = {5, 3, 6, 2, 4, 1};

cout << "Truoc khi sap xep: ";

for (auto i = sorting_vector.begin(); i != sorting_vector.end(); i++)
cout << *i << ' '

cout << '\n';

sort(sorting_vector.begin(), sorting_vector.end());

cout << "Sau khi sap xep tang dan: ";

for (auto i = sorting_vector.begin(); i != sorting_vector.end(); i++)
cout << *i << ' '

cout << '\n';

sort(sorting_vector.begin(), sorting_vector.end(), greater<int>());
cout << "Sau khi sap xep giam dan: ";
for (auto i = sorting_vector.begin(); i != sorting vector.end(); i++)

cout << *i << ' '

)

— Output:

Truoc khi sap xep: 5636 2 4 1
Sau khi sap xep tang dan: 1 2 3 4 5 6
Sau khi sap xep giam dan: 6 54 3 2 1

Nhirng &'ng dung co ban ciia mang

Mang dém (Mang thong ké)

Mang dém (hosic mang théng ké) 1a mot mang duge tao ra dé thong ke tan sé xuat hién ciia cac phan tit

trong mot mang. Nghe c¢6 vé don gidan nhung mang dém thuong dude st dung nhu mot bai toan con trong



mot bai lap trinh 16n.

Ta phét biéu bai toan sau:

Cho méng a v6i do dai n (1 < n < 10°) chita cac phan 1 a1, ag, a3, -+ ,a, (0 < a; < 10%4 < n).

Hay cho biét s6 loai phan tit trong mang va tan suat xuat hién ctia phan tit do.

Cai dat mang danh diu:

— Ta tao mot mang cnt c6 10° + 1 phan tit, mdi phan ti c6 gia tri ban dau 1a 0 (gia tri ent[i] c6 ¥ nghia
1a s6 1an xuat hién ctia 7), sau d6 doc ting gid tri clia mang duge cho vao va tang 1 gia tri tai vi tri ctia
phan tit d6. Sau khi ddnh dau tat ca gia tri, ta in ra nhiing gia tri tan suat 16n hon 0 14 nhing gia tri
ton tai 6 dau vao.

— Code:

void solve(){
int n;
cin >> n;
int cnt[100001]; // Khdi tao mdng ddnh dau
int max = O;
for (int i = 0; i < n; i++){
int a;
cin >> a;
if (a > max) max = a;

cntlal++; // Tang tan suat cho loat gid tri a;

for (int i = 0; i <= max; i++)
if (entl[i]l > 0) // Chi zét cdc phan td cé zudt hién trong mdng al]
cout << "Phan tu " << i << " xuat hien " << cnt[i] << " lan\n";

— Do phiic tap : O(n + maz(a;)).

Mang tién td, mang hau tb

Mang tién t6 va mang hau t6 1a cdc mang st dung nhitng gia tri mang da duge tinh trude dé dé tinh

phan tit dang xét hién tai thudoc mang.

B Mang tién t6

Vi duy, ta dang tinh ham f 14 phép bién ddi tit méng a thong qua phép o (phép o c6 thé 1a max, min, ...).

fo = c (c 1a hing s6)
fi= fici0a;(1 > 0)



Cho méang a gom n s6 nguyén (n < 10°) duge danh s6 tit 0,1, ...n — 1. Cho ¢ truy van, méi truy van

12 1 s6 nguyen khong am id. Yeu cau véi mdi truy van, xuat ra phan ti

cua mang a.

16n nhat trong doan (0, id)

— Ta c6 thé ap dung dinh nghia ham f & trén dé tim két qua ctia bai toan. Lic nay f; 1a phan tit 16n nhét

tur 0 t6i e.

Jo=ao
fi = maa:(fi_l, CLZ)(Z > O)

// Ham tgo mdng f
void build() {
int f[n] = {0}; // Mdng f gom n phan ti mang gid tri O
£[0] = al0];
for (int i 1; 1 < n; ++i) {
f[i] = max (f[i - 1], alil);

}

void read() {
// Goi ham tgo mdng f
build();

>> n >> q;

(int i = 0; i < n; ++i) {

cin
for

cin >> alil;

}

for (int j = 1; j <= q; ++j) {
cin >> id;
cout << f[id] << '\n';

}

— Ta ciing c¢6 thé ap dung cong thic trén ca véi cac bai tim min, ged, lem, ...

