XAY DUNG ANH XA TRONG CAC BAI TOAN
DEM

Ban Toan The Gifted Battlefield

Ngay 7 thang 11 nam 2022

1 Ly thuyét va bai tap

Dinh 1y 1. S6 bo nghiém nguyén khong am ctia phuong trinh 2, +zo+ a5+ ...+2, = m
la Chy

Dinh ly 2. S6 bo nghiém nguyén duong ctia phuong trinh x; + x5 + 25 + ... + 2, = m
la L

Mot s6 tai lieu goi day la "Bai todn chia keo Euler”. Phan chitng minh ciia hai dinh lij
trén khong qud phic tap, ban doc cé thé tu nghién ngam.

Vi du 1: Cho phuong trinh nghiém nguyén duong saw:

ZL‘1+J]2+ZL’3+...+ZE6+$7=29

a) Tinh s6 bo nghiém ctia phuong trinh trén.

b) T bai toan trén, hay tinh s6 day nhi phan 29 chit s6 sao cho c¢6 ding 6 cap 00 hodc
11 trong day.

Giai.
a) S6 bo nghiém nguyén duong ciia phuong trinh trén la: Cig !, = CS = 376740

b) Ki hi¢u g(a, b, y) 1a day nhi phan c¢6 y chit s6 0,1 xen k&, bat dau bang a va két thuc
bing b. VD: (0,0,5) 1a 01010




Day nhi phan théa yeu cau dé c6 thé biéu dién dudi dang S = g(a1, b1, 71)g(as, ba, T2)...9(az, by, v7)
v6i a;, by € {0,1},i = 1,6 : b; = a;41 VA 71, 2o, ...77 12 1 bo nghiém cia (1)

(Do ¢6 ding 6 cap b;, a;+1 1a 00 hodc 11 trong day )
Nén c6 C8 day nhi phan S bat dau bang 1 va C% day nhi phan S bat dau bang 0.
Vay c6: 2C% day nhi phan S thoa deé.

Vi du 2: C6 bao nhiéu bo nghiém (a, b, ¢, d,e) trong d6 3 s6 a,b,c,d,e € N théa man
dong thoi cac dieu kien sau?

D)e>2d>3e<]

ii)a+b+c+d+e=16

Giai.

batd =c—2vad =d—3.Khidéd >0vad >0

Ta xét 2 truong hgp

THil:pe =l

Sa+b+d+d=10(1)

Theo cong thiic chia keo Euler (1) c6 C33=286 bo nghiém
TH2: e=0< a+b+c +d =11 (1)

Theo cong thiic chia keo Euler (1) ¢6 C3,=364 bo nghiém
Vay tong s6 bo nghiem théa man 1a 286+364=650 bo

Bai tap ren luyén.

Bai 1: C6 8 vién bi giong nhau va 12 hop bi khac nhau. Héi c¢6 bao nhiéu cach sap xép
8 vien bi d6 vao cac hop sao cho tong s6 bi trong hop s6 1,2,3 14 s6 chén?

Bai 2: C6 bao nhiéu bo (1, s, ..., T19) cac sd nguyen duong thoéa z1 + o + ... + T1g <
2020

Bai 3 (PTNK 2021-2022): Cho tap X;=1,2,...,2020. Tap con A ctia X dugc goi la tap
"tranh 2" néu v6i moi x,y thuoc A thi |z — y| khac 2. Tim s6 tap con tranh 2 ctia X ¢6
5 phan ti.

Bai 4: C6 5 con xtic xéc lan lugt dude do ra. Héi c6 bao nhiéu xac xuat dé tong ctia 5
mit trén xic xiac 1a 147

Bai 5: Trong mot hoi nghi ¢6 n ngudi ngoi xung quanh mot ban tron. Tim s6 cach chon
ra k(k < [5]) ngudi sao cho khong ¢6 2 ngudi dugc chon nao ngoi canh nhau.



Bai 6: C6 bao nhiéu bo (1, z3, ..., 110) cac so6 tu nhién théa xy < xy < w3 < ... <199 <
2022

Bai 7: Cho da giac déu n canh noi tiép duong tron (O). Hoi ¢6 bao nhiéu hinh thang
khong la hinh ch nhat ma 4 dinh la dinh cta da gidc da cho?

Bai 8: Gieo 4 con stc sic can doi, dong chat. Ki hieu z; (1 < z; < 6) 1a s6 cham xuat
hién trén con sic sic thit i (i=1,2,3,4).Tinh xac suat dé c6 mot so trong x1, Ty, T3, T4
bing tong 3 sé con lai

Bai 9: C6 bao nhiéu céch dé sap xép 6 ban nit va 15 ban nam thanh mot vong tron ma
c6 it nhat 2 ban nam giita hai ban nit ké nhau.

Bai 10: C6 bao nhiéu bo'so nguyén duong (a, b, ¢, d) sao cho d = max{a, b, ¢, d},d < 2015
va (ad + be)(bd + ac)(ab+ ed) = (d — a)*(d — b)*(d — ¢)*.

Bai 11: Cho A la ho cdc da thitc bac ba, monic va ¢6 ding 3 nghiem (khong nhét thiét
phan biet) thuoc tap {1,2,...,6}. Xae dinh $6 cip da thiic khdc nhau lay it A, khong tinh
thit tu sao cho cap da thic khong ¢6 nghiém chung.

Bai 12: Dinh nghia mot tap hop ma mdi phan tit ¢6 thé xuat hién hon mot lan 1a
Multiset. Xét S = {zy, x9, ..., ¥, }. Goi f(n) la s6 Multiset 14y cac phan tit tit S c6 khong
qua n phan tit. Ching minh rang (n + 1)|f(n).

Bai 13: Mot s6 tu nhién a dude goi la "s6 may man" khi tong céc chit s6 ctia né la 7.
Ta sip xép cac s6 do6 trong thi ti ting dan va c6 day aq, ag,.... Néu a,, la 2005 thi as,
bang bao nhiéu?



Dinh 1y 3. Cho M va N la cdc tap hop hiu han phan té. Khi do:
a) Ton tai mot don anh £ M — N khi va chi khi [M] < |N|
b) Ton tai mot toan anh f: M — N khi va chi khi [M| > |N]|
c) Ton tai mot song anh f: M — N khi va chi khi [M| = |N|

e Dé dém cac phan tit ctia tap hop X, ta co thé thiét lap song anh tit X — Y sao
cho Y] d& dém hon.

e So sanh s6 phan ti clia hai tap hop:

1. Dé chitng minh 2 tap hop c6 s6 phan tit bing nhau, ta thiét lap 1 quy tic ndi moi
phan ti ciia tap nay v6i mdi phan ti clia tap kia. Xong, ta chiing minh quy tac
trén la song anh.

2. Dé chitng minh | X| < |Y], ta thiét lap mot don anh tit X — Y.

Vi du 3: Cho A,B la hai diém nguyén ciing phia v6i truc hoanh. Goi A’ la diém déi
xiing cia A qua truc hoanh. Chitng minh ring s6 quy dao tit A dén B c6 giao diém véi
truc hoanh bang s6 quy dao tit A’ dén B.

Dinh nghia. Mot qugj dao trén mat phdang toa do la mot bo hatw han diem (A, As, ..., A,)
théa mén dong thoi cdic dieu kién:

1. V6i moi s6 nguyen 1 < i < n thi A; €72

2. V6i moi s6 nguyén 1 <i <n —1 thi TAitl — TA; =1 VA Y1 — Ya; = =1
Giai.

Goi | X 1a 86 quy dao tit A dén B cat truc hoanh, |Y] 1a s6 quy dao tit A’ t6i B.
Ta sé thiét lap mot song anh tit X — Y

V6i méi qui dao thuoc X, ta lay déi xtng phan tit A dén giao diém dau tién ctia quy dao
v6i Ox qua Ox thi duge mot quy dao tit A’. Thiét lap tuong tu v6i méi quy dao thuoc
Y, ta cing duge 1 quy dao tuong duong tit A thudoc X. Vay nén | X| =|Y|

Vidu 4 (PTNK 2016): Véi cac so6 nguyen duong a, b, ¢, d théoa man diéu kien a < b <
c < d, ta ky hieu:

T(a,b,c,d) = {{x,y,z,t}CN*|x<y<z<t,x§a,y§b,z§c,t§d}
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a) Tinh s6 phan tit cta T(1,4,6,7)

b) Cho a = 1,b > 4. Goi d; 1a s6 phan t1t ctia T'(a,b,c,d) chiia 1 va khong chita 2; d
14 s6 phan ti chita 1,2 ma khong chita 3; d3 1a s6 phan ti chita 1,2,3 ma khong chia 4.
Chitng minh ring d; > 2d; — ds. Dang thiic x4y ra khi nao?

