DU AN THE GIFTED BATTLEFIELD
BAN CHUYEN MON TOAN HOC

DOT 3 - NAM HOC 2023 - 2024

HUGNG DAN CHAM THI Mbn thi: TOAN (chuyén)

Dé thi thir dgt 3 Ngay thi: 29/04/2023
Thai gian lam bai: 150 phat (khéng ké thai gian phat
Hudéng dan chdm thi gdm 04 trang

I. Huéng dan chung

1. Giam khao chdm dung theo Hudng dan cham ctia Du dn The Gifted Battlefield.

KI THI THU TUYEN SINH LGP 10 THPT CHUYEN

)

2. Néu thi sinh ¢6 c4ch tra 16i khdc dép 4n nhung ding thi gidm khdo van chdm diém theo biéu diém ctia
Hudng dan cham thi.

3. Giam khéao khong quy tron diém thanh phan cta timng cau, diém cta bai thi.

Il. Dap an va biéu diém

Bai | Y Huéng dan Diém
2 1 1 1
1 Tinh gia tri caa biéu thac — 4+ — + —. 1,5
r Yy =z
Do 223 = 3y3 = 4y® nén x, y, 2 cing dau. Lai c6 zyz > 0 nén x,y, 2 1a cac s6 thuc duong. | 0,5
. 1 1 1
Dat 2% = 3y = 4% =t > 0 thi /222 + 32 + 422 = “\*/t ( + +).
x Yy oz
Ta cling c6 V/2z = V/3y = V42 = /t, suy ra 1,0
1 1 1Y .
V222 +3y% + 422 = 2+ V12 + V16 = VA(V2 + V3 + V4) = \3/?1<++> Vt.
x oy oz
1 1 1 1 1 1Y\. 1 1 1 1
Véyi’/t(—l—%—) :\3/1<++> Vt=—+-+-=-.
x Yy z T Yy =z x Yy z 2
r+y K
2 Tim tét ca cdc nghiém nguyén ctia phuong trinh 22 + zy + y? = <3 + 1) . 2,0
batp = Tty va ¢ = zy. Do vé trai cia phuong trinh nguyén nén p, g € Z. 0,5
Khi d6, phuong trinh dé bai trd thanh
W —q=(p+1)> = —qg=p*—6p"+3p+1.
Theo dinh li Vieta, z, y la nghiém ctia phuong trinh 0,5
t* —3pt+q=0. (1)
Do z,y € N* nén biét thtrc A ctia phuong trinh trén phai 1a moét s6 chinh phuong, hay véi
k 1a s6 nguyeén,
A=k =9 —4q
=9p? —4(p® — 6p* +3p+ 1)
=4p® — 15p% — 12p + 4.
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biang thic trén tuong duong véi 0,5
(dp+1)(p—2)* =,

suy ra 4p + 1 1a mot s6 chinh phuong.

Do4p +11énéndidtdp +1 = (2n+1)%,n € Z thi p = n? + n. Khi d6, 05
A=k =Up+1)(p—-22%=2n+1)*(n*+n—-2)? = (2n® +3n? — 3n — 2)%

Tir d6, ta tim duogc cac nghiém nguyén z, y cia phuong trinh (1) la:

(2.9) (3n2+3n—|2n3+3n2—3n—2| 3n2+3n+|2n3+3n2—3n—2|>
X =
’ 2 ’ 2

va hoén vi ctia né.
Do z,y c6 vai trd nhu nhau nén ta suy ra phuong trinh ban dau c6 nghiém nguyén

() = (—n*+3n+ 1,02 +3n2 —1),(n3 +3n* -1, -n3 +3n+1),n € Z

N < 1 1
3 a | Chitrng minh rang véi moi so thuc g, ta iuén c6—§§ a26f1_1 gi. 0,5
2 2
(a—1)*>0<a +122a<:>a2+1§5 0,5
2 2
(a+1)*>0<a +12—2a©a2+12—§

b | Chitng minh ring trong 2023 sd thuc bat ky, ludn ton tai hai sé thuc a,b théa man | 1,0
2022|a — b||1 — ab| < (1 + a?)(1 + b?).

Bat déng thic dugc néu trong ménh dé tuong duong véi 1,0
|(a — b)(1 — ab)| 1 la(b? + 1) — b(a® 4+ 1)| 1 a b 1
< < < - < -
(1+a2)(1+b2) — 2022 1+ a2)(1+ %) 2022 7 |2+ 1 B2+1|- 2022

. 11 .
Trén truc so thuc, chia khodng {— 3 2] thanh 2022 khoang bang nhau. Khoang cach gitra

< x . 1 <
hai s6 thuc trén moéi khoang sé luén nhé hon hodc bang 2092" Do ¢6 2023 s6 thuc nén

. . a
theo nguyén li Dirichlet, ludn ton tai hai s6 va cuing chung mot khoang, ttc
guy! 2 211 0211 g & mc g

diéu phai chung minh.