B Mang hiu tb

Mang hau t6 14 dang cau tric mang c6 ¥ tudng tuong tu mang tien to

. Vi dy, ta dang tinh ham f la

phép bién ddi tit mang a thong qua phép o (phép o c6 thé 1a max, min, ...).

fn—1 = c (c 1a hang s0)
fi=fiz1oai(i <n—1)

Cho méang a gom n s6 nguyéen (n < 10°) duge danh s6 0,1, ...,n — 1. Cho ¢ truy van, mdi truy van la

1 s6 nguyen khong am id. Yeu cau véi mdi truy van, xuat ra phan tit bé nhat trong doan (id,n — 1)

clua mang a.




— Ta c6 thé ap dung dinh nghia ham f & trén dé tim két qua ctia bai toan. Lic nay f; 1a phan t& bé nhat
tu g téin — 1.

.fn—l = An-1
fi = min(fiz1,a;) (i >0)

// Ham tgo mdang f
void build() {
int f[n] = {0}; // Mdng f gom n phan td mang gid tri O
fln - 1] = aln - 1];
for (dnt i =n - 2; i >= 0; —-1) {
fli] = min (f[1i + 1], alil);

}
void read() {
// Goi ham tao mdng f
build();
cin >> n >> q;
for (int 1 = 0; i < n; ++i) {
cin >> alil;
}
for (int j = 1; j <= q; ++j) {
cin >> id;
cout << f[id] << '\n';

— Ta ciing ¢6 thé ap dung cong thic trén ca v6i cac bai tim maz, ged, lem, ...

Mang cong don 1 chiéu

Méng cong don (hay con goi la Prefix sum) 1a mot dang ciu tric mang duge ting dung rat nhiéu

trong cac bai tap lap trinh. Mang cong don ciing 14 mot dang mang tién to.

B Y tudng

— Gia su, ta c6 bai toan:

Cho mang a gom n s6 nguyén duong (n < 10°). Cho ¢ truy van (¢ < 10°%), mdi truy van gom 2 s6

nguyéen duong (I < r < n). Véi mdi truy van, tra vé két qua ctia a; + ajq, -, a,.

Cai dat ngay tho:
+ V6i mdi truy van, ta duyét qua tat ca cac phan ti trong ay, - - - ,a, va cong vao bién ans 1a két qua
clia truy van.

+ Code:



long long getSum(int 1, int r) {
long long ans = O;
// Duyét qua cdc phan té¢ t@ all] -> alr]
for (int 1 = 1; i <= r; ++i) {
ans += alil;
}

return ans;

void solve() {

cin >> n >> q;

for (int 1 = 1; i <= n; ++i) {
cin >> alil;

¥

for (int j = 1; j <= q; ++j) {
cin >> 1 >> r;
cout << getSum(l, r) << '\n';

+ Do phiic tap: O(g x n).
+ Cach cai dit nay chi duge ding dé giai bai toan véi n v ¢ nhd.

St dung mang cong don:

+ Ta goi mang s 1a mang cong don clia mang a. Goi s; 13 két qua ctia a; +ag + - - -

+ Dé dang thay két qua ctia 1 truy van (I,7) 1a s, — s;_1.
Chitng minh:
Sp—si1 = (a1 + - +a) = (a1 + -+ a)

sr—sic1=(a1—a)+- -+ (@ —aa)+a+--+a

Suy ra:
Sp—Si—1=a;+ -+ a

+ Code:

// Ham cai ddt mdng céng don
void buildPrefixSum() {
for (dnt i = 1; i <= n; ++i) {
s[i] = s[i - 1] + alil;

long long getSum(int 1, int r) {
long long ans = s[r] - s[l1 - 1];

return ans;

void solve() {




cin >> n >> q;
for (int 1 = 1; i <= n; ++i) {

cin >> alil;

// Goi trudc ham cai ddt mdng céng don
buildPrefixSum() ;

for (int j = 1; j <= q; ++j) {
int 1, r;
cin >> 1 >> r;

cout << getSum(l, r) << '\n';

+ Do phic tap: O(n + q).
Mang cong don 2 chiéu

B Y tudng

— Ta ¢6 bai toan sau:

Cho 1 bang gom n dong va m cot (n,m < 1000). Cho ¢ truy van (¢ < 10°), mdi truy van gom
4 $6 nguyen duong (zy1,y1, T2, y2) (T1, 12 < n; y1,y2 < m). V6i mdi truy van, tra ve két qua clia
tong clia tat ca cAc phan ti trong hinh chit nhat c6 géc trai trén 1a 6 (21, ;) vA goc phai dudi 1

0 (g, y2).