Giai.
a) V6i T'(1,4,6,7), ta c6 x = 1 nén 2 < y < 4d-hay y € {2,3,4}. Xét cac truong hop

Sau:

e Néuy =2thi3 <z < 6. Véi moi gia tri ctia z, ta thu dude 7 — 2z gia tri clia t nén
ta c6 10 bo sb.

e Néu y = 3, lap luan tuong ty ta ¢6 6 bo so.
e Néu y = 4, lap luan tuong ti ta c6 3 bo so.

Vay c¢6 tat ca 19 bo sb trong 7'(1,4,6,7)

b) Dat céc tap hop sau:

Ti={(1,y,2t) | 3<y<by<z<cz<t<d}
Ty ={(1,2,21t) | 4<z<¢z<t<d}
Ty ={(1,2,3,) | 5<t<d)

Ta lai viét T thanh AU B U C doi mot khong giao nhau, trong dé6

A={(1,y,2,t) | 4<y<by<g=Lcz<td}
B S S R e =l
C={(1,341) | 5<t<d}

Dé thay rang c6 song anh tit C' dén T3 nén |C| = d3
Xét D ={(1,4,2,t) | 5<z<c¢z<t<d}. Khids, D C Anén |D| < |A| va ¢ song
anh tt D vao B nén |D| = |B|.
Ta c6: CUB ={(1,3,2,t) | 4 <z <¢,z<t<d}. R6rang c6 song anh tit C'U B dén
Ty nén |C'U B| = dy. Dé y ting C N B = () nén |C| + |B| = dy hay |B| = dy — d3. Nhu
vay, ta co:

di = |A|+|B|+|C| > |D| +|C| + |B| = 2dy — ds



Diéng thic xay ra khi va chi khi b = 4

Bai tap ren luyén.

Bai 1 (AIME 2001): 1 vién xtic xac duge do 4 1an. Tinh x4c xuat dé khi d6 thi so trén
xtic xac ¢ 3 lan cudi khong bé hon lan do trude no.

Bai 2: Cho n > 1 1a mot s6 nguyén duong va T}, 1a s6 cac tap con khac rdng clia clia
1,2,...n sao cho trung binh cong tat ca cdc phan ti cua tap d6 1a s6 nguyen. Chiing
minh rang T, —n lasé chin.

Bai 3: C6 mot nhém hoe sinh trong truong K. Biét rang moi 2 hoc sinh khong quen
nhau thi c¢6 ding 2 ngusi quen chung, moi 2 hoc sinh quen nhau thi khong ¢6 ngusi quen
chung. Chiing rang s6 ngudi quen ciia moi hoc sinh 1a nhuw nhau.

Bai 4: Dém s6 ham f: [n] = [m] thoa méan:
a) f la don anh.
b) f 1a toan anh.
c) f la song anh.

Bai 5: Hoi c6 bao nhiéu cich ma mot sé tu nhien n c6 thé viét duge dusi dang tong
ctia 1 hodic nhiéu s6 va 1 s6 ¢6 cac cach viét nhu nhau nhung khéc thi ti cling tinh 1a 2
cach khac nhau.

Bai 6: V6i mdi s6 nguyén duong n, goi f(n) la 86 tat cd nhitng cach bidu dién n dudi
dang tong ctia nhiing liy thita clia 2 v6i s6 mit nguyen khong am. Nhitng hoan vi ctia
mot cach biéu dién sé chi coi chung 1a 1 cach. Chitng minh

a) f(n) < f(n+1)

b) f(2n+1) = f(2n) = f(2n = 1) + f(n) = f(2n L) + f(n)

Bai 7: Cho n, m, k 1a cac s6 nguyén duong 16n hon 1 théa k < n. Dém s6 bo (ay, as, . . ., ax)
véi cac s6 a; € {1,2,...,n} déu phan bigt théa man 1 trong 2 tinh chat sau:

i. Ton tai 2 80 4,5 € 1,k sao cho i < j vd a; > a;
ii. Ton tais € 1,k:m{a; —1

Bai 8: Trong mot hoi nghi ¢6 40 nguoi.Cit méi 19 nguoi déu than tugng chung duy nhat
1 nguoi trong hoi nghi.Néu A than tuong B thi B khong nhat thiét phai than tuong A,
A ciing khong than tuong chinh minh.Chting minh tai budi hoi nghi ton tai mot nhom



20 nguoi théa v6i bat ki P thudoc nhém dé thi P khong phai 1a than tuong clia ca 19
ngudsi con lai.

Bai 9: Cho tap S gom céc s6 tu nhien tir 1 t6i n.Xét tat cd tap con c6 r phan ti clia tap
S véi 1 < r < n.Mai tap con luon ton tai mot sé6 nho nhat. véi F(n,r) 1a trung binh cong
clia tat cad cac s6 nhé nhat clia mdi tap con c¢6 r phan tit trén, chitng minh réng:

n+1
F(n,r) = gl

Bai 10(USAMO 1996): Goi a, la s6 xau nhi phan c6 do dai n ma khong chia 3 sb
0,1,0 theo thi tu d6. Goi b, 1a s6 xau nhi phan cling ¢6 do dai 1a n ma khong chita 4 s6
0,0,1,1 va 1,1,0,0 theo thi tw d6. Chitng minh rang 2a, = b,

Bai 11: Cho n la s6 nguyén duong théa man cae tinh chat: néu n cai domino duge dat
trén 1 ban ¢& 6x6 véi moi domino chiém 2 don vi dién tich vuéng, thi luén luon co thé
dat them 1 domino lén trén ban ma khong phai di chuyen bat ky domino nao khac. Xac
dinh gia tri 16n nhat cta n.

Nhan xét. Doi khi dé tinh tong cac phan ti ctia mot tap hop. Ta thiét lap mot song
anh tt A — A. Khidé: 2",z => ,(z+ f(z))

Vidu 5 (HSGQG VN 2002 Bang B: Cho tap hop S gom tat ca cac s6 nguyén trong
doan [1;2002]. Goi T 1a tap hop gom tat ca cac tap hgp con khac rong ctia S. V6i méi tap
hop X thuoc T, ki hieu m(X) 1a trung binh cong ctlia tat ¢d cac s6 thuoc X. Dat :

Zm m(X)

T
§ day tong lay theo tat ca cac tap hop X thuoc T. Hay tinh gia tri ctia m. (|T| ki hiéu
s6 phan ti ctia tap hop T)
Giai.
Xét song anh f : X — X, f(x) = {2003 — z} v6i x € X. Nhan xét rang: m(X) +
m(f(X)) = 2003. Do dé:

~2002+1 2003
N 2 2

23 m(X) =Y (m(X)+m(f(X)))=|T|- (2002 + 1) = m

Bai tap ren luyén.




Bai 1:Hay tinh trung binh cong ctia tat ca cac s6 N gom 2014 chit s6 théa man N chia
hét cho 9 va céc chit s6 ciia N duge lap tt X = 1,2, ..., 8.

Bai 2: Tinh trung binh cong cac s6 ty nhien N = @yay ... ooz gom 2022 chit s6 thoa
man N chia hét cho 999 va céc chit s6 ciia N nam trong tap {1,2,3,4,5,6,7,8}.

Nhan xét. M6 hinh luéi nguyén t6 ra rat hitu dung trong cac bai toan dém c6 "qua
trinh". Mot s6 tai lieu goi viec chuyén moé hinh nay la "phuong phap qui dao".

Vi du 6: Tinh s6 quy dao tit O(0,0) dén A(a, b)

Giai.

Goi 1 bo (A, Ag, ..., Ap) 1 1 quy dao di tit O dén A, khi do:

i)A; thuoe Z2 véi moi 1 < i < n.

)24, —Ta, =1 Vaya,, —ya, ==F1L véimoil <7 <n—1,trong d6 @4,, ya, 1an luot
la toa do ctia A; trén truc hoanh va truc tung.

Ta goi doan A;A;41 1a hudng 1én néu ya,,, — ya, = 1 va hudéng xuong trong trudng hop
con lal.

Dat x 1a s6 doan huéng lén, y 1a s6 doan huéng xudng.

Nhan xét 1: trong quy dao tit O dén A c6 dung a doan nén & + y = a.

Nhan xét 2: z —y = b.

a __ atb __a=b
Do vay, z = 432,y = 43~

Chon x doan trong x + y doan la doan huéng lén

atb
= (C,?* cach chon.

a+b

Vay ¢6 C,% quy dao.

A T
= ¢6 Cy,

Bai tap ren luyén.

Bai 1: C6 n ngudi xép hang mua tra sita véi gia 50 nghin dong/ly. Trong d6 ¢6 dung
k nguoi chi mang loai tién 100 nghin dong va nhitng ngudi con lai chi mang loai tién 50
nghin dong.

a) Gia st ngusi ban hang khong mang tién, tim diéu kién ctia k (theo n) dé luon c6 mot
cach xép hang sao cho ngudi nao ciing duge théi tien (néu can) ngay lap tic?




b) V6i diéu kien & cau a duge thda man, gid stt ngusi ban mang theo ¢ to 50 nghin dong,
tim s6 cach xép hang (theo n, k, ¢) sao cho ngudi nao ciing duge thdi tién (néu can) ngay
lap ttec.

