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Hudéng dan chdm thi gdm 05 trang

I. Huéng dan chung

1. Giam khao chdm dung theo Hudng dan cham ctia Du dn The Gifted Battlefield.

2. Néu thi sinh ¢6 c4ch tra 16i khdc dép 4n nhung ding thi gidm khdo van chdm diém theo biéu diém ctia

Hudng dan cham thi.

3. Giam khéao khong quy tron diém thanh phan cta timng cau, diém cta bai thi.

Il. Dap an va biéu diém

Bai

Y

Huéng dan

Piem

a

Chiing minh ring z + y + 2z < 3.

1,5

Dau tién, nhén thay rang

2 2z 2z
x+fy+y+f+z+—:9.
z T Y

Ap dung bat ddng thitc AM-GM, ta c6

A

Vay
2y 2z 2x

0,5

(1)

Hay tim tit ca cdc bd sb thyc duong (,y, 2) théa man hé phuong trinh trén.

1,0

Mit khéc, tir gia thiét ta suy ra
Tz + 2y = 32
Ty + 22 = 3z
yz + 22 = 3y.

Cong vé theo vé céc dang thuc trén va thu gon, ta dugc zy + yz + 22 = x + y + 2.

Ap dung bat ddng thitc AM-GM, ta lai 6

(x4 y+2)?

3 =z+y+z2>3.

r+y+z=zy+yz+zzx<

=3
Tir (1) va (2) tasuy ra rryTe Sr=y=z=1
r=y==z

Vay hé phuong trinh ¢6 nghiém duy nhét (z,y, 2) = (1,1,1).

1,0

(2)
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Ching minh ring s < n?.

0,75

Vid; <n,Vi=1,k vasdnguyén duong n khong c6 qua n udc nguyén duong nén
s=di+do+...+dp <n-n=n

DAau déng thitc khong xay ra vi khi d6, d; = 1 # n. Vay s < n2.

0,75

Ching minh rang néu n + 1 chia hét cho 24 thi s chia hét cho 24.

0,75

Trudc hét, ta phat biéu nhan xét sau:

Nhan xét. Néu z 1la mot s6 nguyén duong 1¢, khong chia hét cho 3 thi 24 | 2% — 1.

Chiing minh. That vay, ta c6 22 — 1 = (z — 1)(z + 1) 1a hai s6 chan lién tiép nén chia hét
cho 8. Mat khéc, z(z — 1)(z + 1) 1a tich ba s6 nguyén lién tiép nén chia hét cho 3, ma 3tz
nén3 | (r—1)(z+1). Do (3,8) = 1néntasuyra24 | 2% — 1.

0,25

Quay trd lai bai toan. Dau tién, vi 24 | n + 1 nén n khong phai 1a s6 chinh phuong (néu
nguoc lai thi n chia 3 du 2, v6 1f). Xét cdc udc duong a,b ctia n sao cho ab = n. Ta cé
ab= —1 (mod 24) = a1é va khong chia hét cho 3 = a?> =1 (mod 24) = b= a’*h = —a
(mod 24) = 24 | a +b. Vay, v6i cht y n khong phai 1a s6 chinh phuong, ta c6 thé chia cac
s6 hang ctia s thanh % cdp ma tdng hai sd trong titng cdp chia hét cho 24, suy ra 24 | s.

0,5

Chitng minh rang d1ds + dods + ... + dg_1dy, < n>.

0,5

Cht y réng Vi = 1, k, ta c6 d;dg_;+1 = n nén ta bién doi:

0,5

1+ 6%c?) (1 + a?c?)
c? + a?b?c?

Ching minh rang: \/( <V(@+2+1)(c2+2) —c

1,5

< I
Theogiéthiét,a+b+c:Tiabc(a—kb—kc):l.

abe
Vay 1+ b%c? = abe(a + b+ ¢) + b*c? = be(a? + ab + be + ca) = be(a + b)(a + c).
Tuong tu, 1 + a*c® = ac(a + b)(a + ¢) va 1 + a?b? = ab(a + ¢)(b+ ¢).

0,25

Ta co

\/(1 +0%)(1+ a??) \/(1 +R22) (1 + 23)

e + a?b?c? c2(1 4 a?b?)

\/ be(a + b)(a + ¢)ac(a + b)(a + c)
c?-abla+c)(b+c)

=a-+b.

Do d¢, bat dang thirc can phai ching minh tuong duong véi

a+b+c<ala®+b2+1)(c2+2)

0,75
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Theo bat dang thuc Cauchy-Schwarz, ta c6 0,5

atbte<V(@+2+1)A+14+c2) =/(a®+b+1)(c2+2).

. 1 R .
Dang thtrc xay ra khi va chi khi @ = b = —. Thay dieu kién nay vao gia thiét ctia bai toan,
C

1 1
tacéd2a+ — = - =a=0(Wolivia>0).Vaya+b+c</(a®+b>+1)(c?+2).
a a-a--
a

Bat dang thiic ban dau da dugc chiing minh.

4 Ching minh ring ton tai ba phan tit a, b, c (khong nhét thiét phan biét) ctia tap 7' sao | 2,0
cho c6 it nhit mét trong basd a + b,a + b — ¢, a + b + ¢ chia hét cho n.