Cai dat ngay tho:

+ V6i moéi truy van, ta duyét qua tat cd phan tit thuoc hinh chit nhat ¢6 goc tréi trén 1a (z1,4;) va goc
phéi duéi (za,ys).

+ Code:

long long getSum(int x1, int y1, int x2, int y2){
long long ans = O;
for (int i = x1; i <= x2; ++i){
for (int j = y1; j <= y2; ++j){

ans += al[i][j];

3

return ans;

+ Do phiic tap: O(q x n x m).



+ D& dang nhan thay, cach giai trén sé rat ton thoi gian va khong hieu qua. T day, ta ¢ thé 4p dung
Mang cong don 2 chiéu dé giai bai toan.

Mang cong don 2 chiéu

+ Ta goi mang 2 chiéu s c6 gia tri 6 s(7,5) 1a tong ctia cac gia tri clia hinh chit nhat c6 goc trai trén 13
(1,1) va goc phai dudi 1a (7, j).

+ Tit day, ta c6 thé dé dang nhan ra dé tinh dugc hinh chit nhat c6 goc trai tren 1a (z1,y;) va goc phai
dudi (xg,y2). Khi ¢6 dap &n ctia hinh chi nhat goc trai trén la (1,1) va goc phai dudi 1a (xq,ys), ta
can gidam di phan bi du la s(x; — 1, y2) va s(z2,y; — 1).

+ Dudi day la hinh vé minh hoa cho vi du ¢6 (x1, y1, 22, y2) = (3,3,4,5):

Hinh 1. Loai bd 2 hinh chif nhat cé géc phai trén 13 (1, 1) va géc phai dudi 13n lugt 13 (2, 5) va (4, 2)

+ Tuy nhién, ta nhan thay, hinh cht nhat c6 géc phai duéi (2,2) bi trir 2 lan. Vi vay ta can them tiép

gia tri cta s(2,2) vao dép an.

Hinh 2. Thém hinh chit nhit cé gbc phai trén la (1, 1) va gbc phai dudi (2, 2)



+ Nhu vay cong thitc tong quat dé tinh gia tri hinh chi nhat c6 goc trai tren 1a (21, y1) va (22, y2):

ans(z1,y1, To, ya) = s(T2,y2) — (w1 — L, y2) — s(w2,41 — 1) + s(w1 — L,y1 — 1)
Cach cai dat
+ Y tudng dé xay dung mang cong don 2 chiéu ciing tuong tu véi cach tu duy clia cong thice tren.
+ Ta c6 thé d& dang nhan thay dugce dé tinh dugce hinh chit nhat c6 goc trai trén 1a (1,1) va goc trai
duéi 1a (i, 7). Ta can lay gia tri a(i, ) cong véi cac gia tri ¢ phan hinh chit nhat c6 goc trai dudi
(¢ — 1,7) va hinh ¢6 géc trai dudi la (i,5 — 1).
+ Dudi day 1a minh hoa cho vi du can tinh gia tri 6 s(4,5).
1 2 3 4 5 6

Hinh 3. Thém gia tri s(4, 4) va s(3, 5)
+ Ta lai nhan thay hinh chi nhat c6 goc trai dudi (i — 1,5 — 1) duge cong vao s(i,j) 2 lan. Vi vay, ta
can trit b6t gia tri cia s(i — 1,5 — 1) dé c6 duge dap an ctia s(i, 7).
1 2 3 4 5 6

Hinh 4. Trir gia tri s(3, 4)

+ Nhu vay dé giai dugc bai toan trén hiéu qua, ta cé thé giai nhu sau:



// Ham cai ddt mdng céng don 2 chiéu
void buildPrefixSum(){
for (int 1 = 1; i <= n; ++i){
for (int j = 1; j <=m; ++j){
s[il[j] = s[i - 11[j]1 + s[i1[j - 11 - sli - 11[j - 11 + alil[j];

long long getSum(int x1, int y1, int x2, int y2){
long long ans = s[x2][y2] - s[x1 - 1]1[y2] - s[x2] [yl - 1] + slx1l - 1]1[y1 - 1];

return ans;

void solve(){
// Goi trudc ham cat dat mdng cong don 2 chiéu
buildPrefixSum() ;
cin >> n >> m >> q;
for (int i = 1; 1 <= n; ++i){
for (int j = 1; j <= m; ++3j){
cin >> alil[j];

}
for (int j = 1; j <= q; ++j){
int x1, yi1, x2, y2;
cin >> x1 >> y1 >> x2 >> y2;
cout << getSum(xl, yi, x2, y2a) << '\n';

+ Do phic tap: O(n x m + q).