Bai 2: Cho s6 nguyen duong n. Véi x,y 1a hai s6 nguyén khong am théa man z +vy < n,
cac diem nguyén (z,y) dudc t6 bdi mot trong hai mau xanh va dd, sao cho néu (z,y)
duge t6 bsi mau dé thi (2/,y') ciing thé véi 2/ < z,y < y. Goi A la s6 cach chon ra n
didm mau xanh c6 hoanh d6 doi mot khac nhau va B 14 sb cach chon ra n diém mau
xanh c¢6 tung do doi mot khac nhau. Chitng minh rang A = B.

Vi du 7 (Bai toan ban ¢d): Cho n la s6 nguyen duong, tim $6 duong di trong ludi
nguyen tit (0,0) t61 (n,n) chi duge di lén trén hay sang phai sao cho dudng di ndm trong
phan z > v.

Giai.

S6 duong di tit (0,0) t6i (n,n) T Cf

Mot duong di P goi 1a khong hop 1é khi di vao phan x < vy, khi d6 duong di do6 cit duong
thang y = x+1 tai it nhat 1 diém. Goi X la diém dau tien P cit duong thing y = x+1.
Khi d6 lay déi xtng phan ctia P tit (0,0) t6i X qua duong thang y=x+1; phan con lai
gitt nguyen sé duge 1 duong di P’ tit (-1, 1) t6i (n,n). Nguoc lai, mot duong di P’ bat ki
tur (-1,1) t6i (n,n) sé tuong ting véi 1 duong khong hop 1¢ tit (0,0) t6i (n,n). S6 dudng di
tit (-1, 1) dén (n,n) la C3"". Vay s6 duong di théa man la: Cf, — CgH'=—=C3.. Con s6
nay con dugc goi 1a s6 Catalan.

Bai tap ren luyén.

Bai 1: Cay hinh hoc véi n nat 1a mot cau tric duge dinh nghia: T nut gbc (dinh) tren
dau, ta phan nhanh bang cach néi nit goc dé v6i mot sd nit, ta tiép tuc chon vai nut
trong s6 d6 dé phan nhanh cho dén khi di n nat. Tim s6 cay hinh hoc v6i n + 1 nit.
Duéi day 1a Anh minh hoa cho s6 cay c6 4 nit clia tac gid Yufei Zhao

A AN

Bai 2: C6 bao nhiéu cach dé sip xép cac dong xu thoa tang cudi ciing c6 n xu, cac dong
xu 6 trén dudge dung va tiép xic véi hai dong xu ngay dudi no.




2 Loi giai tham khao
Loi giai cia nhom duge trinh bay theo bai tap dudi tung vi du.

1. Loi giai bai tap vi du 1, 2 - Bai toan chia keo Euler

Bai 1: C6 8 vién bi giéong nhau va 12 hop bi khac nhau. Hoi ¢6 bao nhiéu cach sap xép
8 vien bi d6 vao céc hop sao cho tong so-bitrong hop s 1,2,3 1a s6 chin?

Loi giai:

Goi s6 bi trong cac hop lan luct 1a z1, 29, ..., 12. Dat 7 + 22 + 23 = a= a chin va 0 <
a<8§

Xét a=0 = x4 + ... + 112 = 8 = S truong hop thoa ctia (24, ..., 12) 12 CTs va s6 truong
hop thod (z1, z9, x3) 1a 1

Xét a=2 = x4 + ... + 112 = 6 = SO truong hgp thod ctia (w4, ..., v12) 1a CF, va s truong
hop thod (z1,z2, x3) 1a C}

Xét a=4 = w4+ ... + 1o = 4 = SO truong hop thod clia (x4, ..., 712) 1a CF2 va s6 truong
hop thoa clia (1, o, x3) 1a Cp

Xét a=6 = aq + ... + a12 = 2 = S6 truong hgp thod ciia (x4, ...;@12) 1a CF2 va s truong
hop thod cta (21, 72, x3) la CF

Xét x=8 = x4 + ... + 112 = 0 = SO truong hop thod ctia (xy, ..., r12) 1a 1 va s truong
hop ctia (21, 2, 73) 12 CF,

Vay tong s6 cach xép bi vao hop la 24528 céach.

Bai 2: C6 bao nhiéu bo (1, s, ..., T19) cac sd nguyén duong thoéa z1 + zo + ... + 219 <
2020

Loi giai:

Dét 2711:2020 - (1’1 + X9+ ... + 2710) thi T11 Z 1

Khi d6 ta ¢6 phuong trinh: zy + x5 + ... + £1;=2020 véi z; > 1 (i=1,...,11)

Ap dung bai toan chia keo Euler nén s6 nghiém 1a Cilypl 1= Cad0

Bai 3(PTNK 2021-2022): Cho tap X;=1,2,...,2020. Tap con A ctia X dugc goi la tap
"tranh 2" néu véi moi x,y thuoc A thi |x-y| khac 2. Tim s6 tap con tranh 2 ctia X ¢6 5
phan t1.
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Loi giai:

Ta phan hoach X thanh 2 tap con X;=[1,3,...,19], Xy=[24,...,20]. D& thay 2 s6 c6 hi¢u
bang 2 khi va chi khi ching 1a 2 s6 1é lién tiép hoic 2 s6 chén lién tiép.Véi n < 5 cho
truée, ta sé dém sb6 cach chon n sb tit X; sao cho trong cac s6 duge chon khong c6 2 s6
18 lien tiép. That vay goi n s6 dugce chon la:

2a1 — 1,2a5 — 1,...2a, — 1 (a1 < az < ... < ay)

Khi nay, do khong c6 2 s6 1é lién tiép ciing duge chon,ta phai co:

G <a—1<..<a,—(n—-1)<1l—n

C6 C},_,, cach chon n 86 agyas =1, ...,a, — (n — 1) thoéa diéu kien trén, suy ra c6 CF,_,
cach chon n sé tit X;. Tuong t ta cting ¢6 CFy ,, cach chon n s6 it X, sao cho khong
c6 2 s6 chén lien tiép nao duge chon. Do d6 véi n <5 cho trude, so6 tap con tranh 2 clia
X ¢6 5 phan tit, trong dé-c6 ding 5 phan tit tit X; 12C, ,.C2*". Cho n chay tit0 dén
5, ta suy ra sd tap con tranh 2 ctia X ¢6 5 phan tit la:

SOy, O5tn=4744

Bai 4: C6 5 con xtic xéc lan luot dude do ra. Héi c6 bao nhiéu xac xuat dé tong ctia 5
mat trén xuc xac la 147

Loi gidi:

Goi 5 xiic xac lan lugt 1a dy, ds, ..., ds va 2114 con s6 mat trén clia xiic xac z1.Véi x; ta co
6 trudng hop co thé x4y ra => c¢6 tat ca 6° kha nang c6 thé xay ra véi ca 5 xic xic. Goi
A 1a tap hgp céc kha nang tong cac mit ctia xic xic 1a 14. Ta can tinh |6i5‘. Do d6 ta can
tinh s6 bo 5 s6 nguyén (zy, T, ..., r5) thoa 1<r,<6 va x; +@s + 23 + 74 + x5 = 14

Theo hé qua: C6 C™' bo s6 nguyén duong (1,1, ..., &,,) thda man phuong trinh
v+ 2y + a3+ ...+ 1, = n, ta co tat cd O, = 715 bo 5 s6 nguyén duong thoa
T +2Tg+ ...+ Ty = 14

Goi B la tap céc bo 5 s6 nguyen duong c6 tong bang 14 va cé it nhat 1 s6 16n hon.
Khong mat tinh tong quat, dat B; C B théa x3 > 6. Ta c6 BN B; = 0 v6i i # j (
doxy + a2+ .. +25>6+06+1+1+1+1=15 => B = UB;). Ta ¢6|B;| =|B;| =>
’B| = 5|31’ Anh Xa tu (.131,213‘2, l’5) S Bl t6i (yl,yg,...,y5> vl Y = 1 — 5 va Yi = X
(2 <4 < 5). Day la mot song anh gitta tap By t6i tap cac bo 5 s6 (v, ye, ..., ¥5) nguyén
duong thod y; +yo+...+ys = 8. Suy ra|B;| = Oy | = C4 = 35 =>|B| = 35.5 = 175

Vay |A| = 715 — 175 = 540

Bai 5 Trong mot hoi nghi c6 n ngudi ngdi xung quanh mot ban tron. Tim s6 cach chon
ra k(k < [%]) ngudi sao cho khong ¢6 2 ngusi duge chon nao ngoi canh nhau.
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Lai giai:
Ta danh s6 thit tir ting ngudi tit 1 dén n theo chiéu kim dong ho, xép nhitng nguoi theo
s6 thit tu do tit trai sang phai thanh 1 hang thang . Ta xét 2 truong hop sau:

Truong hgp 1: Ngusi thi 1 duge chon.