4 Chitng minh ring dé 14t dugc hinh vudng trén ma khong c6 vién gach nao chdong lén | 2,0
nhau thi phai sit dung it nhat 4n — 1 vién gach loai A.

0,5

Dénh s6 cac 6 vudng dudi dang (4, ), trong d6 i
la c6t ctia 6 vudng (tinh tir trai sang phai) va j la
hang cua 6 vudng (tinh ti trén xubng dudi). To6
mau xanh cho cac 6 vudng c6 ¢ va j cung lé, va to
cdc 0 vudng con lai mau trang.

Do c6 (2n —1)? 6 vudng nén sé c6 n? 6 vudng dugc
to mau xanh va 3n? — 4n + 1 6 vudng dugc td mau
trdng.
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Quan sat hinh dang ctia cac loai gach, ta c6 cdc nhén xét sau:
e Gach loai A sé ludn che phu khong qué 1 6 vuéng mau xanh.

e Hai loai gach B va C sé ludn che pha diing 1 6 vudng mau xanh.

1,0

Vi vay, ta goi:
e z 1a s vién gach loai A che phu diing 1 6 vudong mau xanh;
e y 1a s0 vién gach loai A khong che pht 6 vudng mau xanh nao;
e 2 1a téng sb vién gach loai B va C.
Vin? 6 vudng dugc t6 mau xanh va 3n? — 4n + 1 6 vuong dugc t6 mau tréng nén:

x+z:n2 2 2
) =4n—-1=3n"—Bn“"—4dn+1)=2-3y <z +y.
2043y +3z2=3n"—4n+1

Cht y rdng x + y 1a tong s6 vién gach loai A nén ta c6 diéu phai chiing minh.

0,5

Chitng minh ring /, G va tim dudng tron ngoai tiép tam gidc OM K thing hang.

0,75

Xét thé hinh nhu hinh vé.

Do I, J 1an lugt 1a trung diém caa BP va CQ nén I.J la dudng trung binh ctia hinh thang
BQPC, suy ra IJ chia déi OM. Matkhédc,viOM 1 BCvaBC || IJnénlIJ L OM = I1J
la duong trung truc cia OM = 1J di qua tam (OM K).

0,75

Chitng minh ring cac dudng tron dudng kinh BP, CQ cit nhau tai mot diém trén (O)
va cung di qua V.

1,25

AH cdtlai (O) tai L (L # A). Ké duong kinh BS cua (O), LS cit AC tai R. Ta c6 BSL =
BAL = 90° — ABC = % (180O — A/O\C) — OAC nén t giac ASRO noi tiép, suy ra
SOR=SAR=SBC = OR| BC = R=P= BL | LP.

Vay L thudc duong tron duong kinh BP. Chiing minh tuong tu, ta ¢6 L thudc duong
tron dudng kinh CQ. Vay céc dudng tron duong kinh BP, CQ cdt nhau tai diém L € (O).

0,75
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Ta c6 bién ddi goc: 0,5
BEV = AHE = ACB=ALB=VLB,

suy ra tu gidc BLEV ndi tiép, hay V thudc duong tron duong kinh BP. Chiing minh
tuong tu, ta cting c6 V' thudc duong tron duong kinh C'Q). Vay cédc duong tron duong
kinh BP,CQ cung diqua V.

c | Chitng minh ring UU’ = ZZ' va dudng tron ngoai tiép tam gidc AUZ di qua mot diém | 1,0
c6 dinh khi A di dong trén cung BC 16n.

Xét thé hinh nhu hinh vé. 0,5

Ap dung dinh li vé& g6c ngoai ctia tam gidc cho AABU, ta c6 bién ddi géc
UUB =UAB +ABU = U'AX + UBU' = UBX + UBU' = U'BU,

suyra AU'UB cantai U’, tac U'U =U'B =U'X. Tuong tu,tac6 Z'Z2 = Z'C = Z'Y .
Do BC || XY nén BX = CY ma U’ va Z' 1an lugt 1a diém chinh gitta cta cdc cung nho
BX, CY néen BU' = U'X = 2'Y = Z'C, suyraUU' =U'X =2'Y =77

Chu y rang U'X = Z'Y nén U’'XY Z' la hinh thang can. Mit khac, do BCY X ciing la 0,5
hinh thang can (B?( =CY Ynén BC, XY, U'Z’ ¢6 chung dudng trung truc. Goi N 1a diém
chinh gitra ctia cung BC' 16n thi N thudc duong trung truc vira néu, suy ra U'N = Z'N.
Lai c6 UU' = ZZ'va NU'U = NZ'Z nén ANUU' = ANZZ', suy ra

UNU' = ZNZ' = UNZ =U'NZ' = U'AZ = UAZ.

Vay tit gidc AUZN ndi tiép, hay (AU Z) di qua N c6 dinh.

Tong diém bai thi | 10,00
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