Mang hiéu

Méang hiéu la mot trong nhitng ki thuat co ban dé gidi cac bai tap vé mang. Mang hicu thid vi do c¢6
lien hée hitu dung v6i mang cong don cling nhu kha ning xit 1 truy van thay doi gia tri trén nhimg doan

con ma mang cong don khong lam dugc.

B Dinh nghia

Méng hi¢u ciia mang A trong tiéng anh la Difference Array - ki hi¢u 1a D(A), 1a méng duge khdi tao
theo quy téCZ Dz = Ai+1 — Az

// Tao mdng D t®& mdng A cho trudc
// Mdng A ddnh sé t&t 1 dé cé D[0] = A[1] - 0;
for (int 1 = 0; i <= n - 1; i++)

D[i] = A[i + 1] - A[i];




B Tinh chit

Tit D(A) c6 thé bién ddi trd lai thanh mang A bang cach 1y mdng cong don ctia D(A). Dé thay:
Do+ Di+ ...+ D;=A1 4+ (Ay— A+ ... + (A1 — 4A) = A;
Diéu nguge lai ciing ding: Dé nhan lai A ta lay mdng hiéu clia mdng cong don ciia A.

B Ung dung

— Ta ¢6 bai toan nhu sau:

Cho mang a gom n s6 nguyén duong (n < 10°%). Cho ¢ truy van (¢ < 10°), mdi truy van gom 3 sb
nguyéen duong [, 7, k (I <7 < n; k < 10°). V6i méi truy van, them k vao cac phan ti a;, a1, ..., a,.

Hay xuat ra mang a sau ¢ truy van.

Y tuéng ngay tho
— MBQi truy van ta di qua r — [ + 1 phan tit cia mang va lan luot cong k. Khi xit 1f hét ¢ truy van chi can
in ra mang a.

— Code:

for(int i = 1; i <= q; i++){
cin >> 1 >> r >> k;

for(j =1 ; j <=r; j++)
aljl += k;

// in mdng sau zd 1%
for(int 1 = 1; i <= n; i++){

cout << ali] << ' ';

— Do phic tap: O(g x n).

Cai dat mang hiéu

— Xét truy van ¢; véi (I, 7, k;). Nhan thay véi 2 phan tit lien ké nhau ma I; < a;, a;41 < r; thi truy van
sé khong anh hudng dén D; = a1 — a;.

— Vi thé ta chi can thay ddi gia tri D;,_; vi D,, v6i mdi truy van ¢; 16i theo tinh chat dau tien ctia mdng
hiéu ma nhan lai méang A da thay doi.

— Code:

for(int i = 1; i <= q; i++H){
cin >> 1 >> r >> k;
D[1-1] += k;



D[r] += k;

for(int i = 1; i <= n; i++){
A[i] = A[i-1] + D[i-1]1;

- Do phiic tap: O(n + q).

N B:i w3
1. Mang théng ké
a. CSES - Missing Number
b. SUMK - Bai 3 TS10 PTNK 2023
2. Mang cong don 1 chiéu
a. CSES - Subarray Sum II
b. Codeforces - Good Subarrays
3. Mang cong don 2 chiéu
a. CSES - Forest Queries
b. VNOJ - Maxcub

4. Mang hiéu
a. Codeforces - Karen And Coffee (Két hop mang cong don)
b. Codeforces - Encrypting Messages

B ham khao

1. Mang cong don va méang hiéu - VNOI


https://cses.fi/problemset/result/4487007/
https://tleoj.edu.vn/problem/edu014c?fbclid=IwAR06r8NlUM8XHs5NKuMjE-t36K09hKwgLDoQ2Fg6XkNH2J-q0hFLkE-o-QQ
https://cses.fi/problemset/task/1661
https://codeforces.com/contest/1398/problem/C
https://cses.fi/problemset/task/1652
https://oj.vnoi.info/problem/maxcub
https://codeforces.com/contest/816/problem/B
https://codeforces.com/contest/177/problem/D2
https://vnoi.info/wiki/algo/data-structures/prefix-sum-and-difference-array.md#m%E1%BA%A3ng-c%E1%BB%99ng-d%E1%BB%93n-prefix-sum
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