Goi A; 13 tap hgp nhitng ngudi ndm gitta nguoi duge chon thiti vai+1véii =1,k — 1
va 1a tap hgp nhiing ngusi bén phai ngusi duge chon thi k v6i i = k. Nhu vay thi |A,]
la 86 nguyén duong. Ta xay dung mot song anh f, bién mdi |A;| thanh z; trong phuong
trinh nghiém nguyén duong sau:

T1+ 2o+ ... +txp=n—Fk

Theo cong thitc chia keo Euler, s6 bo nghiém ctia phuong trinh trén 13 Crli:llc—l' Nén c¢6
C*~} | cach chon k —1 ngudi con lai théa de

Truong hgp 2: Nguoi thi 1 khéng duge chon.

Goi B; la tap hgp nhitng ngusi bén trai ngusi duge chon thi 1 véi @ = 1, la tap hop
nhitng ngudi nam gitta ngudi duge chon thi i — 1 va i véi i = 2,k va la tap hop nhiing
ngudi bén phai ngudi duge chon thit k véi i = k + 1. Nhu vay thi |B;| (i = 1, k) v& By,
+1 1a s6 nguyén duong. Ta xay dyng mot song anh g bién méi |B;|(7 = 1, k) thanh z; v&
| B+1| thanh 41 — 1 ctia phuong trinh nghiém nguyén duong sau:

T, + TosmEErrp—1=n—Fk
Theo cong thiic chia keo Euler, s6 bo nghiéem clia phuong trinh trén 1a C*_, .

Vay: Ta c6 C*~} |+ C* , céch chon thoa dé

Bai 6: C6 bao nhiéu bo (1, 23, ..., x10) cac s6 tu nhién théa xy < zy <23 < ... <199 <
2022

Loi giai:

Dét Y1 = T1,Yz2 = T — I Z 0,y3 = T3 — X2 Z O, ...,yl]_ = 2022 — ZL‘10 Z 0 Khi d(), tu glé
thiét ta co:

i+ Y2+ .y =2022) y; >0V i=111 (%)

Quay trd lai bai toan, v6i mot bo nghiém ctia (%) thi tuong ting duy nhat mot bo
(ZEl, T, .., IIO) thoéa dé bai.

S6 bo I}ghiém clia () 1a €395, theo Chia keo Euler. Thé nén c6 Calsy b0 86 (21, 2, .., T10)
thoa de bai.
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Bai 7: Cho da gidc déu n canh noi tiép duong tron (O). Hoéi ¢6 bao nhiéu hinh thang

khong la hinh ch nhat ma 4 dinh la dinh cta da gidc da cho?

Loi giai:

Goi mdi cung chtta mot canh ctia da gidc déu trén dudong tron 1a 1 don vi( ¢6 n cung nhu

vay). Xét mot hinh thang thod man ma dinh dau tién chita day nhé 1a A;, cac dinh tiép

theo theo thit tir thuan chiéu kim dong ho. Goi x,y,z,t lan lugt 1a s6 do cac cung chita
1<z,y,2€ 2

day nho, hai canh bén va day 16n hinh thang, ta ¢6 : ¢ o < 2

T + 2y +2 = n(x)

Ta c6 phuong trinh (*) tuong duong véi x+z=n-2y (**) v6i méi y thoa dicu kien 1 <
y < "7_2 Theo bai toan chia keo Euler, phuong trinh (**) ¢6 (n-2y-1) nghiém nguyén
duong. Bay gio ta dém cdc nghiém nguyén duong cua (*5) ma x<z.

TH1: Néu n 1& thi (**) khong ¢6 nghiém x=z nén s6 nghiém thod man diéu kien x<z la

n—2y—1
2

TH2 Néu n chin thi (**) c6 ding 1 nghiém x=z nén s6 nghiém thod méan diéu kién x<z
& n—2y—2
2

3
w

S6 nghiem (*) thod méan cac rang buoc da cho la :
S5 el 1)(n —3)(n=2m+1,m &N)
ZZ/Z%: 2)(n —4)(n = 2m, m € Nx)

V6i mdi bo s6 x,y,z thod man (*) xuat phat tir 1 dinh etia da gidc 1a dinh dau tién cia
day nho hinh thang ting véi canh x theo chiéu thuan kim dong ho, ta c¢6 1 hinh thang
thoa man.

£

<

3
&=
|

o= o=
—
S

Vay tong s6 hinh thang thod man la:

0,125.n(n-1)(n-3)(n=2m+1, m € N)
0,125.n(n-2)(n-4)(n=2m, m € Nx)

Bai 8: Gieo 4 con stc sic can doi, dong chat. Ki hieu z; (1 < z; < 6) 1a s6 cham xuét
hién trén con sic sic thit i (i=1,2,3,4). Tinh xac suat dé c6 mot s6 trong x1, o, T3, T4
bing tong 3 s6 con lai.

Loi giai:

Ta tinh bo s6 sao cho z1=xy+x3+74 do vai tro clia 4 s6 1a tuong duong nén s6 cac bo
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sao cho 1 ho#c x5 hodic x5 hoac x4 bang tong 3 sd con lai 1a bang nhau.

Do z1=xy+r3+14 nén ta c6 x; > 3, suy ra x; € 3,4,5,6. Lai c6 bo s6 (v9,73,24) thoa

man r;=xo+w3+74, theo bai todn chia keo Euler, s6 nghiém sé bang C’i,";_ll: Cgl_l. Tu
6

d6 tong s6 bo (w2,43,74) sao cho x=wy+x3+14, theo quy tic cong, bang: ZCil_lz 20

r1=3

Mbi s6 x; ¢6 6 lya chon(tit 1 dén 6) nén theo quy tic nhan s6 bo (z1, T2, T3, T4) 12
6*=81.

N Z £ X N 5. 420__ 5
Vay xac suat can tim la: S57= 2

Bai 9: C6 bao nhiéu cach dé sip xép 6 ban nit va 15 ban nam thanh mot vong tron ma
c6 it nhat 2 ban nam giita hai ban nit ké nhau.

Loi giai:

Coi nhu mot cach chia hgp 1é la cach chia mét nhom c¢6 nhom truéng 1la mot ngusi nit va
c6 16n hon bang hai thanh vién nam trong nhém.Goi s6 nam trong nhom dau tién dén
nhoém thit 6 1a x1.29, ..x¢.Ta co la :

Ty + Xy + a3+ T4+ 25+ x5 = 15

baty;=2x;—2,:=1,2,..6, tadudgc y; +.. + ys = B.Ap dung cong thiic chia keo ta dugc
két qua sau: 15 ngudi nam dugc chia thanh 6 nhém théa méi nhom c6 it nhat 2 ban nam
thi sé ¢6 1a C54_, = C3.Ta sép xép 6 nhém trong mot vong tron véi (6-1)! cach(do 6
bi lap lai 6 1an).15 ban nam con lai ding trong vong tron voi 15! cach.Theo nguyéen tac
nhan ta c6 tong s6 cich chia la 15x5!xCg

Bai 10: C6 bao nhiéu bo s6 nguyén duong (a, b, ¢, d) sao cho d = max{a, b, c¢,d},d < 2015
va (ad + be)(bd + ac)(ab + cd) = (d — a)?(d = b)*(d — ¢)2.
Loi giai:
Trude hét ta ching minh d = a + b + ¢ bang phan ching. Gia st d < a + b + ¢ ta thay
la:

(d—a)(d—b) =d*—d(a+b)+ab< d* —d(d—c)+ab=ab+cd

Mot céch tuong tu, ta cing ¢ (d — a)(d — ¢) < bd + ac, (d — b)(d — ¢) < ad + be Do d6
(d —a)*(d —b)*(d — ¢)? < (ab + cd)(ac + bd)(ad + be) dieu nay vo Ii.
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Néu ta gia stt d > a + b+ c thi ta ciing lam tuong tu trén va chi ra duge (d — a)*(d —
b)*(d — ¢)* > (ab + cd)(ac + bd)(ad + bc) .Khi d6 suy ra d =a+ b+ c.

Ta thay rang 3 < d =a+b+c <2015, dit a1 = a — 1,y = b—1,¢; = ¢ — 1 thi
0 <aj+ b +c; <2012 do d6 s6 bo thod man 1a Ciy, 5

Bai 11: Cho A 1a ho cic da thiic bac ba, monic va c¢6 ding 3 nghiem (khong nhat thiét
phan biet) thuoc tap {1,2,...,6}. Xéac dinh s6 cap da thiic khac nhau lay tit A, khong tinh
thit tu sao cho cap da thiic khong c¢6 nghiém chung.