Véi k > %, dinh nghia cac tap hop A, B, C, D nhu sau: 1,0
A=Aay,a9,...,ar}
B ={-a1,—as,...,—ai}
C ={2a1,a1 +ag,...,a1 +ap}
D ={0,a; —az,a; —as,...,a; —a}.

Xét 4k s6 1a cac phan tir ctia céc tap hop A, B, C, D da duge dinh nghia nhu trén. Do k& > %

nén 4k > n, ma mdi sb trong 4k sb trén déu nhan 1 trong n s6 du 0,1,...,n — 1 khi chia

cho n, nén theo nguyén ly Dirichlet, ton tai 2 s6 trong cac sb trén c6 cung sd du khi chia

cho n.

Goi haisd d6la z,y (z > y) thin | x — y. Ta c6 nhan xét sau: 1,0

Nhan xét. z,y khong thé cting thudc mot tap nao trong bdn tap A, B, C, D.

Ching minh. Khong mét tinh téng quét, gia st z,y € A. Khi d6, = = q; va
y = a; (1 < 4,5 < k),suyran | a; —a;. Lai céd a; —a; = 0nén ta suy ra
ai—aj >n =n>a >n+a; >n+1>n vdly. Vay z,y khong thé ciung
thudc A. Tuong ty, ta ciing ¢6 z,y khong thé cting thudc B, C hodc D.

T nhan xét trén, v6i cht y rang z,y ¢ vai trd nhu nhau nén ta c6 céc trudng hop
sau:

ercAyeB=tdntaii,jsaochon|a; — (—a;) hayn|a; + a;.
Khi d6, chon a = a;, b = a; thi thda man yéu ciu bai toan.

erxcAyeC=1tdntaii,jsaochon |a; — (a1 +aj) hayn|as + a; — a;.
Khi d6, chon a = a1,b = aj, c = a; thi thda man yéu cau bai toan.

erxcAyeD=tontaii,jsaochon|a; — (a1 —aj) hayn | a; + aj — ay.
Khi d6, chon a = a;,b = aj, ¢ = a; thi théa man yéu cau bai toéan.

e x€B,yeC=tontaii,jsaochon|—a; — (a1 +aj) hay n | a1 + a; + a;.
Khi d6, chon a = a1, b = a;, ¢ = a; thi théa man yéu cau bai toan.

e x € B,ye D= tdntaii,jsaochon | —a; — (a1 —a;) hay n | a; + a1 — a;.
Khi d6, chon a = a;,b = a1, ¢ = a; thi théa man yéu cau bai toan.

e xc€(C,ye D= tdntaii,jsaochon | (a1 +a;) — (a; —a;) hay n | a; + a;.

Khi d6, chon a = a;, b = a; thi thoa man yéu cau bai toan.
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5 | a | Ching minh rang t& gidc JN M F ndi tiép. 1,5

0,75

Vi JA 1a tiép tuyén tai A ctia (O) va AE 1a phan gidc ctia BAC nén ta c6:
JAE = JAB + BAE = ACB + ECB = JEA,

suy ra tam gidc JAE can tai J. M4t khac, N 1a trung diém ctia AE nén JN L AF &
JNE =90° (1).

Nhén thay AF 1a phan gidc ctia BAC nén FAB = FAC = BF = CF = BF = CF = | 0,75
ABFC can tai F. Lai c6 M 1a trung diém cua BC' nén FM B = 90° (2). Tu (1) va (2) ta
suy ra ta gidc JN M F noi tiép.

. P\?> PB
b | Chirng minh rang <jQ> leTeh 0,75
Tam gidc APQ ¢c6 AN L PQ va AN la phan gidc cia PAQ nén can tai A = APQ = 0,5
AQP = JPA=JQC. Laic6 JAP = JCQ néntasuyra AJAP ~ AJCQ (g-g),suy ra
JP AP
T2 3
Chitng minh tuong tu, ta duoc AJPB ~ AJQA, suy ra 0,25
JP PB
7 4
. JP\* PB
Vé6i cha ¥ rang AP = AQ), tit (3) va (4) ta suy ra <JQ) = aoc’
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¢ | Ching minh ring N 1a trung diém cta G/ va NK di qua trung diém cta PS. 0,75

Goi H la giao diém ctia NK va AJ. Do NK la dudng trung binh tng véi diém A trong | 0,5
AABE nén NK || BE, suy ra H la trung diém ctia AJ, hay AH = H.J. Ap dung dinh ly
Thales cho IG || AJ, ta thu duoc

NG KN IN

AR~ KH T ®)
suy ra NG = IN hay N la trung diém ctia GI.
Mit khéc, tiép tuc ap dung dinh ly Thales cho IG || AJ, ta thu dugc 0,25
PG NG IN SN
=== (6)

AP A AJ AS’

suy ra PS || GN. Lai c6 GN || AJ nénsuy ra PS || AJ. Ap dung bd dé hinh thang cho
hinh thang ASPJ, ta thu dugc NK di qua trung diém cta PS.

Tong diém bai thi | 10,00
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