Loi giai:

Tru6e hét, |A| chinh 14 86 t6 hop ¢6 lap chap 3 ctia 6 va bang s6 nghiém ctia phuong trinh
chia keo Euler( v6i z; lavso 1an xuét hién cta k) 1a z; + 23 +...+ 26 = 3 nén |[A| = C}
= 56. Ro rang P(x), Q(x) khong thé ¢6 3 nghiém chung. Goi A, 1a tap hop cac cip da
thitc nhan nghiém chung 1a k € {1,2, ...,6}. Khi d6, s6 bo ba khong chia k 1a C = 35
nén s6 bo c6 chita k 1a 56 - 35 = 21. Do do, ¢6 tat ca 21 da thiic nhan x = k 1a nghiém,
simedelmelenaliabdalaseCi2 = 210

Xét Ay U Ay la tap hop cac cip da thic ¢6 nghiém chung 1a 1,2. Gia sit nghiém con
lai clia ching la a < b véi a,b € {1,2,...,6} thi rd rang c6 tat ca Cz = 15 cap. Suy ra
|A; N Ayl = 15. Tt d6 theo nguyen 1y bu tru, ta thiy s6 cap da thic c¢6 it nhat mot
nghiém chung la

6
> 1Al - |AinA;] = €210 - C2.15 = 1035.
i=1 i#j

Vay s6 cip da thiic khong ¢6 nghiém chung 1a C26 - 1035 = 505.

Bai 12: Dinh nghia mot tap hgp ma moi phan it c6 thé xuat hien hon mot lan 1a
Multiset. Xét S = {zy, xa, ..., ¥, }. Goi f(n) la s6 Multiset 1ay cac phan tit tit S c6 khong
qua n phan tit. Ching minh réng (n + 1)|f(n).
Loi giai:
Goi (ay,as,as,...a,) 1a s6 lan xuat hién cta cac phan ti (xq, 79, ...7,) Theo dé bai ta
co:

a1 +ay+as+...+a, <n

Do d6 s6 bo (ay, as, ...a,) thod man sé 1a C& ciing chinh 1a gia tri cua f(n). Do d6 ta chi
can chitng minh (n + 1)|C%.
(2n)! (2n)! (2n!)

ht t dA) c 1a O — ntl — = 1 — n —
Ching ta d¢ y la €, = C, )2~ (n—1ln+ 1) <n!>2( n+1>
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1
cp —
Dang thtic nay chitng t6 (n + 1)|f(n), ta c6 diéu phai chiing minh.

Bai 13: Mot s6 tu nhien a duge goi 1a "sé may man" khi tong cac chit s6 clia né 1a 7.
Ta sap xép cac s6 d6 trong thit tu ting dan va c6 day aq, as, .... Néu a, 1a 2005 thi as,
bang bao nhiéu?

Loi giai:

Ching ta thay la $6 nghiém khong am ctia phuong trinh z; + 2o + ... + 2, = m 13
Cm ooy khi oz > 1 vaa; > 0 (i > 2). S6 bo nghiém khong am chinh la C’:Z;,};_Q, sO
lugng s6 may méan c6 k chit s6 1a P(k)=Cy, ;. Ta biét rang 2005 s6 may mén nho nhat
c¢6 dang 2abc, P(1)=C¢§ = 1, P(2)=0%=7, P(3)=C¢ = 28. Dong thdi s6 luong s6 may
mén c6 4 chit s6 c6 dang labe chinh la s6 lugng $6 nguyén khong am thoéa phuong
trinh a + b+ ¢ = 6 la Cg, 5 | = 28.V1 1+7+28+28+1=65 nén 2005 la s6 thi 65 cla
day s6 may man, nén agb = 2005, vay n=65 va 5n=325. Them nita, P(4)=C§=84,
P(5)=C% = 210, va 3.;_, P(k) = 330. Do d6, 6 s6 may man c6 5 chii s6 theo thit tu la
as3pg — 70000, a329 — 61000, a328 — 60100, aso7 — 60010, a326 — 60001, a325 — 52000.

Vi vay ag, = ages = 52000

2. Lai giai bai tap vi du 3,4 - Thiét lap anh xa giita cac tap hop

Bai 1(AIME 2001): 1 vién xtic xic duge do 4 lan. Tinh xédc xuat de khi do thi s6 trén
xtic xic 6 3 lan cudi khong bé hon lan dd trude no.

Lai giai:

Ta xét mot lu6i 6 vuong nhu hinh dudi, véi truc ditng chinh 1a cac gia tri ma ta do dudc,
truc ngang la lan do xtc xic.
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a b e d

Ta thy, cit sau 4 lan tung, cac gia tri ta do dude co thé biéu dién bang duong di tit
(d,1) dén (d,6). Vi du la néu 4 lan ta tung duge (2,3,5,5) thi né c6 thé duge bicu dién
qua duong mau dé nhu hinh.

Nhu vay, ta xay dung duge song anh tit s6 cach tung xic xic thoa man dén sé duong di
tit (d,1) dén (d,6). Nhu vay xéc suat dé tung duge nhu vay sé la
[

6 72

Bai 2: Cho n > 1 la mot s6 nguyén duong va T}, 1a s6 cac tap con khac rong ciia clia
1,2,...n sao cho trung binh cong tat ci cac phan ti cta tap d6 1a s6 nguyen. Ching
minh ring 7T, — n 1& s6 chan.

Loi giai

Goi tap con A cia {1,2,...,n} c6 tinh chat (x) khi va chi khi trung binh cong tat ca
phan t1t clia A 13 s6 nguyen.

Dé thay cdc tap 1 phan tt 1a {i} véi i = 1,n déu thoéa tinh chat (x).

Goi S 1a tap hop tat ca tap con cta {1,2,...,n} théa man tinh chat () ngoai trir cac
tap {i} véi i = 1,n nhu trén.

Ta thiét 1ap mot song anh f : .S — S nhu sau: Xét A € S bat ki v6i trung binh cong
cua A la a:

e Néua e A: f(A) = A {a} vAn théa man (x)
e Néeua ¢ A: f(A) = AU {a} van thoa ()

D& kiém chiing ring f la mot song anh. Do d6 | S| chin (do ta c6 thé chia cap nhu trén).
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Vay T,, — n = |S| la mot s6 chén.

Bai 3: C6 mot nhém hoc sinh trong truong K. Biét rang mdi 2 hoc sinh khong quen
nhau thi c¢6 dung 2 ngusi quen chung, moi 2 hoc sinh quen nhau thi khong c6 ngusi quen
chung. Chiing ring s6 ngudi quen ciia moi hoc sinh 14 nhu nhau.
Loi giai:
Xét 2 hoc sinh a, b bat ki:
e Néu a quen b: a,b khong c6 ngudi quen chung.
Goi A, B lan Tuot 1a tap hop céc nguoi quen ctia a,b. Ta chi ra 1 tuong ting 1 — 1
gitta A, B nhu sau:
Xét ¢ € A thi ¢ khong quen b nén ¢, b c6 2 nguoi quen chung, 1 trong do la a, ban
con lai 1a d € B. Tuong tu thi d ciing chi quen mdi ¢ trong A. Do d6 ta cé thé
ghép cip (¢, d) pht hét (A4, B) = |A| = |B|

o Néu a khong quen b: a,b cing quen véi ¢, ma theo trudng hgp trén thi

|A| =|C, B = [C] = |A| = | B]

Vay s6 ngudi quen ctia moi hoc sinh la nhu nhau.

Bai 4: Dém s6 ham f: [n] — [m] thod man:
a) f1a don anh.
b) f 14 toan anh.

c) f la song anh.

Loi giai:

a) Nhan thay néu n>m, thi phai c6 2 s6 nguyen x # y véi f(x) = f(y) (theo nguyen 1y
Dirichlet). Vay sé khong c6 truong hop don anh tit [n] — [m] trong trudng hop nay. Do
d6 ta sé gia dinh n < m dé thoéa yéu cau bai toan.

Ta c6 m céach chon cho f(1). f(2) c6 thé chon cac gia tri trit gia tri dd dugc chon bdi f(1),
vi thé f(2) ¢6 m-1 cach chon. Cit thé £(3) ¢6 m-2 cach chon, f(4) ¢6 m-3 cach chon...Do
d6 f(n) sé c6 m-(n-1) cach chon.

Vay s6 ham f don anh tt [n] — [m] 1a m(m-1)(m-2)...(m-(n-1)).
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b) Dé dém cac ham théa toan anh, thi dau tien ta dém cidc ham khong théa trude. D6
la nhitng ham c¢6 gia tri k (1 < k < m) sao cho f(x) # k (1 < x < n) (day la nhing gia
tri khong "cham" duge t6i ham). Goi Ay 1a cac ham khong thoa gia tri k. Ta can dém
cac ham trong A; U Ay U ... U A,,. Dé tim, ta st dung nguyén 1y bii trit:

AT UAy UL UA =) (D Y Al

=1 Icm))I|=l

C6 1 C [m] 14 tap con cta | phan tii;do d6 [I|=1. Dé ham f trong N;c;A;, f khong thé
thoa nhiing 1 phan ti trong tap I. Vi thé, f(x) ¢6 m-1 cach chon. Dan dén c6 (m — )"

ham nhu vay. Ta c6: [A7 U Ao U ... U A,| = Z (=D CL (m —1D)"
=1

Vay tong s6 ham thoa f toan anh la:

mn - (_1)l+1 C«’fn (m _ l)n
=1

c¢) Ham chi song anh tit [m] dén [n] khi n=m. Néu n=m, v& muén f song dnh thi f 1a don
anh va toan anh. Tt d6 ta c6 thé dém s6 ham f song anh theo cong thiic don 4nh n=m
tu cau a:

n(n—1)(n—2)..(n — (n—1)) = nl

Bai 5: Hoi c6 bao nhiéu cdch ma mot sé tu nhien n cé thé viét duse dusi dang tong
ctia 1 hozc nhiéu s6 va 1 86 ¢6 cac cach viét nhit nhau nhung khac thit ty ciing tinh 1a 2
cach khac nhau.

Loi giai:

Dau tien ta nhan thay n c6 thé viét dusi dang tong ctia n so 1:

n=1+1+14..+1

n

Dé c6 thé viét n thanh tong ctia 1 hodc nhiéu so, ching ta cé thé lva chon vi tri dat cac
dau ngoiic trong cach dién dat trén. Dau tien dé ddu mé ngoiic & trude vi tri sé6 1 dau
tien, v6i trude moi dau + thi 7, ta quyét dinh c6 dat dau déng ngoidc khong, néu da dat
dau dong ngoiic thi ¢ s6 1 sau do6 ta phai dé dau md ngodc va tiép tuc nhu vay, dén cubi
dat 1 dau déng ngodc & cudi s6 1 sau cling . Ta tinh tong cac sd trong ngodic va nhan
thay sau khi lam vay ta sé dugc mot cach biéu dién n bang tong ctia 1 hoic nhiéu sb.
Duéi day 1a mot vi du.
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V6i n = 5, ta quyét dinh dit dau déng ngodc & trude dau cong thi 2 va 4:

8=(1+1)+(1+1)+(1)=2+2+1

Mot cach tong quat hon, ta thay cach dién dat ctia n c6 n — 1 dau + nén sé c6 27! cach
biéu dién n

Bai 6: V6i mdi s6 nguyén duong n, goi f(n) 1a 86 tat cd nhitng cach biéu dién n dudi
dang tong ctia nhiing lily thita ctia 2 véi s6 mii nguyen khong am. Nhitng hoan vi clia
mot cach biéu dién sé chi coi chung & 1 cach. Chitng minh

2) f(n) < f(n+1)

b) f(2n+1) = f(2n) < f@—1)+ f(n) = F2n —2) + f(n)

Loi giai:

a) V6i mdi cach biéu dién ciia n ta ¢6 the eong them 1 = 2° dé ra mot cach bicu dién
clia n + 1 nén ton tai don anh bién g(n) thanh g(n + 1) nén f(n) < f(n + 1)

b). Xét mot cach biéu dién bat ki clia 2n + 1, ta ¢6 nhing nhan xét sau:

i) s6 hang 1 = 2° xuat hien 1 s6 1é lan

ii) Néu bo di mot s6 hang 1 di, ta c6 mot cach bieu dién ctia 2n, nén ton tai toan anh
bién g(2n) thanh g(2n + 1)

iii) Theo y 1, ton tai don anh bién g(2n) thanh g(2n + 1).

Nhu vay ton tai song anh bién ¢g(2n) thanh g(2n + 1) nén f(2n + 1) = f(2n). Lap luan
tuong tu, ta c6 f(2n — 1) = f(2n — 2)

Do dé, ta chi can ching minh f(2n) = f(2n — 2) + f(n)

Goi Ay, Ay 1an lugt 1a cach bicu dién ctia 2n c6 chita 86 1 va khong chita s6 1. Nhu vay
[ As| + | Az| = F(2n)

Xét mot cach bieu dién thuoc A;, ta ¢6 nhiing nhan xét sau:

i) S6 hang 1 xuat hien 1 s6 chin lan. Néu bé di hai s6 hang 1, ta ¢ mot cach biéu dién
cua 2n — 2

ii) Ngugc lai, v6i mot cach biéu dién s ctia 2& — 2, ta thém hai s6 hang 1 c6 dugc mot
céch biéu dién u € A

Nén ton tai song anh bién A; thanh g(2n — 2)

Xét mot cach biéu dién thuoc A,, ta c6 nhitng nhan xét sau:

i) M&i hang tit déu chia hét cho 2. Nén chia titng hang tit cho 2, ta c6 mot cach biéu
dién cta n

ii) Nguge lai, v6i mdi cach bicu dién s ctia 2n, ta nhan 2 cho ting hang tit c6 duge mot
céch biéu dién u € A,
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Nén ton tai song anh bién A, thanh g(n)
Vay: f(2n) = [Ai] + [Ao] = f(2n = 2) + f(n)

Bai 7: Cho n, m, k 1a cac s6 nguyen duong 16n hon 1 théa k < n. Dém s6 bo (ay, as, . . ., ax)
véi cac s6 a; € {1,2,...,n} déu phan biet théa man 1 trong 2 tinh chat sau:

i. Ton tai 2 86 4,5 € 1,k sao cho i < j va a; > a;

ii. Ton taii € 1,k:mta; —i

Loi giai: L
Goi A la tap hop tat ca cac bo (a1, as, ..., ax) théa méan a; € {1,2,...,n} Vi=1,k, va
cac s6 déu phan bi¢t. B 1a tap tat ca bo (ay,as,...,a;) € A khong théoa man dicu kien
dé bai.

Xét (ay,as,...,a,) € B bat ki thi

{1§a1<a2<---<ak§n
m|a—iVi=1k
Xét f: B— C:
(a1,0s,...,a5) € B—> (a1 + (m—1),a2 + 2(m — 1), 4., ap + k(m — 1))
Dé thay rang f 1a mot song anh nén |B| = |C| véi C = (c1,c,...,¢;) thoa man

m | e Vi=1lkvadongthsil<c <c<---<ec<n+klm-1).
Ma ta da biét trong p s6 nguyen ducng dau tién thi c6 |2 boi s6 cia r.

Ln—i—k(m—l)J
151=lcl={" 4 ')

A| = A¥ = ™ nen lay phan bu ta dugc két qué bai toan la:

nl [n-i—k(m—l)J
H‘( 2 )

Ma

Bai 8: Trong mot hoi nghi c6 40 nguoi.Cd moi 19 nguoi déu than tuong chung duy nhat
1 ngusi trong hoi nghi.Néu A than tuong B thi B khong nhat thiét phai than tugng A,
A ciing khong than tugng chinh minh.Chtng minh tai budi hoi nghi ton tai mot nhom
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20 nguoi théa v6i bat ki P thudoc nhém dé thi P khong phai 1a than tuong clia ca 19
ngudsi con lai.

Loi giai:

Goi tinh chat A ctia tap 20 ngudi bat ki 1a tap ton tai 1 ngudi 1a than tugng cia 19
ng1di con lai.Goi tap X 1a tap cic tap con c6 tinh chat A, tap Y 1a tap cac tap con c6
19 phan tit 1ay tir 40 nguoi trén.Goi P; 1a than tugng chung clia tap c6 tinh chat A thi
i.Dinh nghia f(X74) la phép bién dbi cho phép lay than tugng chung ctia 19 ngudi con lai
ra.

Ta c¢6 anh xa sau:
f: X—Y
XiHX/

Ta sé di chiing minh phép xay dung anh xa nay la mot don anh.That vay, v6i moi X1,
X2’ thude Y, vi luon ton tai duy nhat chi 1 nguoi than tugng chung ctia 19 ngudi trong
nhém do, nén ta c6 duge tinh chat don anh ctia phép xay dimg anh xa ta vita dyng.

Tt d6 ta c6 duge | X| < |[Y] = O} < C29 nén ta c¢6 duge s6 tap c6 tinh chiat A phai bé
hon s6 tap c¢6 20 phan ti nén luon ton tai mot tap c6 20 phan tit khong c6 tinh chéat A,
ciing chinh la diéu phai ching minh.

Bai 9: Goi a, 1a s6 xau nhi phan c6 do dai n ma khong chiia 3 s6 0,1,0 theo thit tu d6.
Goi b, 1a s6 xau nhi phan ciing c6 do dai la n ma khong chita 4 s6 0,0,1,1 va 1,1,0,0 theo
thit ty d6. Chiing minh rang 2a, = b,

Loi giai:

Duéi day 1a mot 151 gidi vo ciing dic sic clia tac gia Evan Chen .Va dé dé hiéu hon bon
minh da c6 sy thay doi dé phit hop véi ngusi doc.

Ta sé chuyén bai toan vé dudéi dang tap hop. Goi (y1,Y2, Y3, -, Yn) chinh 1a 1 xau nhi
phan do dai n khong c6 4 s6 0,0,1,1 hay 1,1,0,0 va B, 1a tap hop cac xau nhu vay. A, 1a
tap hgp cac xau nhi phan théa man khong c¢6 3 s6 0,1,0 theo thit tu d6 . Ta xay dung
mot xau nhi phan mdéi tit moi xau nhi phan thuoc B, nhu sau:

(yh Y2, Y3, -y ynJrl) — (yl y Y2, Y2 + Y3, -3 Un + ynJrl)

V6i méi xau nhi phan mdéi dudge xay dung déu c¢6 n chit s6 khong c6 chita 3 s6 0,1,0
theo thi ty d6, thé nén cac xau nhu vay thuoc A,. Nhu vay ta da xay dung 1 anh xa
f : Bn—l—l = An

Bay gio ta sé ching minh 2|A,| = |B,41] v6i moi n € N V6i m6i xau nhi phan i thudc
B,y1 va f(i) 1a 1 4nh cia n6 , ta thay trong B, cling sé ¢6 1 xau nhi phan khéic ciing
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c6 anh 1a f(i). B&i vi chi can ddi 2 s6 dau ctia xau nhi phan (vi du 2 s6 dau ctia i 14 00
thi doi lai 11, néu la 01 thi ddi lai 1a 10 va ngugc lai) va xay dung tiép céc s6 con lai dua
tren f(i).

Gid st ¢6 it nhat 3 xau nhi phan rieng biet thuoc B, nhan f(i) 1a anh, thi s& c6 it nhat
2 xau c6 chung 2 s6 dau. Xét 2 xau nhu vay, ta thay s6 thi 3 ctia moéi xau phai 1a nhu
nhau, néu khong anh ciia cd 2 xau sé khac nhau, vo li. Tiép tuc cho s6 thit 4, thi 5,...
Do d6 2 xau d6 phai bang nhau mau thuan. Vay chi c6 duy nhét 2 xau nhi phan c6 f(i)
la anh.

Do d6 v6i moi xau A, thi tuong tng 2 xau B,,+; do do ta suy ra 2|4, | = |B,11|

Bai 10: Cho n la s6 nguyén duong théa man cac tinh chat: néu n cai domino ducc dit
trén 1 ban co 6x6 véi méi domino chiém 2 don vi dién tich vuéng, thi luon luon co thé
dat them 1 domino lén trén ban méa khong phai di chuyén bat ky domino nao khac. Xac
dinh gi4 tri 16n nhat cta n.

Loi giai:

) Ta s& chitng minh gia tri 16n nhat ctia n 1a 11. Hinh 7 14 cach sap xép 12 domino trén
ban cd thi khong thé dé them 1 domino nao nita. Suy ran < 11

—

.

Hinh 7

. Ta sé chting minh rang v6i 11 domino trén ban cd thi luon dit thém duge 1 domino
nita bang chitng minh phan ching.
Gia st rang ton tai cach dat 11 domino trén ban cd ma khong thé dat them 1 domino
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nao nita. Khi d6 s6 6 vuong trén ban chua bi phii béi 11 domino 1a: 36-22=14.

5, [ ] ]
1 | I
Tl O I === %2
——— T
EFTTEN | |
= I i
S2
Hinh 8

. Dat S 1a phan trén ctia ban ¢§ ban dau ¢6 kich thuée 5x6 (Hinh 8). Dat A 1a tap
cac 06 vuong trong S; ma khong bi phtt bdi cdc domino, va S, 14 hang cudi clia ban co
(ban cd chia lam 2 phan S; va S, ). Vi ta khong thé dién them 1 domino nao vao ban
8, nén mot trong 2 6 vuong bat ky canh nhau sé duge bao phti béi 1 domino, suy ra S,
c6 nhiéu nhat 1a 3 6 khong bi phti bdi domino (trong), suy ra ¢6 S; it nhat 1a 14-3=11
o trong.

Dit S3 1a phan dudi ciia ban ¢d va ¢6 kich thuée 5x6 (Hinh 8), B 1a tap tat ca cac domino
nam trong Sz . Ta sé dinh nghia mot anh xa f tit A vao B. Ta c6, v6i moi 6 vuong trong
s trong S;, sé ton tai mot 6 vuong t nam dudi s. Suy ra 6 vuong t nam trong Ss va duge
phti bdi mot domino d. R rang domino d phéai nam trong S (vi néu ko thuoc Sz thi no
sé gom 2 0 t va s-vo 1y). Khi d6 ta xdc dinh 4nh xa fla f(s) = d .

Ta s& chiing minh réng f 14 don 4nh. That vay, gid sV s1, so € A sao cho f(s1)=f(sy)=d.Suy
ra d phtt 2 6 vuong 6 dudi s; va sp . Suy ra s; VA 8o nam canh nhau (Hinh 9), nhu vay
khi d6 ta c6 thé dat thém 1 domino phti lén s, va sy (vo ly). Vay f 1a don anh, suy ra
|A| < |B| hay |B| > 11 . Nhung cé ban ¢ chi ¢6 11 domino, suy ra |B|=11 . Khi d6 thi
hang trén cung sé khong bi phu béi 1 domino nao, va sé diat duge thém 1 quan domino
nita (vo 1y). Vay gia tri 16n nhat ciia n 1a 11.
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Hinh 9

3. Loi giai bai tap vi du 5 - Tong cac phan ti trong mot tap hop

Bai 1: Hay tinh trung binh cong clia tat ca cac s6 N gom 2014 chit s6 thda man N chia
hét cho 9 va cac chit s6 ctia N duge lap tit X = 1,2, ..., 8.

Loi giai:

Goi S 1a tap tat ca cac sé tu nhién ¢6 dang thod man dé bai. Ta xay dung 1 song dnh
nhu sau:

f: X=X

T =aias ... aooo2 — f() = (9 —a1) (9 —az)...(9— ax)

Nhan xét rang: 999 | N + f(N) = 99...9 nén f(N) € S va f la mot anh xa. Mat

2022 chit s6 9
khéc, ta dé c¢6 duge f 1a mot song anh. Khi do:

2 N=> N+ f(N)=|S| 9.9

Nes Nes 2022 chit s6 9

99..9
Suy ra TBC cac so thod man de bai la 222<T=22

Bai 2: Tinh trung binh cong cac s6 ty nhien N = @yay ... ooz gom 2022 chit s6 thoa
méan N chia hét cho 999 va céc chit s6 cia N nam trong tap {1,2,3,4,5,6,7,8}.

Loi giai:

Goi M la tap cac s6 thdéa yeu cau dé bai.
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Ta xay dung mot anh xa di tt M dén M nhu sau: V6i mdi N= ajas...apos € M dit

9) chia hét cho 9 va N chia hét cho 9 nén suy ra f(N) cling chia hét cho 9. Do d6 f 1a

mot anh xa di tt M vao M. Hon nita dé thay f 1d mot song anh. Tt d6 suy ra 2 Z N=
NeM

D (N + f(N)) =|M|[.99..9.

NeM
Vay trung binh cong clia cac so trong M 1a 99...9 : 2.

4. Loi giai bai tap vi du 6 - Chuyén sang mé hinh quy dao

Bai 1: C6 n nguoi xép hang mua tra sita v6i gia 50 nghin dong/ly. Trong dé c6 ding
k nguoi chi mang loai tién 100 nghin dong va nhitng ngudi con lai chi mang loai tién 50
nghin dong.

a) Gid st nguoi ban hang khong mang tién, tim diéu kién ctia k (theo n) dé luon c6 mot
cach xép hang sao cho ngudi nao ciing duge thoi tien (néu can) ngay lap tic?

b) V6i diéu kien & cau a duge thda man, gia st nguoi ban mang theo ¢ to 50 nghin dong,

tim s6 cach xép hang (theo n, k, ¢) sao cho ngudi nao ciing duge théi tien (néu can) ngay
lap tuec.

Loi giai:

a) Dé thay k < % vinéu k > % thi sé ¢6 it hon % t6 tien 50 nghin, ma lai ¢6 nhiéu hon
5 Nguoi can dugc théi 50 nghin nén ta c6 dieu vo Iy.

Khi k£ < 7 ta sé cho n — k ngudi c6 loai tien 50 nghin mua tra sita trude sau dé ding
n — k t0 tién d6 dé théi cho k ngusi chi mang loai tién 100 nghin.

Vay diéu kién cta k 1a k < i

b) Sau khi ban hét cho n ngudi nay, ngusi ban hang sé c6 g+n— 2k to tién 50 nghin dong.
Ta Xﬁy dll'ng quy daO (Al (xAlta yA1)7 A2<xA27 yA2)7 s 7An($An7 yAn)) tu diem 0(07 Q) dén
A(n,q +n — 2k) trén mat phang toa do théa:

i)A; thuoe Z?2 véi moi 1 < i < n.

i)Véimoi 1 <i<n—1,24,,, —2a, =1vAya,, —ya =1néungudi mua hang thi ¢
c6 loai tien 50 nghin, ya,,, — ya, = —1 trong trudng hop con lai.

Dé thiy tung do y., clia diem A; chinh la s6 t0 tién loai 50 nghin ngusi ban hang c6
sau khi ngudi thit 7 mua tra sita. Dé moi ngusi mua déu duge théi tién (néu can) ngay
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lap tiic nghia la tung do ctia moi diém A; déu khong am. Vay ta dém s6 qui dao di tit
0(0,q) dén A(n,q+n — 2k) ma khong cit duong thang y = —1.

Khi tinh tién quy dao vé phia chiéu duong clia truc tung 1 don vi thi quy dao méi 1
quy dao di tit O(0,¢+ 1) dén A(n,q+ 1+ n — 2k) ma khong c&t truc hoanh. Trude hét
ta dém s6 quy dao di tit O(0,¢+ 1) dén A(n,q+ 1+ n — 2k) va cit truc hoanh. Theo vi
du 3, s6 quy dao nhu vay sé bang s6 quy dao di tit O'(0, —¢—1) dén A(n, ¢+ 1+n—2k).
Vay c6 CIH1H7=F qu§ dao nhu vay.

Do s6 quy dao di tit O(0,¢+1) dén A(n,q + 1 + n — 2k) ma khong cit truc hoanh
bang hiéu cliarsd quy dao va s6 quy dao di qua truc hoanh nén dap 4n ciia bai toan 1a
Cn—k _ Ca+l+n—k

Bai 2: Cho s6 nguyén duong n. V6i 2,y 12 hai s6 nguyén khong am théa man x4y < n,
cac diem nguyén (z,y) duge to bdi mot trong hai mau xanh va dé, sao cho néu (z,y)
duge t6 bdi mau do thi (2/,y') ciing thé véi 2/ < @z, 9" <y. Goi A la s6 cach chon ra n
diém mau xanh c¢6 hoanh d6 doi mot khac nhau va B la s6 cach chon ra n diém mau
xanh c6 tung do doi mot khac nhau. Chitng minh rang A = B.

Loi giai

Ta dat a, 14 86 diém xanh c6 hoanh do = va b, 1a s6 diém xanh ¢6 tung do y.

Goi cac da tap (tap hop ma cac phan tit c6 thé bang nhau) P = {a,|lz < n} va Q =
{byly <n}

Diéu phai chitng minh tuwong duong véi P = Q

Ta chiing minh diéu nay bing quy nap theo s6 diem do. Trude hét néu s6 diem do bing
0 thi ta dé thay P =Q = {1,2,...,n}.

Gia stt ta c6 thé doi mau ciia 1 diém d A(z,y) bat ki thanh xanh ma vAn git duge tinh
chat clia dau bai, quan sat thay trude khi déi mau diém A, a, = b, = n — (r + y), sau
khi déi mau ta van c6 a, = by, = n — (xr + y) — 1 va nhing gia tri a;, b; khac van khong
bi thay doi, vi vay ta van c¢6 P = Q.

Bay gio ta chiing minh viéc thay ddi mau ciia lan lugt timg diém nhu vay ma khong trai
v6i yeéu cau bai toan sé cho ta moi truong hgp clia cac diém dé c6 thé c6. Cach to dé
thay la to tat ca cac diém doé c6 hoanh do z = 0 tit dudi len trén, sau d6 la . = 1 va ci
tuong ti nhu vay cho dén = = n.

Vay ta c6 P =@ nén A = Hax: Hby:B.

az€P byeQ
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Vi du 7 (Bai toan ban c¢d): Cho n la s6 nguyen duong, tim s6 duong di trong ludi
nguyen tir (0,0) t6i (n,n) chi duge di lén trén hay sang phai sao cho dudng di ndm trong
phan z > .

5. Loi giai bai tap vi du 7 - S6 Catalan

Bai 1: Cay hinh hoc vé6i n ntt 1a mot cau tric duge dinh nghia: T nut gbc (dinh) tren
dau, ta phan nhanh bing cach ndi ntt goc d6 véimot sd nit, ta tiép tuc chon vai nit
trong s6 d6 dé phan nhanh cho dén khi di n nat. Tim s6 cay hinh hoc véi n + 1 nit.
Dudi day 1a anh minh hoa cho s6 cay c6 4 nit clia tac gid Yufei Zhao.

Loi giai

Xét cay hinh hoc c6 n 41 nat bat ki, ta thuc hien mot "6 trinh" bat dau tit niat goc,
theo thit tir trai sang phai nhu sau: di huéng xuéng duéi theo cac nhanh cay, cho t6i khi
cham t6i "ngd cut" ta trd lai di lén trén cho t6i khi gap nit giao gan nhat va tiép tuc
thire hien duong di nhu vay véi nhanh mdi. Lo trinh sé két thic khi ta quay lai nut goc

ban dau.

Du6i day 1a hinh minh hoa cho 16 trinh ctia cay hinh hoc trén

Trong mot 16 trinh nhu thé, ta biéu dién dudi dang 1 chudi ki tu gom: D cho méi lan di
xudng va U cho méi lan di len

Xét anhxa f:g— h

g 1a tap hop cac chudi ki tir 16 trinh ctia nhanh cay c6 n + 1 nat, A 13 s6 duong di tu
diem (0,0) t6i (n,n) trén ludi toa do nguyen ma khong cham duong thing x = y+ 1. Mdi
ki tu D trong chudi bién thanh mot duong di ngang 1 don vi va méi ki tir U bién thanh
mot dudng di doc 1 don vi ciia dusng di tit (0,0) t6i (n,n)

Ta c6 nhiing nhan xét sau:

i) Do dai cia mot chudi ki ty bang 2 lan s6 nhanh hay béng 2n, bang véi s6 duong di
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doc hodc ngang 1 don vi

ii) Vi = 1,7, chudi con tit 1 t6i i luon c6 s6 ki ty D > s6 ki tt U. Nhu vay, nhing diém
nam trén duong di tiu (0,0) t6i (n,n) luon ¢6 hoang do > tung do nén khong cit duong
thang v =y + 1

Nen f la song anh, tiic |g| = |h| = =5Cg, (SO catalan)
ma mdi cay hinh hoc chi ¢6 thé biéu dién bdi 1 chudi duy nhéat nén ta két luan sb cay

N 2 PR T | n
hinh hoc ¢6 n + 1 nut la —5C5,

Bai 2: C6 bao nhiéu cach dé sip xép cac dong xu thoéa tang cudi ciing c6 n xu, cac dong
xu ¢ trén duge dung va tiép xic véi hai dong xu ngay dudi no.

Loi giai:

Nhan xét: ta c6 day s6 Catalan s& c6 mot tinh chat dac trung sau: Cp =1 va C, =
> r—o CkCyy, V6i n la'sd tu nhién, ta goi tap A, 1a tap cac cach dung théa man yéu cau
bai toan. Ta xay dung anh xa nhu nhau:

{(k, X,Y) k€{0,...,;n}, X € A, Y € A} — Ajey

V6i phép bién doi nhu sau: cho them n — k + 1 dong xu vao phia bén phéi tang cudi
cuing ciia cach sap xép X, cho cach sap xép Y lén trén n — k + 1 cudi cuing ta mdi tao.Ta
duge mot cach sap xép thuoc tap A,;.Ta nhan thay phép anh xa ta vita mdéi xay dung
13 mot song anh, nén so cach xay dung c6 tang cudi cuing la n+1 sé la Y, CrC,_y, do
nguyeén tic nhan.Vi ta vita chiing minh duge diy s6 cdch xay dyng dong xu mang tinh
chat ddc trung ciia day Catalan, dong thoi ta ¢6 v6i n=0 thi ta dugc 1 cach xay dung(
xay dung rong ) nén ta c6 s6 cach xay dung sé 1a C),

3 Tai liéu tham khao

[1] Thay Lé Anh Vinh, Dinh hudng boi dudéng hoc sinh ndng khiéu Todn (tap 4: To
hop)

2] Dién dan AoPS: hitps://artofproblemsolving.com/

[3] Lé Ngoc Diic, Ung dung phuong phdp dnh za trong bai todn té hop
4] Yufhei Zhao, tai lieu "Bijections”
[ ; ]

[5] Tham khdo tai liéu ciia mot s6 thay co khac
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